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[7] 1. (a) Use the Euclidean algorithm to find gcd(94,49). Also use the algorithm to find
integers u and v such that ged(94,49) = 94u + 49v.

(b) Use part (a) to find an inverse a for 49 modulo 94 so that 0 < a < 93; that is, find an
integer a € {0,1,...,93} so that 49a = 1(mod 94).



9] 2. Let P be the statement:
“For all sets A, B and C,if A— BC A—C then ANC =1(.

(a) Is P true? Prove your answer.

(b) State the converse of P. Is the converse of P true? Prove your answer.

(c) State the contrapositive of P. Is the contrapositive of P true? Explain.



[10] 3. Of the following statements, two are true and one is false. Prove the true statements.
For the false statement, write out its negation and prove that.
(a) For all integers a, there exists an integer b so that 3 | a + b.

(b) For all integers a, there exists an integer b so that 3 a + b.

(c) For all integers a, there exists an integer b so that 3 | a + b and 3 | 2a + b.



[13] 4. Recall that Z is the set of all integers.
(a) Find a function f : Z — Z so that f is one-to-one and onto. Explain why f is one-to-one
and onto.

(b) Find a function g : Z — Z so that g is one-to-one but ¢ is not onto. Explain why g is
one-to-one but ¢ is not onto.

(c) Find a function h : Z — Z so that h is onto but h is not one-to-one. Explain why A is
onto but A is not one-to-one.



[12] 5. Let A={1,2,3,4,...,271}. Define the relation R on A x A by:
for any (a,b), (c,d) € A x A, (a,b) R (¢,d) if and only if a + b = ¢+ d.

(a) Prove that R is an equivalence relation on A x A.

(b) List all the elements of [(3,3)], the equivalence class of (3, 3).

(c) How many equivalence classes does R have? Explain.

(d) Is there an equivalence class that has exactly 271 elements? Explain.



[12] 6. Let S =1{1,2,3,4,5,6,7,8,9}. Define a relation R on P (5) by:
for any X,Y € P (9), XRY if and only if X NY # (.

(a) Is R reflexive? symmetric? transitive? Explain.

(b) Let A = {1,2}. Find three different subsets I, J, K of S so that IRA, JRA and
KRA.

(c) Let A = {1,2}. How many subsets X of S are there so that XRA? Explain.



7. (a) Let G be a simple graph with vertex degrees 2, 2, 2, 2, 3, 3. How many edges does
G have? Explain.

(b) Is there a simple graph G with vertex degrees 2, 2, 2, 2, 3, 3 so that G has an Euler
circuit? Explain.

(c) Draw, if possible, a simple bipartite graph G' with vertex degrees 2, 2, 2, 2, 3, 3 or
explain why no such graph exists.

(d) Are there simple graphs G and H both with vertex degrees 2, 2, 2, 2, 3, 3 such that G
and H are not isomorphic? If so, draw them; otherwise, explain why such graphs do not
exist.



8] 8. Prove by induction on n that n® — 7n is divisible by 3 for all integers n > 0.



