How to Handle Formal Proofs
General Rules of Thumb:

-Make sure you have a good grasp on how the Boolean connectives ( ¬ , ^ , v , (, and (( ) and the rules ( ^ Elim, ^ Intro, v Elim, v Intro, etc) work. If you don’t really know what they mean and how to use them, you’re not going to be able to do the proofs very well. 

-Try to think more like a computer than a human. Sometimes the conclusion follows so obviously from the premise that it seems like there’s nothing to prove at all, but you can’t think that way. Just teach your brain to make the simple calculations at each step, like a computer would. 

-ALWAYS keep in mind these two things:

1) What you are trying to prove 

2) What you know for certain already

Once you have these things in your mind, look for the shortest way possible to come to your conclusion. Don’t get lost trying to figure out subproofs and then completely forget what it is you’re trying to prove in the first place.  

-Don’t make the accident of proving the premises. If you have P v Q as a premise, for example, there’s no use assuming ¬ (P v Q)… you already know that’s not true. 

What you really (perhaps) want to do is to conclude ¬ (P v Q) in a subproof. Then you can do a ⊥ Elim, and then you can conclude whatever you want afterwards. 

-If you have a gigantic crazy-looking proof, don’t get overwhelmed; also (unless you think it really helps you) don’t try to understand what it means. I know the textbook says you should ‘translate it into English’, but once you get to more complex proofs, it’s too hard to hold the meaning in your mind the whole time. 

Instead, just start by looking for the main Boolean connective & then using it/them to break the proof down into smaller parts. If you handle it this way, you never really have to understand what the sentence says at all.
-If you can, rely on your intuition. If you feel like what you’re doing isn’t working or is getting too complicated, you’re probably right. Take a step back, clear your head, and then look at what you know already and what you’re trying to conclude. Then try again.

HOW TO USE THE RULES TO DO PROPER CITATIONS IN A PROOF

^ Intro






Purpose: 

Allows you to take two sentences/literals that you already know for sure and join them together

Cite: 

1) The line the first sentence/literal is on

2) The line the second sentence/literal is on

Example: 
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^ Elim

Purpose:

Allows you to take two sentences/literals joined by the Boolean connected ^ and separate them

Cite:

1) The original line with the two sentences joined by ^

Example: 
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v Intro






Purpose:

Allows you to introduce whatever the heck you want. However, you can only use this to join a sentence onto a literal/sentence you already know for certain. 

Cite:

1)The line that the literal/sentence you know for certain is on

Example:
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v Elim

Purpose:

This is for when you have done proof by cases and have come to the same conclusion in each subproof. 

You can now use v Elim to come to that same conclusion in your main proof (or, if you were doing proof by cases for sub-subproofs, you can now use v Elim to come to that same conclusion in your subproof). 

Cite:

1)The line with the sentence that shows all the disjuncts you were testing together as one sentence

2)All the subproofs for the disjuncts you were testing.

Example:
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¬ Intro






Purpose: 

You use this when you have a subproof for some sentence you are trying to disprove. For example, if you want to prove ¬ A, if you can do a subproof for A and then conclude ⊥ , you can then exit your subproof and say ¬ A by ¬ Intro.

Cite:

The entire subproof for A

Example: 
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¬ Elim

Purpose: 

This is for when you have ¬ ¬ P and you want to make it simply P. 

Cite: 

The line with ¬ ¬ P

Example: 
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⊥ Intro






Purpose: 

This is for when you are a doing a subproof and you conclude a sentence that directly contradicts with a previously established sentence. You can now conclude ⊥.

Cite:

The two sentences that contradict each other. 

Example: 
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⊥ Elim

Purpose: 

This is for when you have just done a ⊥ intro. You can now say anything you want (but usually you state the conclusion here), using the rule ⊥ Elim. 

Cite:

The line with the ⊥ intro on it (usually the previous line). 

Example: 
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The thing that goes on line 9 can literally be anything. It doesn’t even have to involve B or ¬ B or any other sentence or literal that you’ve seen in the proof. You could use this to say “the moon is made of blue cheese” or “the world is flat” or whatever you want. 

If this seems weird or illogical, here’s the way I like to think of it: 

within this subproof or supposition, logic no longer exists. After all, according to all natural rules of human logic, ¬B ^ B is impossible. 

So if you prove they’re both true at the same time, you’ve entered some weird theoretical magical land where the normal rules of logic don’t apply. This means the normal rules of cause and effect don’t apply either, so you can just say things without needing a ‘cause’ for them. 
( Intro

Purpose:
This is for when you’ve just done some subproof P and have concluded Q from it, and want to now assert that P ( Q.

Cite:

The entire subproof P

( Elim

Purpose:

This is for when you have some sentence P ( Q already. You can now use ( Elim to state Q. 

Cite:

1) The line with the premise P ( Q

2) The line with the sentence P by itself. 

