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Put the answers of multiple choice questions into the following table.

Question 1 2 3 4

Answer

Part I: Multiple Choice Questions, 2 points each, only answers are marked.

1. Which of the following integrals computes

∫∫∫
E

y dV in cylindrical coordinates, where E

is the solid that lies between cylinders x2 + y2 = 1 and x2 + y2 = 4, above the xy-plane and
below the plane z = x+ 4?

• (a)

∫ 2π

0

∫ 2

1

∫ r cos θ+4

0

r2 sin θdzdrdθ

• (b)

∫ 2π

0

∫ 2

1

∫ r cos θ+4

0

r sin θdzdrdθ

• (c)

∫ 2π

0

∫ 2

1

∫ r sin θ

0

(r cos θ + 4)dzdrdθ

• (d)

∫ 2π

0

∫ 2

1

∫ r

0

r2 sin θdzdrdθ

• (e)

∫ 2π

0

∫ 2

1

∫ r

0

r sin θdzdrdθ

Solution: (a).
y = r sin θ, dV = rdrdθdz, 0 ≤ z ≤ x+ 4 becomes 0 ≤ z ≤ r cos θ + 4.

2. Let R be the ellipse given by
x2

9
+
y2

4
= 1. By using the transformation x = 3r cos θ, y =

2r sin θ, the Jacobian J(r, θ) =

(a) 2r (b) 6r (c) 12r (d) 2r sin(2θ) (e) 3r sin(2θ)

Solution: (b).
J(r, θ) = abr = 3(2)r = 6r
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3. Let the curve C be ~r(t) = (t2,−t2, t). Find the unit tangent vector at t = 1.

(a) (2
9
,−2

9
, 1
9
) (b) (−2

9
,−2

9
, 1
9
) (c) (−2

3
,−2

3
, 1
3
) (d) (2

3
,−2

3
,−1

3
) (e) (2

3
,−2

3
, 1
3
)

Solution: (e).
~r ′(t) = (2t,−2t, 1), ~r ′(1) = (2,−2, 1), |~r ′(1)| = 3. Thus

~T (1) =
~r ′(1)

|~r ′(1)|
= (

2

3
,−2

3
,
1

3
).

4. The length of the curve determined by equations x = t2 and y = t from t = 0 to t = 4 is

• (a)
∫ 4

0

√
1 + 4tdt

• (b) 2
∫ 4

0

√
1 + t2dt

• (c)
∫ 4

0

√
1 + 2t2dt

• (d)
∫ 4

0

√
1 + 4t2dt

• (e) 2π
∫ 4

0

√
1 + 4t2dt

Solution: (d).

L =
∫ 4

0

√
(2t)2 + 12dt =

∫ 4

0

√
4t2 + 1dt
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Part II: Four Long Answer Questions, you have to show your work clearly.

5. (4 points) Consider the parallelepiped given by

P := {(x, y, z) ∈ R3|1 ≤ x ≤ 3, 0 ≤ y ≤ 2, 4 ≤ z ≤ 5}.

Compute

∫∫∫
P

z dV .

Solution: (2 points domain, 2 points correct integration)∫∫∫
P

z dV =

∫ 3

1

dx

∫ 2

0

dy

∫ 5

4

zdz = 2 ∗ 2 ∗
(

52

2
− 42

2

)
= 18.
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6. (4 points) Compute the curvature of the curve

~r(t) = (cos t3, sin t3, t)

at t = 0.

Solution:
r′(t) = (−3t2 sin t3, 3t2 cos t3, 1)

(1.5 points) and
r′′(t) = (−6t sin t3 + 9t4 cos t3, 6t cos t3 − 9t4 sin t3, 0).

(1.5 points) Therefore: r′(0) = (0, 0, 1) and r′′(0) = (0, 0, 0). This implies: κ(0) = 0. (1 point)
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7. (4 points) Evaluate the triple integral
∫∫∫
E

2x dV , where E is the solid in the first octant,

enclosed by the four planes: x = 0, y = 0, z = 0 and 2x+ 3y + z = 6.

Solution: The limits of z are: 0 ≤ z ≤ 6 − 2x − 3y. The region D in the xy-plane is
the triangle with vertices at (0,0), (3,0) (0,2). The triple integral is evaluated by the iterated
integral: ∫∫∫

E

2xdV =

∫∫
D

∫ 6−2x−3y

0

(2x)dzdA

=

∫ 3

0

∫ − 2
3
x+2

0

[2x(6− 2x− 3y)]dydx =

∫ 3

0

[
4

3
x3 − 8x2 + 12x]dx = 9.
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8. (5 points) Find the integral

∫∫∫
E

√
x2 + y2 + z2dV , where E is region between the sphere

x2 + y2 + z2 = 4, and the sphere x2 + y2 + z2 = 9.

Solution: We use spherical coordinates

x = ρ sinφ cos θ, y = ρ sinφ sin θ, z = ρ cosφ, dV = ρ2 sinφdρdφdθ.

It is easy to see that 2 ≤ ρ ≤ 3, 0 ≤ θ ≤ 2π, 0 ≤ φ ≤ π. Thus∫∫∫
E

√
x2 + y2 + z2dV =

∫ 2π

0

∫ π

0

∫ 3

2

√
ρ2ρ2 sinφdρdφdθ

=

(
1

4
ρ4
)∣∣∣∣3

2

(− cosφ) |π0 (θ) |2π0 = 65π.
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Page for rough work!
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