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Concordia University Department of Mechanical, Industrial and Aerospace Engineering 
 
 Question No. 1. (10 Marks) Using the Laplace Transformation method, solve the integral equation to find   𝑓𝑓(𝑡𝑡): 

𝒇𝒇(𝒕𝒕) = 𝟐𝟐𝟐𝟐 − 𝟒𝟒� 𝒄𝒄𝒄𝒄𝒄𝒄 𝝉𝝉 .𝒇𝒇(𝒕𝒕 − 𝝉𝝉)𝒅𝒅𝒅𝒅
𝒕𝒕

𝟎𝟎
 

𝑔𝑔(𝜏𝜏) ≡ cos 𝜏𝜏        ℎ(𝑡𝑡 − 𝜏𝜏) = 𝑓𝑓(𝑡𝑡 − 𝜏𝜏)    𝑉𝑉(𝑠𝑠) = ℒ �� cos 𝜏𝜏 . 𝑓𝑓(𝑡𝑡 − 𝜏𝜏)𝑑𝑑𝑑𝑑
𝑡𝑡

0
� 

𝑮𝑮(𝒔𝒔) =
𝑠𝑠

𝑠𝑠2 + 1        𝑯𝑯(𝒔𝒔) = 𝑭𝑭(𝒔𝒔) 

ℒ{𝒇𝒇(𝒕𝒕)} = ℒ{𝟐𝟐𝟐𝟐} − 𝟒𝟒ℒ �� 𝒄𝒄𝒄𝒄𝒄𝒄 𝝉𝝉 .𝒇𝒇(𝒕𝒕 − 𝝉𝝉)𝒅𝒅𝒅𝒅
𝒕𝒕

𝟎𝟎
� 

𝑭𝑭(𝒔𝒔) =
𝟐𝟐
𝒔𝒔𝟐𝟐 − 𝟒𝟒 �

𝑠𝑠
𝑠𝑠2 + 1� .𝑭𝑭(𝒔𝒔) 

 

𝑭𝑭 �𝟏𝟏 +
4𝑠𝑠

𝑠𝑠2 + 1�
= 𝑭𝑭 �

𝑠𝑠2 + 4𝑠𝑠 + 1
𝑠𝑠2 + 1 � =

𝟐𝟐
𝒔𝒔𝟐𝟐 

 

𝑭𝑭 =
𝟐𝟐(𝑠𝑠2 + 1)

𝒔𝒔𝟐𝟐(𝑠𝑠2 + 4𝑠𝑠 + 1) =
𝟐𝟐

𝑠𝑠2 + 4𝑠𝑠 + 1 +
𝟐𝟐

𝒔𝒔𝟐𝟐(𝑠𝑠2 + 4𝑠𝑠 + 1) 

 

𝑷𝑷𝑷𝑷      
𝟐𝟐

𝒔𝒔𝟐𝟐(𝑠𝑠2 + 4𝑠𝑠 + 1) ≡
𝑨𝑨𝑨𝑨 + 𝑩𝑩
𝒔𝒔𝟐𝟐 +

(𝑪𝑪𝑪𝑪 + 𝑫𝑫)
(𝑠𝑠2 + 4𝑠𝑠 + 1) 

 
𝟐𝟐 ≡ 𝑨𝑨𝒔𝒔𝟑𝟑 + 𝟒𝟒𝟒𝟒𝒔𝒔𝟐𝟐 + 𝑨𝑨𝑨𝑨 + 𝑩𝑩𝒔𝒔𝟐𝟐 + 𝟒𝟒𝟒𝟒𝟒𝟒 + 𝑩𝑩 + 𝑪𝑪𝒔𝒔𝟑𝟑 + 𝑫𝑫𝒔𝒔𝟐𝟐 
𝑨𝑨 + 𝑪𝑪 = 𝟎𝟎     𝟒𝟒𝟒𝟒+ 𝑩𝑩 + 𝑫𝑫 = 𝟎𝟎    𝑨𝑨+ 𝟒𝟒𝟒𝟒 = 𝟎𝟎    𝑩𝑩 = 𝟐𝟐 

