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Instrumental variables (IV) regression is a general way to obtain a consistent estimator of the unknown coefficients of the population regression function when the regression, X, is correlated with the error term, u. 
To understand how IV regression works, think of the variation in X as having two parts: one part that, for whatever reason, is correlated with u (this is the part that causes the problems) and a second part that is uncorrelated with u. 
If you had information that allowed you to isolate the second part, you could focus on those variations in X that are uncorrelated with u and disregard the variations in X that bias the OLS estimates. This is what IV regression does. The information about the movements in X that are uncorrelated with u is gleaned from one or more additional variables, called instrumental variables. 
IV regression uses these additional variables as tools to isolate the movements in X that are uncorrelated with u, which in turn permit consistent estimation of the regression coefficients. 

12.1 The IV Estimator with a Single Regressor and a Single Instrument 

The IV Model and Assumptions:
The population regression model relating the dependent variable Yi, and regressor Xi is 

Yi = 0 + 1Xi + uI, i = 1… n

where ui is the error term representing omitted factors that determine Yi. If Xi and ui are correlated, the OLS estimator is inconsistent. IV estimation uses an additional “instrumental” variable Z to isolate that part of X that is uncorrelated with ui. 

Variables correlated with the error term are called endogenous variables.
Variables uncorrelated with the error term are called exogenous variables. 

For example, section 9.2 considered the possibility that if low test scores produced decreases in the student-teacher ratio because of political intervention and increased funding, causality would run both from the student-teacher ratio to test scores and from test-scores to the student-teacher ratio. Because both test scores and the student-teacher ratio are determined within the model, both are correlated with the u; that is, both variables are endogenous. 

The two conditions for a valid instrument:

1. Instrument relevance: corr (Zi, Xi)  0
2. Instrument exogeneity: corr (Zi, ui) = 0

The Two Stage Least Squares Estimator:
If the instrument Z satisfies the conditions of instrument relevance and exogeneity, 1 can be estimated using an IV estimator called two stage least squares (TSLS). The first stage decomposes X into two components (a problematic component that may be correlated with the regression error and another problem-free component that is uncorrelated with the error). The second stage uses the problem-free component to estimate 1
	The first stage begins with a population regression linking X and Z:

Xi = 0 + 1Zi + vi

where 0 is the intercept, 1 is the slope and vi is the error term. 
· Because Zi is exogenous, (0 + 1Zi) is uncorrelated with ui
· 1  0 since Zi is correlated with Xi
· Vi are correlated with ui since XI is correlated with ui and vi is orthogonal to Zi
· NOTE: “orthogonal” = “uncorrelated”

	The idea behind TSLS is to use the problem-free component of Xi, 0 + 1Zi and to disregard vi. 

Stage 1: Isolate the part of X that is uncorrelated with u by regressing X on Z using OLS then get predicted values:

Xi = 0 + 1Zi + vi

0 + 1Zi + 1  

Step 2: Replace Xi by I. Regress Y on I using OLS. 

Yi = 0 + 1Xi + uI
	                                             Yi = 0 + 1 (0 + 1Zi) + 1vi + ui 		

· Note: cov (0 + 1Zi, 1vi + ui) = 0; orthogonality condition holds  OLS will consistently estimate 1 as long as estimated (0 + 1Zi) is precise.
· The resulting estimators from the second-stage regression are the TSLS estimators, 0TSLS and 1TSLS

TSLS (Summary):

Suppose there exists a valid IV, Zi, such that:
corr (Zi, Xi)  0 (instrument relevance)
corr (Zi, ui) = 0 (instrument exogeneity)

TSLS:
· Stage 1: Regress Xi on Zi (including an intercept); obtain the predicted values i
· Stage 2: Regress Yi on i  (including an intercept); the coefficient on i is the TSLS estimator, 1TSLS (1TSLS is a consistent estimator of 1 

Example: Text Scores and Class Size
· The California test score/class size regressions still could have OV bias (e.g. 
· In principle, this bias can be eliminated by IV regression (TSLS)
· IV regression requires a valid instrument, that is, an instrument that is:
corr (Zi, STRi)  0 (instrument relevance)
corr (Zi, ui) = 0 (instrument exogeneity)

Here is a (hypothetical) instrument:
· Some districts, randomly hit with an earthquake, “double up” classrooms:

Zi = Quakei = 1 hit by earthquake
                       otherwise 

· Do the two conditions for a valid instrument hold?
· The earthquake makes it as if the districts were in a random assignment experiment. Thus, the variation in STR arising from the earthquake is exogenous
· The first stage of TSLS regresses STR against Quake, thereby isolating the part of STR that is exogenous (the part that is “as if” randomly assigned) 

INDENTIFICATION #1:
The structural equation: Yi = 0 + 1Xi + ui
The orthogonality condition: cov (Xi, ui) = 0
· Express 1 in terms of the observed population quantities (derived from the orthogonality condition)

0 = cov (Xi, ui)
   = cov (Xi, YI - 0 - 1Xi) 
   = cov (Xi, Yi) – cov (Xi, 0) – cov (Xi, 1Xi)
   = cov (Xi, Yi) – cov (Xi, Xi) 1
Now solve for 1: 

1 =   where division by cov (Xi, Xi) is justified since it’s positive 
· OLS estimator can be derived by taking sample analogue of the above


1 = 
INDENTIFICATION #2:
The structural equation: Yi = 0 + 1Xi + ui
Now we have an endogeneity problem: cov (Xi, ui)  0
So we cannot use OLS, instead we have:
cov (Zi, ui) = 0 (by instrument exogeneity) 
· Then note

0 = cov (Zi, ui)
= cov (Zi, YI - 0 - 1Xi) 
= cov (Zi, Yi) – cov (Zi, 0) – cov (1Xi, Zi)
Now solve for 1:

1 =  where division by cov (Xi, Zi) is justified by instrument relevance 

The Sampling Distribution of the TSLS Estimator:

1TSLS =
· That is, the TSLS estimator of 1 is the ratio of the sample covariance between Z and Y to the sample covariance between Z and X.
· The formula above can be used to show that 1TSLS is consistent, and in large samples, normally distributed. 
· The argument that 1TSLS is consistent combines the assumptions that Zi is relevant and exogenous with the consistency of sample covariances for population covariances. 
· The idea behind the large-sample normal distribution of the TSLS estimator is that it involves an average of mean zero i.i.d. random variables, to which we can apply the CLT (see SW App. 12.3 for details) 

Consistency of TSLS estimator:

1TSLS =1
Asymptotic normality of TSLS estimator:


(1TSLS - 1) 
· So, the approximate distribution of 1TSLS is N(1, 21TSLS)	
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