1 Introduction
What is linear algebra?
Our main goal in this course is to solve systems of linear equations. This means that we want to find all values of the variables (r. and y in the example below) that satisfy all given linear equations simultaneously.
Example:
2. – 31 = 8 3.r - y z
Here r = 1, y z 2 is the unique solution.
Since this is a mathematics course, we want to have a systematic approach to solving systems of linear equations
Let's first understand what is meant by linear equations.
Algebraically:
-The variables appear together with some constant factor and when forming the (equations, they are being added or subtracted.
No term in a linear equation contains a product of variables, trigonoletri( functions, logaritminhnms, powers of a variable pother than la etc. So we won't have equations like
ro + 3) = 7 or tan (ry) - ln (r) = -3 etc.
Geometrically:
Generally a linear equation in two variables defines a straight line in the plane. (Similarly a linear equation in three variables defines a straight line in the space, etc.) Therefore solving a system of linear equation corresponds to finding the set of points where all underlying straight lines (that are defined by the given linear equations) intersect. In the plane, the intersection of two straight lines can be a unique point (intersecting straight lines), an infinite Set (two straight lines on top of each other) or the empty set (parallel lines).
 

2 Solving Systems Of Linear Ecuations
Defn. A system of linear equations is a collection of in equations in the Variables r1, r2, ..., r, of the form
(111.1* 1 + (112.1^2 + (l iვ.j^ვ + . . . + (11„.I’m = b| (121.1:1 + (122.I^2 + (12ვ.J^ვ + . . . -1 (12,6.1°ი = b2
(1„1.1'1 + (1„2.1^2 + (1„ივ.1:3 ". . . . "" (1„n-I”, — ს,),
where the values of a, , b, and r (1 C i < n, 1 < y < n) are all from C. (However, for most of the time we will restrict our attention to IR.)
Defn: A solution of a system of linear equations in n variables r1, r2, . . . . .r, is an Ordered list of n complex numbers S1, s2, . . . , S, such that if we substitute is for a , s for it, ..., s, for a, , then all equations in the System will be satisfied.
Defin: The solution set of a system of linear equations is the set that contains all solutions to the system (and nothing more). Usually it is denoted
by S.
Example:
(له سست 2'4.1 + ' '3.1: 2: + {...' ಯಾರು ()
S = {(3,-1)} (unique solution)
Example:
3r1 + 4.r2 = 5 9.1 - 2.' - 15
(3,-1) is in the solution set, so is for example (0). In fact there are infinitely many solutions. Note that the second equation is obtained by nultiplying all terms in the first equation with 3. The two equations are (different) representations of the same straight line.
Example:
3. -- 4.12 - 5 9.1 - 12.' -

S = (). Note that the two equations represent straight lines that are par
allel to each other.
These three examples illustrate all possible scenarios
A system of linear equations has either a unique solution, infinitely many Solutions or no solution. (This statement is not true if the equations are
not linear. Consider for example the system consisting of the equations c - a' = () and r = 1.)
Defin: Two Systems of linear equations are said to be equivalent if their solution sets are the same.
The general strategy towards solving a system of linear equations is to transform the given Svsten of equations into an “easier equivalent system.
Defin: Given a system of linear equations the following three Operations will transform the system into a different, but equivalent one. These operations are known as equation Operations.
(l) Swap the locations of two equations in the list of equations.
(2) Multiply each term of one equation by a non-zero number.
(3) Multiply each term of one equation by some number, and add these terms to another equation side by side. Leave the first equation the same after this operation, but replace the other equation by the new
攀重懿。
Example:
We solve the following system. Each step corresponds to using one of the
equation Operations.
I 2.1.2 2.1: ཕ (- ) t 1 + 3. کس سے 十 2.}' + fi: + ' ಯಾ {}
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-1 times equation 1, add to equation 2:
྾། ། 2 ྾ ༈ ༼༨, ༤ 7 / (-2 Y Ox, it 1X, 4x = 4
2 x + 6 x t 5 x = 6 کس کے
-2 times equation I, add to equation 3:
྾། ཤ྾ ༈ ྾ ༤༨༼
2、サ4・4。ー + /。
Os, it 2x, it 4x, -(-2",
-2 times equation 2, add to equation 3:
x + 2 x + 2 x = T
Ox 1 ܝܪܝܟ݂x, 4 - 1.
り、一○。-1・。--st /(-)

