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1. For the equation x2y′′ − y′ +
1

(x − 1)2
y = 0,[4]

(a) All points are ordinary.
(b) 0 is irregular singular and 1 is regular singular.
(c) 0 is regular singular and 1 is irregular singular.
(d) Both 0 and 1 are regular singular.
(e) Both 0 and 1 are irregular singular.
Answer: (b)

2. The general solution of the equation x2y′′ + 3xy′ + 5y = 0 for x 6= 0 is y =[4]
(a) |x|−3/2[c1 cos(

√
11
2

ln |x|) + c2 sin(
√

11
2

ln |x|)] (b) x−1[c1 cos(ln |x|) + c2 sin(ln |x|)]
(c) x−1[c1 + c2 ln |x|] (d) e−x[c1 cos(x) + c2 sin(x)] (e) None of the these
Answer: (e)

3. The general solution of the equation x2y′′ + 3xy′ + y = 0 for x 6= 0 is y =[4]
(a) |x|−3/2[c1 cos(

√
5

2
ln |x|)+ c2 sin(

√
5

2
ln |x|)] (b) x−1[c1 + c2 ln |x|] (c) c1x

−1 + c2x
−1

(d) c1|x|(−3+
√

5)/2 + c2|x|(−3−
√

5)/2 (e) None of the these
Answer: (b)

4. The general solution of the equation x2y′′ − 6y = 0 for x 6= 0 is y =[4]
(a) c1x

2 + c2x
−3 (b) c1|x|

√
6 + c2|x|−

√
6 (c) c1J0(

√
6x) + c2Y0(

√
6x)

(d) c1x
3 + c2x

−2 (e) None of these
Answer: (d)

5. The general solution of the equation x2y′′ + xy′ + (5x2 − 4)y = 0 for x > 0 is y =[4]
(a) c1J2(

√
5x)+ c2Y2(

√
5x) (b) c1J2(

√
5x)+ c2J−2(

√
5x) (c) c1J√

5(2x)+ c2J−
√

5(2x)
(d) c1J√

5(2x) + c2Y√
5(2x) (e) None of these

Answer: (a)

6. Find one (nonzero) solution y1 of x2y′′ − xy′ + (1 + x)y = 0 about x0 = 0 for x > 0.[10]
Solution:

p(x) = −1

x
and q(x) =

1 + x

x2
are singular at 0, and xp(x) = −1 and x2q(x) = 1 + x

are analytic at 0. Hence, 0 is a regular singular point, with p0 = −1 and q0 = 1. The
indicial equation is r2 + (p0 − 1)r + q0 = r2 − 2r + 1 = (r − 1)2 = 0 ⇒ r = 1. Hence,
one solution takes the form

y1 =
∞

∑

n=0

anx
n+1. Then y′

1 =
∞

∑

n=0

(n + 1)anxn, y′′
1 =

∞
∑

n=0

n(n + 1)anx
n−1,

and the equation requires that
∞

∑

n=0

n(n + 1)anxn+1 −
∞

∑

n=0

(n + 1)anxn+1 +
∞

∑

n=0

anx
n+1 +

∞
∑

n=0

anx
n+2 = 0 ⇒

∞
∑

n=0

n2anx
n+1 +

∞
∑

n=0

anx
n+2 = 0 ⇒

∞
∑

n=0

[

(n + 1)2an+1 + an

]

xn+2 = 0 ⇒

an+1 =
−an

(n + 1)2
, n ≥ 0. Then



2

n = 0 ⇒ a1 =
−a0

12
,

n = 1 ⇒ a2 =
−a1

22
=

a0

12 · 22
,

n = 2 ⇒ a3 =
−a2

32
=

−a0

12 · 22 · 32
, etc., and an =

(−1)na0

(n!)2
, n ≥ 0.

Thus, y1 =
∞

∑

n=0

(−1)n

(n!)2
xn+1.


