Version 1
Question 4. [6 points] Let A be the matrix

5 —2
()
(a) Show that the eigenvalues of A are 4 + ¢ and 4 — i.

(b) Find an eigenvector corresponding to the eigenvalue 4 + 7.

Solution: (a) The eigenvalues of A are the numbers A where the polynomial det(A — AI)
equals 0. So let’s evaluate that determinant.

5—A =2
aoar= (70 )

det(A—=XI) = (5—N)(3—A) —1(=2) = \* =8\ + 17.

The roots of this polynomial are

\ —(-8) £ V(=82 —4x17T 84 _
2 2

SO

= 441,

as claimed.

(b) The eigenvector corresponding to an eigenvalue A is a nonzero solution v to (A— Al )v = 0.

Here X\ is 4 + i, so
1—1 —2
(),

We find the solutions by row-reducing the augmented matrix

1—2 =2 1|0
1 —-1-20

For simplicity we switch the first two rows, R1 «» R2, to get

1 —-1-1¢|0
l1—2 =2 1|0

We clear the bottom left entry by subtracting 1 — ¢ times the first row from the second row,
R2 — (1 —¢)R1: (notice that (1 —4)* (-1 —1)=—-1—i+i—1=-2)

1 -1—-2(0
0 0 0

The second column has no leading entry, so we can set xo = t, with ¢ arbitrary. The first row
gives the equation z1 + (=1 — i)t = 0, so 1 = (1 + i)t. The general solution is then

Yy ((1+tz')t) :t<1q1w;)_

1




We’ll just pick ¢ =1 to get

(14
Tl
as an eigenvector corresponding to the eigenvalue 4 4+ i. We can confirm that Av = Av:

Av — 5 =2\ (1+d\ ([ 5(1+4)—2 Y\ [(3+5
- \1 3 1 ) \1(1+d)+3(1)) \44i)’

B 140\ (A4 +9)\  [(3+5d
Av=(4+1) ( 1 ) = ( dvam )= a )

Version 2

Question 4. [6 points] Let A be the matrix

5 13
=55
(a) Show that the eigenvalues of A are 4 + 5i and 4 — 5i.
(b) Find an eigenvector corresponding to the eigenvalue 4 + 5i.

Solution: (a) The eigenvalues of A are the numbers A where the polynomial det(A — \I)
equals 0. So let’s evaluate that determinant.

5—A 13
a-ar= (P50 1),

det(A— M) =(5—X)(3—)\) —13(—=2) = \> — 8\ + 41.

SO

The roots of this polynomial are

—(—8) £ +/(—8)2 — 4 %41 V=
N (—8) \/(28) * :81210024&52_7

as claimed.

(b) The eigenvector corresponding to an eigenvalue A is a nonzero solution v to (A—AI)v = 0.

Here \ is 4 + 51, so
1—5 13

We find the solutions by row-reducing the augmented matrix

1-51 13 0
-2 —1-5|0

For simplicity we switch the first two rows, R1 <= R2, to get

-2 —1-510
1—"5 13 0




Multiply the first row by —% to get:

1 5+
1-5i 13

0

0
We clear the bottom left entry by subtracting 1 — 5¢ times the first row from the second row,
R2 — (1 — 5i)R1L: (notice that (1 —5i) = (3 + 3i) = 2 + 2i — 3i + 2 = 13)

2
0
0

1 2+ 2
0 0

The second column has no leading entry, so we can set xo = t, with ¢ arbitrary. The first row
gives the equation x; + (% + gz)t =0,s02; = —(% + %z)t The general solution is then

= (—(% : g@')t> :t(_%fgi)-

We'll pick ¢ = 2 (though picking ¢ = 1 works just as well, this choice gives a simpler eigen-

vector) to get
(-1 -=5i
YT 2
as an eigenvector corresponding to the eigenvalue 4 + 5¢. We can confirm that Av = \v:
Av — 5 13\ [—1-5i\  [5(—1—-5i)+13(2)\ (21 —25
S \-2 3 2 S\ —2(=1-5)+3(2)) \8+10i )’
- N (—1=5i\  [((4+5i)(—1—-59)\  [21—25
A“—(‘”52)( 2 )‘( 4+3)@2) )= \8+10i )
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Question 4. [6 points] Let A be the matrix

(%),

(a) Show that the eigenvalues of A are 4 + 3i and 4 — 3i.
(b) Find an eigenvector corresponding to the eigenvalue 4 + 3i.

Solution: (a) The eigenvalues of A are the numbers A where the polynomial det(A — AI)
equals 0. So let’s evaluate that determinant.

