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1. The bounded solution of Laplace’s equation u,, + —u, +
r

MATH 3705C
Test 4 Solutions
March 24, 2017

—Ugy = 0 outside the circle
,

r = 2 which satisfies the boundary condition u(2,6) = f(#) has the form

Qo

u(r,0) = 5 + Z 7" [an cos(nd) + by, sin(nb)].

n=1

Find the solution if f(f) = 4 —2cos(36)+ 3sin(260). Write down the complete solution.
Solution:

u(2,0) = f(0) = % + i 27" ay, cos(nf) + b, sin(nh)] = 4 — 2cos(30) + 3sin(26) =
n=1

% =4, 273a3 = —2, 272by = 3, and a, = b, = 0 otherwise =
ag =8, a3 = —16, by = 12, and a,, = b, = 0 otherwise. Hence,

u(r,0) =4 — 16r=2 cos(36) + 12r—2 sin(26).

. The solution of Laplace’s equation ., + u,, = 0 within the rectangular region

0<z<L,0<y< M, which satisfies the boundary conditions
u(x,0) =0, u(z, M) =0, u(L,y) = 0 and u(0,y) = f(y), has the form

u(z,y) = g ay sinh {W} sin (%) .

Find the solution within the region 0 < z < 2, 0 < y < 1, which satisfies the boundary
conditions u(x,0) = 0, u(z,1) = 0, u(2,y) = 0, and u(0,y) = y — y>. Write down the
complete solution u(z,y).

Solution:

w(0,y) =y —y* = Z a, sinh(2n7)sin(nry) =y — y* =

n=1

an sinh(2nm) = 2 /l(y —y?) sin(nmy)dy
0

- —i(y — ) cos(mry)}1 + 2 /1(1 — 2y) cos(nmy)dy

nm o nmJ

2 o2
= n27r2(1 — 2y) sin(nmy) T /0 —2sin(nmy)dy

1 _ (_1\n

a _n347r2 cos(ny) o n347r3 1==0T = e = n;l7[rl3 s1rEh(12)n7]r)

e}

u(z,y) = Zl n;l7[r13;1r5}:(12)7:7]r) sinh[n7(2 — x)] sin(nmy).
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1
3. The solution of the wave equation wu,, = — Uit 0 < x < L, t >0, which satisfies the

c
boundary conditions u(0,t) = 0 and u(L,t) = 0, has the form
- t t
u(x,t) = ;sin <nLﬂ) {an Ccos (m;c ) + b, sin (m;c )] .

1
Find the solution of wu,, = 7t 0 < x < 1, t > 0, which satisfies the boundary

conditions u(0,t) = 0 and u(1,¢) = 0, and the initial conditions
u(x,0) = 3sin(mx) — sin(b7z) and w(x,0) = sin(wz) — 2sin(27z).

Write down the complete solution u(z,t).

Solution:

u(x,0) = 3sin(rx) — sin(brz) = Z an sin(nmx) = 3sin(rz) — sin(brx) =
n=1

a; = 3, a5 = —1, and a, = 0 otherwise.

ut(x,0) = sin(7z) — 2s8in(2rz) = Z 2n7h, sin(nrx) = sin(rx) — 2sin(2rzr) =

n=1

1 1
2nby = 1, 4wby = —2, and b, = 0 otherwise = by =—, bo=—, and b, = 0
2 2

otherwise. Hence, u(z,t) =

1 1
3sin(mz) cos(2mt) — sin(57z) cos(107t) + Dy sin(mx) sin(27t) — gy sin(2mx) sin(47t).
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