𝑨𝑨 = −𝟖𝟖     𝑩𝑩 = 𝟐𝟐     𝑪𝑪 = 𝟖𝟖    𝑫𝑫 = 𝟑𝟑𝟑𝟑 

𝑷𝑷𝑷𝑷      
𝟐𝟐

𝒔𝒔𝟐𝟐(𝑠𝑠2 + 4𝑠𝑠 + 1) ≡ −
−𝟖𝟖𝟖𝟖 + 𝟐𝟐

𝒔𝒔𝟐𝟐 +
𝟖𝟖𝟖𝟖 + 𝟑𝟑𝟑𝟑

(𝑠𝑠2 + 4𝑠𝑠 + 1) 

 

𝑭𝑭 =
𝟐𝟐

𝑠𝑠2 + 4𝑠𝑠 + 1 −
−𝟖𝟖𝟖𝟖 + 𝟐𝟐

𝒔𝒔𝟐𝟐 +
𝟖𝟖𝟖𝟖 + 𝟑𝟑𝟑𝟑

(𝑠𝑠2 + 4𝑠𝑠 + 1) =
𝟖𝟖
𝒔𝒔 −

𝟐𝟐
𝒔𝒔𝟐𝟐 +

𝟖𝟖𝟖𝟖 + 𝟑𝟑𝟑𝟑
(𝑠𝑠2 + 4𝑠𝑠 + 1) 

𝑠𝑠2 + 4𝑠𝑠 + 1 = (𝑠𝑠 + 2)2 − 3 

𝑭𝑭 =
𝟖𝟖
𝒔𝒔 −

𝟐𝟐
𝒔𝒔𝟐𝟐 +

𝟖𝟖𝟖𝟖 + 𝟏𝟏𝟏𝟏 + 𝟏𝟏𝟏𝟏
(𝑠𝑠 + 2)2 − 3 =

𝟖𝟖
𝒔𝒔 −

𝟐𝟐
𝒔𝒔𝟐𝟐 +

𝟖𝟖(𝒔𝒔 + 𝟐𝟐)
(𝑠𝑠 + 2)2 − 3 +

𝟏𝟏𝟏𝟏
(𝑠𝑠 + 2)2 − 3 

𝒇𝒇(𝒕𝒕) = 𝟖𝟖 − 𝟐𝟐𝟐𝟐 + 𝟖𝟖𝒆𝒆−𝟐𝟐𝟐𝟐𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 √𝟑𝟑𝒕𝒕 +
𝟏𝟏𝟏𝟏
√𝟑𝟑

𝒆𝒆−𝟐𝟐𝟐𝟐𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 √𝟑𝟑𝒕𝒕 

For the last two terms we used the Table Transforms 20 and 21. 
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Concordia University Department of Mechanical, Industrial and Aerospace Engineering 
 
  
Question No. 2. (12 Marks) Using the Laplace Transformation method, solve the differential equation: 
 

𝒚𝒚′′ + 𝟔𝟔𝒚𝒚′ + 𝟏𝟏𝟏𝟏𝟏𝟏 = 𝒇𝒇(𝒕𝒕),      𝒚𝒚 = 𝒚𝒚(𝒕𝒕),    𝒚𝒚(𝟎𝟎) = 𝟎𝟎,    𝒚𝒚′(𝟎𝟎) = 𝟎𝟎 

𝒇𝒇(𝒕𝒕) = �
𝟎𝟎     𝒇𝒇𝒇𝒇𝒇𝒇     𝟎𝟎 ≤ 𝒕𝒕 < 𝟓𝟓
𝟏𝟏     𝒇𝒇𝒇𝒇𝒇𝒇   𝟓𝟓 ≤ 𝒕𝒕 ≤ 𝟕𝟕
𝟎𝟎    𝒇𝒇𝒇𝒇𝒇𝒇            𝒕𝒕 > 𝟕𝟕

  

 
 

(𝑠𝑠2𝑌𝑌 − 𝑠𝑠𝑦𝑦0 − 𝑦𝑦0′) + (6𝑠𝑠𝑠𝑠 − 6𝑦𝑦0) + 10𝑌𝑌 = 𝑈𝑈(𝑡𝑡 − 5) − 𝑈𝑈(𝑡𝑡 − 7) 
 