5-A 2
A_M_<—5 3—/\)’

det(A—XI) = (5—N)(3—A) —2(=5) = \* — 8\ + 25.

SO



The roots of this polynomial are

—(—8) £ /(—8)2 —4x2 V=36
\_ —(=8) ¢g& ﬂ<5:8i2:%:4i3L

as claimed.

(b) The eigenvector corresponding to an eigenvalue A is a nonzero solution v to (A— Al )v = 0.

Here X is 4 + 31, so
1—3¢ 2
A_XL‘(—s —1—&)'

We find the solutions by row-reducing the augmented matrix

1-3: 2 0
-5 —-1-31]0

For simplicity we switch the first two rows, R1 «» R2, to get

-5 —-1-3]0
1-3: 2 0

Multiply the first row by —% to get:
0
0

1 4+ 2
1-3i 2

We clear the bottom left entry by subtracting 1 — 3¢ times the first row from the second row,

R2 — (1 — 3i)R1: (notice that (1 —3i) * (: 4+ 2i) =L+ 3i—2i4+ 2 =2)

1 ++2i]0
0 0 |0

The second column has no leading entry, so we can set x9 = t, with ¢ arbitrary. The first row

gives the equation x; + (é + gz)t =0,s02; = —(% + %z)t The general solution is then
(-G (-h-d
v = ( " =t 1 .
We'll pick ¢ = —5 (though picking ¢ = 1 works just as well, this choice gives a simpler

eigenvector) to get

o (143
—\ -5

as an eigenvector corresponding to the eigenvalue 4 + 3i. We can confirm that Av = Av:
Ao — 5 2\ (143 [ 5(1+30)+2(-5)\ [ —-5+15
- \-5 3 -5 ) \-5(1+3i)+3(-5)) \—20—15i)’
- N (1430 ((4+30)(1+39)\ [ =5+ 15
A”“(‘H?’Z)< ﬁ3>“((4+&x—m ~\20-15i)



Version 4
Question 4. [6 points] Let A be the matrix

5 —10
=730

(a) Show that the eigenvalues of A are 4 4+ 3i and 4 — 3i.
(b) Find an eigenvector corresponding to the eigenvalue 4 + 3i.

Solution: (a) The eigenvalues of A are the numbers A where the polynomial det(A — AI)
equals 0. So let’s evaluate that determinant.

5—A —10
asar= (70 )

det(A—XI) = (5—)N)(3—A) — 1(—=10) = \* — 8\ + 25.

The roots of this polynomial are

—(— _ Q)2 _ _
\ (S)i\/(28) 4*25:8i\2/ 36:4i32,’

SO

as claimed.

(b) The eigenvector corresponding to an eigenvalue A is a nonzero solution v to (A— Al )v = 0.

Here X is 4 + 37, so
1—-3: —10
A‘”‘( 1 —1—3@')'

We find the solutions by row-reducing the augmented matrix

)

For simplicity we switch the first two rows, R1 «» R2, to get

1 —1-3:|0
1-3 =10 |0
We clear the bottom left entry by subtracting 1 — 3¢ times the first row from the second row,
R2 — (1 — 3i)R1: (notice that (1 —3i)* (=1 —3i) = -1 —3i+3i — 9 = —10)

1 -1-3¢]0
0 0 0

The second column has no leading entry, so we can set xo = t, with ¢ arbitrary. The first row
gives the equation z1 + (—1 — 3i)t = 0, so 1 = (1 + 3i)t. The general solution is then

Y <(1+t3z')t) :t<1q;3¢>.

5

1-3¢ —-10
1 —1—-3:




We’ll just pick ¢ =1 to get

(143
Tl
as an eigenvector corresponding to the eigenvalue 4 + 3i. We can confirm that Av = Av:
Av — 5 —10\ (1+3¢\ [ 5(1+3)—10\ [—5+ 15
S\l 3 1 C\1(1+3)+3(1))  \ 4+3i )

B A (1430 ((4+3)(1+30)\  [—5+15
Av = (4+3Z)< 1 ) = ( @+3y) )=\ avs )
Version 5:
Question 4. [6 points] Let A be the matrix

5 —1
1= %)
(a) Show that the eigenvalues of A are 4 4+ 47 and 4 — 4i.

(b) Find an eigenvector corresponding to the eigenvalue 4 + 4i.

Solution: (a) The eigenvalues of A are the numbers A\ where the polynomial det(A — \I)
equals 0. So let’s evaluate that determinant.