Example (for both ( Intro and for ( Elim): 
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(( Intro

Purpose:

This is for when you have already done two subproofs that show P ( Q and Q ( P. You can now say P((Q. 

Cite:

1) The subproof for P ( Q 

2) The subproof for Q ( P

(( Elim

Purpose:

This is for when you have some sentence P((Q, and you want to conclude P. 

Cite:

The sentence P((Q. 
HOW TO HANDLE THE BOOLEAN CONNECTIVES IN PROOFS

1. The connective ^ 

When you see this connective in a proof  (e.g. A ^ B) you should almost always immediately split it up (e.g. into A and B). For example: 
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This allows you to work with each sentence (A, B) separately. If you don’t split them up, you cannot treat them as separate things. 

EXAMPLE: 

This is wrong: 
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The problem here is that you’ve made a logical leap from ‘A ^ B’ to simply ‘A’.  

That is, because you (as a human with critical thinking abilities) know that ‘A’ is a result of ‘A ^ B’, you feel like ¬ A is in clear contradiction with ‘A ^ B’. 

However, if you try this, you’ll see that Fitch doesn’t allow for it. Instead, you have to do this: 
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Remember, ⊥ only recognizes blatant contradictions, where you’ve established a sentence and its direct negation, e.g. A and then ¬ A. This is why it cannot recognize 

A ^ B and then ¬ A as being a contradiction.

2. The connective v

When you see this connective in a proof (e.g. A v B), you are almost definitely going to have to test each component/sentence in a subproof. For example: 
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Do not make the mistake of doing something like this: 
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This is very bad. Here, you have acted as if you definitely know that ‘A’ is the case. Remember, the only thing that should go in your main proof is stuff that you know for sure. But you don’t know ‘A’ for sure, you just know that either ‘A’ or ‘B’. This is why you have to test each one before you can say anything about them. 

3. ¬

¬ is a little bit annoying. 

If it shows up like this, it’s fine: 
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Here, it’s only applied to ‘B’, which means you can still work with all the literals as 

normal. 

However, if it shows up like this:
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This is when it becomes annoying. 

This is why: when you see ¬ outside of a set of brackets, as above, you have to treat everything in the brackets as one unit. This means you can’t use ^ Elim on the fourth premise to get SameRow(d,f) and Cube(f). 

Instead, you have to handle (SameRow(d,f) ^  Cube(f)) as one big piece. 

If you want, you can split it up using DeMorgan’s laws or whatever, but (at least for what’s required of us so far), you shouldn’t have to do that. 

What is more likely is that you’ll have to do a subproof where you conclude

 (SameRow(d,f) ^ Cube(f)). Then you can say you’ve come to a contradiction, and then you can say whatever you want, because you’re now in magical theoretical no-logic land.

PROOFS WITHOUT PREMISES

All you can do here is assume the negation of the conclusion in a subproof, and then come to a contradiction with the sentence you are assuming. For an example, see the proof for 6.42, which I’ve attached.

PUTTING IT ALL TOGETHER

Let’s look at 6.42 as an example of how to tackle an enormous horrible-looking proof:

This looks complex, but with any proof, the best way to start is to just look for the main Boolean connective(s) and use them to break the sentence up. In this case, the main connective is the ‘v’ between ¬A and ¬(¬B ^ (¬A v B))). 

Since it’s a ‘v’, we need to do subproofs for both ¬A(line 3) and for ¬(¬B ∧ (¬A ∨ B)) (line 7), like so:

[image: image17.png]W ~(-AV (=B A (=AV B))

v A

—AV ~(~B A (=AV B)) Zy
3

K oV imtro
42

—AV ~(~B A (=AV B)) Zy .
5

V ~(-Ba(-AVE)

—AV ~(~B A (=AV B)) o Moy
7

K oV imtro

52




Now that we’ve shown that ¬(¬B ∧ (¬A ∨ B)) is impossible, we can assume its negation (as on line 10), and use ¬ Elim to reduce it to the simple form ¬B ^ (¬A v B) (line 11).

Now we can break ¬B ∧ (¬A ∨ B) up (lines 12 and 13). 

Next, we need to do subproofs for ¬A and ¬B (remember, we want to just keep breaking the sentence down further and further until we get the simplest components possible). 

From ¬ A, it’s easy to use v Intro to reach our desired conclusion (line 14):   
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Next, we do our subproof for B. This one is really easy too, because on line 12 we concluded ¬B, so by assuming B (line 18) we have already reached a contradiction, which means we can say whatever we want. 

In this case, we can just state our desired conclusion: 
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Since we’ve now tested all our possible cases, we can just use v Elim  to show that regardless of whether A is true or B, we can still conclude ¬A v ¬(¬B ^ (¬A v B).

Now it’s easy to get out of our original subproof, because this is a direct contradiction to it, so we just do a  ⊥ Intro. This then allows us to exit to our original proof and do a ¬ intro. Finally, all we have to do is clean up the extra ¬s by using ¬ Elim, and we’re done. 