𝑠𝑠2𝑌𝑌 + 6𝑠𝑠𝑠𝑠 + 10𝑌𝑌 = ℒ{𝑈𝑈(𝑡𝑡 − 5)} − ℒ{𝑈𝑈(𝑡𝑡 − 7)} 
 

𝑠𝑠2𝑌𝑌 + 6𝑠𝑠𝑠𝑠 + 10𝑌𝑌 =
𝑒𝑒−5𝑠𝑠

𝑠𝑠 −
𝑒𝑒−7𝑠𝑠

𝑠𝑠  

𝑌𝑌 =
𝑒𝑒−5𝑠𝑠

𝑠𝑠(𝑠𝑠2 + 6𝑠𝑠 + 10) −
𝑒𝑒−7𝑠𝑠

𝑠𝑠(𝑠𝑠2 + 6𝑠𝑠 + 10) 

 

𝑃𝑃𝑃𝑃          
1

𝑠𝑠(𝑠𝑠2 + 6𝑠𝑠 + 10) =
𝐴𝐴
𝑠𝑠 +

𝐵𝐵𝐵𝐵 + 𝐶𝐶
(𝑠𝑠2 + 6𝑠𝑠 + 10) 

 
1 ≡ 𝐴𝐴𝑠𝑠2 + 6𝐴𝐴𝐴𝐴 + 10𝐴𝐴 + 𝐵𝐵𝑠𝑠2 + 𝐶𝐶𝐶𝐶 

𝐴𝐴 + 𝐵𝐵 = 0         6𝐴𝐴 + 𝐶𝐶 = 0       10𝐴𝐴 = 1 

𝐴𝐴 =
1

10       𝐵𝐵 = −
1

10        𝐶𝐶 = −
3
5 

1
𝑠𝑠(𝑠𝑠2 + 6𝑠𝑠 + 10) =

1
10𝑠𝑠 −

𝑠𝑠 + 6
10(𝑠𝑠2 + 6𝑠𝑠 + 10)  

=
1

10𝑠𝑠 −
𝑠𝑠 + 3 + 3

10[(𝑠𝑠 + 3)2 + 1]  

 

𝑌𝑌 = �
1

10𝑠𝑠 −
𝑠𝑠 + 3 + 3

10[(𝑠𝑠 + 3)2 + 1]�
(𝑒𝑒−5𝑠𝑠 − 𝑒𝑒−7𝑠𝑠) 

𝑌𝑌 = �
1

10𝑠𝑠 −
(𝑠𝑠 + 3)

10[(𝑠𝑠 + 3)2 + 1] −
3

10[(𝑠𝑠 + 3)2 + 1]�
(𝑒𝑒−5𝑠𝑠 − 𝑒𝑒−7𝑠𝑠)     

 

𝑦𝑦(𝑡𝑡) =
1

10
[𝑈𝑈(𝑡𝑡 − 5) − 𝑈𝑈(𝑡𝑡 − 7)]

−
1

10 �𝑒𝑒
−3(𝑡𝑡−5) cos(𝑡𝑡 − 5)𝑈𝑈(𝑡𝑡 − 5) − 𝑒𝑒−3(𝑡𝑡−7) cos(𝑡𝑡 − 7)𝑈𝑈(𝑡𝑡 − 7)� 

 

−
3

10 �𝑒𝑒
−3(𝑡𝑡−5) sin(𝑡𝑡 − 5)𝑈𝑈(𝑡𝑡 − 5) − 𝑒𝑒−3(𝑡𝑡−7) sin(𝑡𝑡 − 7)𝑈𝑈(𝑡𝑡 − 7)� 
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Concordia University Department of Mechanical, Industrial and Aerospace Engineering 
 
Question No. 3. (8 Marks) Using the Laplace Transformation method, solve the differential equation: 
 

𝒚𝒚′′ + 𝒚𝒚 = 𝟑𝟑 𝒄𝒄𝒄𝒄𝒄𝒄 𝒕𝒕 + 𝜹𝜹(𝒕𝒕 − 𝝅𝝅)      𝒚𝒚 = 𝒚𝒚(𝒕𝒕),    𝒚𝒚(𝟎𝟎) = 𝟏𝟏    𝒚𝒚′(𝟎𝟎) = 𝟎𝟎 
 