5—A -1
A‘”‘(n 3—)\>’

det(A— M) =(5-XN)(B—=)\) — (=1)17 = \* — 8\ + 32.

SO

The roots of this polynomial are

—(—8) £ /(—8)2 — 4% 32 V-
\ (—8) \/(28) * 3 :812 64:4i42,’

as claimed.
(b) The eigenvector corresponding to an eigenvalue A is a nonzero solution v to (A—AI)v = 0.

Here X is 4 + 44, so
1—44 -1
A_M( 17 —1—4z)'

We find the solutions by row-reducing the augmented matrix

1—4q -1 0
17 —-1-4¢|0

For simplicity we switch the first two rows, R1 <= R2, to get

)

17 —1—-4
1—43 -1




Multiply the first row by %7 to get:

1 4 -
1 —1—7—1—72
1—4q —1

0
0
We clear the bottom left entry by subtracting 1 — 47 times the first row from the second row,

R2 — (1 — 4i)R1: (notice that (1 —44) % (—f5171) = —1= — 100 + 101 — 10 = —1)

1 —%— i |0
0

0 0
The second column has no leading entry, so we can set xo = t, with ¢ arbitrary. The first row
gives the equation x; + (—1—17 — 14—7’i)t =0,s0 21 = (ﬁ + %i)t. The general solution is then

1 4 - 1 4 -
o= () < (158)
t

We'll pick ¢ = 17 (though picking ¢ = 1 works just as well, this choice gives a simpler

eigenvector) to get
(144
N

as an eigenvector corresponding to the eigenvalue 4 + 4:. We can confirm that Av = \v:
Av — 5 —1\ (14+4i\  (5(1+4i)+ (=1)(17)\  [—12+20¢
- \17 3 17 S\ 17T(1+4i)+3(17) ) \ 68+68i )’

et ()= () - (02

version 1
Question 5. [3 points] Find the complete solution to the system of equations

21’1 +31‘2 +41133 =3
T +2ZL‘2 —31'3 = -2
3371 +5$2 +x3 = 1.

Be sure to show all your work.

Solution: We construct the augmented matrix from this system of equations, and then row
reduce it. The augmented matrix is

2 3 4| 3
1 2 =3|-2
35 1| 1



At this point, the entry in the first column of the second row (1) is simpler than the first-
column entry of the first row, so it makes sense to switch rows. We will switch the first two
rows, R1 < R2:

1 2 -3|-2
2 3 4 31,
35 1] 1

then clear the rest of the first column, with R2 — 2R1 and R3 — 3R1 (replacing the second
and third rows, respectively, with these):

1 2 -3|-2
0 -1 10| 7
0 -1 10 7

Next we replace R3 with R3 — R2, and then we multiply R2 by —1, to get

1 2 =3|-2
01 —-10|-7 ],
00 0 O

a matrix in row-echelon form. Lastly (this step is not necessary, we can solve from the
row-echelon form), we replace R1 with R1 — 2R2 to get

10 17| 12
01 —-10|-7 1],
00 0 O

There is no leading entry in the third column, so we can set x3 = t with ¢ arbitrary. From
the equations corresponding to the first two rows, we find that the general solution is

T 12 — 17t
I3 t

version 2

Question 5. [3 points] Find the complete solution to the system of equations

511 + 8Ty + drz =4
T +2!132 —3£L'3 = -2
3%’14‘5?[)24‘1’3 =1.

Be sure to show all your work.

Solution: We construct the augmented matrix from this system of equations, and then row
reduce it. The augmented matrix is

5> 8 5| 4
1 2 —-3|-2
35 1| 1



At this point, the entry in the first column of the second row (1) is simpler than the first-
column entry of the first row, so it makes sense to switch rows. We will switch the first two
rows, R1 < R2:

1 2 —3|-2
58 5| 4|,
35 1| 1

then clear the rest of the first column, with R2 — 5R1 and R3 — 3R1 (replacing the second
and third rows, respectively, with these):

1 2 =3|-2
0 -2 20| 14
0 -1 10 7

Next we’ll switch the second and third rows R2 « R3:

1 2 3|2
0 -1 10 7
0 -2 20| 14

Next we replace R3 with R3 — 2R2, and then we multiply R2 by —1, to get

1 2 =-3|-2
01 —-10|-7 |,
0 0 0] O

a matrix in row-echelon form. Lastly (this step is not necessary, we can solve from the
row-echelon form), we replace R1 with R1 — 2R2 to get

10 17| 12
01 —-10|-7 |,
0 0 0] 0

There is no leading entry in the third column, so we can set x3 = t with ¢ arbitrary. From
the equations corresponding to the first two rows, we find that the general solution is

T 12 - 17t
Z3 t

version 3
Question 5. [3 points] Find the complete solution to the system of equations

41’1 + 7?[72 — 2ZE3 =-1
T+ 2$2 - 3.%‘3 =—-2
3x1 4+ 510 + 23 = 1.



