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Future Value and Present Value:

Future Value and Present Value:

Future value of uneven or irregular cash flows:



where  is the future value interest factor (with $1 at 0)

Present value of uneven or irregular cash flows:




where  is the present value interest factor (with $1 at time n).

For Ordinary annuity of $1, i.e., the first $1 at time 1 and the last $1 at time n: 


the future value is called as the Future Value Interest Factor of Annuity, denoted as: 
The present value is called the Present Value of Interest Factor of Annuity, denoted as 



For Annuity due of $A, i.e., the first $A at time 0 and the last $A at time n-1, 

FV of annuity due = (1+r) ×A×FVIFA(r, n)
PV of annuity due = (1+r) ×A×PVIFA (r, n)


Present value of perpetuity: .
Interest rate quote and conversion:

The quoted annual rate is called the nominal rate or the annual percentage rate (APR), which must be first converted to the effective annual rate (EAR) before seeking for the interest rate per period as required by the application.



The nominal rate is often quoted as annual percentage rate (APR), which is defined as APR = m×rperiod. It is often referred to as the simple interest rate, because the interests earned are added, not compounded. It is legal if and only if the quoted rate clearly indicates its compounding assumption. If an APR quote indicates semiannual compounding, m = 2. Denote rperiod = rs. This quote can only be interpreted as . If it indicates monthly compounding, m = 12. Denote rperiod = rmonth. In this case, the quote can only be interpreted as . The APR can be converted to the EAR (effective annual rate) by the relationship:

.
This relationship is valid if and only if the m is consistent with the compounding assumption of the APR quote. 


Denote  as the interest rate per period of the application which requires k times compounding per year. This rate can be found by taking the kth root:

.

For example, the semiannual rate is ; 

The monthly rate is . 


The  can be solved directly from the APR quote as

.
In a special case where the m value of the compounding assumption coincides with the compounding requirement of the application, i.e., k = m, the above is simplified to

.
This formula is valid if and only if k = m. 



Canadian Mortgage Rate Calculation: The nominal mortgage rate is quoted as APR with semiannual compounding. To find the effective interest rate per month, denoted as , first find 


, then . It can also be found in one step as

. 

Bond Pricing: 

Unless otherwise specified, the North American bonds pay interests semiannually. Hence, the annualized coupon rate (i) and bond yield y, which is quoted as APR based on semiannual compounding assumption. If a bond is to mature in N years with principal amount F, the standard bond pricing formula is 

,

where , rs = y/2, and n=2N. 


If the trading (or settlement) day is not a coupon payment day, the invoice (or full, or dirty) price is 
where u = (# of days since last coupon payment)/(# of days between coupon payments). However, the bond price is usually quoted, in terms of percentage of par, as:


, where the Accrued Interest AI = . 

YTM and YTC: 

The Yield to Maturity (YTM) is the trial‑and‑error value of y=2rs, such that the following equation is satisfied:


, where M may differ from F by the calling premium if there is any. The YTM is reported as , which is an APR quote based on the semiannual compounding assumption. 



Denote  as the trial price from the above equation with a trial value . If the pricing error is within an acceptable range, i.e.,

, 

then  can be accepted as the yield or the YTM. The trial value can be approximated as


, then .



If the bond is callable in  years from now (), the yield to call (YTC) is defined as  such that


, . then .


where  is the calling price, and . The YTC can be approximated as


, then .
The pricing error is defined the same way as the above.

The YTM on a zero‑coupon security with payoff CFN at year N is called the spot rate:

 

Bond Pricing by Spot Rates: , where CFt = c if t<n, and CFn = c+F.
Boothtraping spot rate from on the run coupon bonds (N>1 year, n = 2N):
Set P = F = 100, c = 100×YTM/2 because i = YTM. If yt, t = 1, 2, …, n-1 are known, the last spot rate, yn, can be solved from the above equation.


Forward rate from t to t+1 (over half‑year):  



The Bank Discount Rate on Treasury Bill: 


The Bond Equivalent Yield on Treasury bill: .



Horizon Return (half‑year) = , n is number of half‑years.
The result should be quoted as the yield based on the semiannual couponing assumption as Horizon return in year = 2×(Horizon return in half‑year) 


Duration and Convexity

Macaulay Duration for bond with semiannual coupon payments:

.


In this formula, , , and n=2N as the number of half-years. The result is in unit of half-years. 


Modified Duration (in half years) = . 
The result will be divided by 2 to convert into the modified duration in years

It may also be calculated by the formula 


 in half years,
where P is the bond price per $100 par value. 

The result can be converted to number of years by dividing it by 2


Duration Approximation: 

Convexity measure approximation 







where  and  are bond prices with the current yield being perturbed by , respectively, i.e., , and . may be chosen as 0.1% or 10 basis points per year. Remember that all the yields are quoted as APR based on the semiannual compounding assumption, and  is half of the respective yield. 


Approximating the percentage change of bond price with respect to yield change :



Duration of bond portfolio:

.


Standard Mortgage Loan

Mortgage Payment: .

Mortgage Balance at the end of month t: .

Interest portion of the (t+1)th mortgage payment = 
Principal portion of the (t+1)th mortgage payment = PMT – Interest

Mortgage‑Backed Securities (MBS):

Monthly mortgage rate = WAC / 12
Monthly coupon interest rate = Coupon Rate / 12
The benchmark (100) PSA Conditional Prepayment Rate:


 
where t is the average age of the MBS, which should include the number of months already seasoned at the time when the MBS was first issued. The number of months seasoned can be figured out from the WAM as specified in the MBS. 
Other PSA CPR will be multiple of the above, e.g., the 150 PSA CPR is 1.5 times the above calculation.

Single‑month‑mortality rate: , where the CPR corresponds to the respective PSA.

Mortgage Payment received by the MBS: .


where  is the balance of the MBS at the end of month t-1 or the beginning of month t, and .


The “interest” of the MBS refers to the coupon interest payment to the MBS investors, which is calculated as the monthly coupon rate times the . 


Scheduled Principal Payment = PMT – Interest Portion, where the interest portion is the monthly WAC times the , which is not the interest to the MBS investor.


Prepayment = SMM×( – Scheduled Principal Payment)
Cash flow = interest to the MBS investor + total principal payments.


Inverse Floater receives , where the floater counts for L/(1+L) of the fixed‑rate tranche.
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