Take Laplace of the equation 

𝒔𝒔𝟐𝟐𝒀𝒀 − 𝒔𝒔𝒔𝒔(𝟎𝟎)− 𝒚𝒚′(𝟎𝟎) + 𝒀𝒀 = 𝓛𝓛{𝟑𝟑 𝐜𝐜𝐜𝐜𝐜𝐜 𝒕𝒕 + 𝜹𝜹(𝒕𝒕 − 𝝅𝝅)} 
Rearrange 

𝒀𝒀 =
𝒔𝒔

(𝒔𝒔𝟐𝟐 + 𝟏𝟏) +
𝟑𝟑𝟑𝟑

(𝒔𝒔𝟐𝟐 + 𝟏𝟏)𝟐𝟐 +
𝒆𝒆−𝝅𝝅𝝅𝝅

(𝒔𝒔𝟐𝟐 + 𝟏𝟏) 

 

𝓛𝓛−𝟏𝟏{𝒀𝒀} = 𝓛𝓛−𝟏𝟏 �
𝒔𝒔

𝒔𝒔𝟐𝟐 + 𝟏𝟏�
+ 𝓛𝓛−𝟏𝟏 �

𝟑𝟑𝟑𝟑
(𝒔𝒔𝟐𝟐 + 𝟏𝟏)𝟐𝟐� + 𝓛𝓛−𝟏𝟏 �𝒆𝒆−𝝅𝝅𝝅𝝅

𝟏𝟏
(𝒔𝒔𝟐𝟐 + 𝟏𝟏)� 

𝓛𝓛−𝟏𝟏 �
𝒔𝒔

𝒔𝒔𝟐𝟐 + 𝟏𝟏�
= 𝒄𝒄𝒄𝒄𝒄𝒄 𝒕𝒕 

 
𝓛𝓛−𝟏𝟏{ 𝒆𝒆−𝒂𝒂𝒂𝒂𝑭𝑭(𝒔𝒔)} = 𝑼𝑼(𝒕𝒕 − 𝒂𝒂)𝒇𝒇(𝒕𝒕 − 𝒂𝒂) 

𝑰𝑰𝑰𝑰 𝒂𝒂 = 𝝅𝝅    𝑭𝑭(𝒔𝒔) =
𝟏𝟏

(𝒔𝒔𝟐𝟐 + 𝟏𝟏)     𝓛𝓛−𝟏𝟏 �𝒆𝒆−𝝅𝝅𝝅𝝅
𝟏𝟏

(𝒔𝒔𝟐𝟐 + 𝟏𝟏)� = 𝒔𝒔𝒔𝒔𝒔𝒔 (𝒕𝒕 − 𝝅𝝅)𝑼𝑼(𝒕𝒕 − 𝝅𝝅)  

𝓛𝓛−𝟏𝟏 �
𝟑𝟑𝟑𝟑

(𝒔𝒔𝟐𝟐 + 𝟏𝟏)𝟐𝟐� 

 
𝒇𝒇(𝒕𝒕) = 𝟑𝟑𝟑𝟑 𝒔𝒔𝒔𝒔𝒔𝒔 𝒕𝒕  𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻 #𝟐𝟐𝟐𝟐 

𝑡𝑡 sin 𝑘𝑘𝑘𝑘 = 𝓛𝓛−𝟏𝟏

⎩
⎪
⎨

⎪
⎧ 2𝑘𝑘𝑘𝑘

�𝑠𝑠2 +𝑘𝑘2
�

2

⎭
⎪
⎬

⎪
⎫

 

𝒚𝒚(𝒕𝒕) = 𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄 +
𝟑𝟑
𝟐𝟐 𝒕𝒕 𝒔𝒔𝒔𝒔𝒔𝒔 𝒕𝒕 + 𝒔𝒔𝒔𝒔𝒔𝒔 (𝒕𝒕 − 𝝅𝝅)𝑼𝑼(𝒕𝒕 − 𝝅𝝅) 
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