Be sure to show all your work.

Solution: We construct the augmented matrix from this system of equations, and then row
reduce it. The augmented matrix is

4 7 =2 -1
1 2 -3|-2
35 1| 1

At this point, the entry in the first column of the second row (1) is simpler than the first-
column entry of the first row, so it makes sense to switch rows. We will switch the first two
rows, R1 < R2:

1 2 —3|-2
47 —2|-1 ],
35 1| 1

then clear the rest of the first column, with R2 — 4R1 and R3 — 3R1 (replacing the second
and third rows, respectively, with these):

1 2 -3|-2
0 -1 10 7
0 -1 10 7

Next we replace R3 with R3 — R2, and then we multiply R2 by —1, to get

1 2 -3|-2
01 —-10|-7 |,
0 0 0] O

a matrix in row-echelon form. Lastly (this step is not necessary, we can solve from the
row-echelon form), we replace R1 with R1 — 2R2 to get

10 17| 12
01 —-10|-7 |,
0 0 0] 0

There is no leading entry in the third column, so we can set x3 = t with t arbitrary. From
the equations corresponding to the first two rows, we find that the general solution is

1 12 - 17t
ZT3 t

version 4

Question 5. [3 points] Find the complete solution to the system of equations

2!E1 +3ZL‘2 +4ZL‘3 =3
I —|—2l’2 —31’3 =—-2

—T1 — X9 — 71’5 = —b.

10



Be sure to show all your work.

Solution: We construct the augmented matrix from this system of equations, and then row
reduce it. The augmented matrix is

2 3 4| 3
1 2 -3|-2
-1 -1 -7|-=5

At this point, the entries in the first column of the second and third rows (1 and —1, respec-
tively), are simpler than the first-column entry of the first row, so it makes sense to switch
rows. We will switch the first two rows, R1 < R2:

1 2 —3|-2
2 3 4| 3|,
~1 -1 -7|-5

then clear the rest of the first column, with R2 —2R1 and R3+ R1 (replacing the second and
third rows, respectively, with these):

1 2 =3|-2
0o -1 10} 7
0 1 —-10|-—7

Next we replace R3 with R3 4+ R2, and then we multiply R2 by —1, to get

1 2 -3|-2
01 —-10|-=7 ],
0 0 0] O

a matrix in row-echelon form. Lastly (this step is not necessary, we can solve from the
row-echelon form), we replace R1 with R1 — 2R2 to get

10 17| 12
01 —-10|-7 |,
0 0 0] 0

There is no leading entry in the third column, so we can set x3 = t with ¢ arbitrary. From
the equations corresponding to the first two rows, we find that the general solution is

1 12 - 17t
T3 t

version d:

11



Question 5. [3 points] Find the complete solution to the system of equations

21’1 + 31’2 + 41‘3 =3
r1+ 229 — 313 = —2
5x1 + 915 — by = —3.

Be sure to show all your work.

Solution: We construct the augmented matrix from this system of equations, and then row
reduce it. The augmented matrix is

23 4| 3
1 2 -3|-2
5 9 =53

At this point, the entry in the first column of the second row (1) is simpler than the first-
column entry of the first row, so it makes sense to switch rows. We will switch the first two
rows, R1 < R2:

1 2 -3|-2
2 3 4 31,
5 9 —=5|-3

then clear the rest of the first column, with R2 — 2R1 and R3 — 5R1 (replacing the second
and third rows, respectively, with these):

1 2 -3|-2
0 -1 10| 7
0 -1 10 7

Next we replace R3 with R3 — R2, and then we multiply R2 by —1, to get

1 2 -3|-2
01 —-10|-7 ],
0 0 0] O

a matrix in row-echelon form. Lastly (this step is not necessary, we can solve from the
row-echelon form), we replace R1 with R1 — 2R2 to get

10 17| 12
01 —-10|-7 |,
0 0 0] O

There is no leading entry in the third column, so we can set x3 = t with ¢ arbitrary. From
the equations corresponding to the first two rows, we find that the general solution is

T 12 — 17t
i) = =7 + 10t
I3 t

12