ممبر
-1 times equation 3:
一> X L1 ܓܣ ↓ܓ ܬܸ. =〉》。 .
Now this is easy to solve! We reduced the initial system to an easier but equivalent system.
a: = 4, r = -3, r1 = 2. So S = {(2, -3,4)}. The system has a unique Solution.
Example:
- / |" ނުނަވަނީ } :"r:} -- ar.() -- ر"I:?' +. } :"1.
α: 1 + α2 + υ3 - 1 Α = 3 >ހ" 十
3.t'] + .r2 + 5:rვ — 7.1*4 =z= 1
-1 times equation I, add to equation 2:
Cx + Ox + v = 1 / 3
ങ്ങ. - X དང་། 2 ། པ་ལ། །བྱང་ཁོག་ thOx, IX - " " , 'er i
S. శ ހ 十 ނަޗަ> 十 十~A awa సి, T غير is x Y. s 7x,
 

-3 times equation 1, add to equation 3:
7.
X, + 2y t O ty,
Ox, - Y " - ༤༩༽ = -47, / - S ハ. 二 5 - - Ox 1 - . ཀ དེ་ ༼༨ Iox 乙○
-5 times equation 2. add to equation 3.
2.
**°。**、 7. ?* اح۔ Yہے " ྾་་་་《༡༦ ༤ -“f / حس |
Ox, Ox, O..." or, O O - O
So equation 3 reads "0 cc O”. What does this mean?
0 - 0 is a true statement independent of the values of the variables So equation 3 gives no information about the solution set of the system. We continue reducing the other two equations:

-1 times equation 2:
×、+ ےx + O× وی | Y - 7.
○ + | X, - * < “ 2 X, s (f /(-2) O / + O «, t (2x + Oz. = o (ο - ο)
-2 times equation 2, add to equation 1:
2. جتیS*28- 3. జ్న హో*、* ()྾། * - ,
O Y -- ly, عہد:8%مبر Y2 十 2 x དམར་ཅན་ 7.
x。十 ○× 十 تیس۔“ عھی O X, ^. ox, 十 Ох, O
So,
a -- 2a: - 3.ε4 سيس مينيين {
.1 - 13 -- 2.c4 ---- 4 { } عرعت {)
Set r is a and a = b, where a, b are arbitrary complex numbers. We
have r1 = -1 - 2a + 3b, r2 - 4 + ( - 2b.
S = {(-1 - 2a + 3b, 4 + (1 - 2b, (, b) a, be C}
We see that to any choice of a and b , there corresponds a solution.
Therefore there are infinitely many solutions.

Example:
S S0SS SS MS SS0S0SSSS S AAS S SS / -2 Sሪ 2.r - 4a2 + 2 r + Sir 1 = 11 ふン --
-2 times equation I, add to equation 2:
྾། ། 2< 十x习 ''. 3 ܢܳܓܕ o To。“○。「○× -5 3x - Y, + ལེ་ ༼༦ - 7.x, పC. |
Equation 2 reads "() - 5'. This statement is false independent of the values of the variables. So this systems has no solution.
3 Reduced ROw Echelon Forms
We see that the names of the variables don't really matter. This observation leads us to a practical representation of systems of equations. First we define the notion of a matrix.
Defin: An in by n matrix A is a rectangular layout of numbers from C having in rows and n columns. Then A. denotes the complex number of A in row i, Column j.
Example:
「一 ○ ○ 7
1. A
○ ○ イ - 文 A
་་་་་་་་་་་་་་་

Defil. A column vector of size n is an ordered list of n numbers, which is written in Order vertically, starting at the top and proceeding to the bot
I.O.
Example:
་་ཁག་ལ་ཁ་ལ།། | | |
2 | s | 1 | 入 ごolcaのペペ、ッ<ーle^
Š 雞 斉 برX^2^& بیعہ | L+ | のイ s、そこ 実 |- t 一”上
Defin: The Zero vector of size n is the column vector of size in where
each entry is the number Zero.
Defn: For a system of linear equations
十 (13(3 -- . . . --f- ){ |{{ )1[;{ ޞ
( "#" {{1}}}
-- . . . . (12m in
(121 :t* 1 −t“ (t 22.1′2 −H- (12:3.1:3
---
the coefficient matrix is the in by n matrix
(lii ( ) ( : (l
(l {{్ము {i+x; (12,
is the Column vector of size in
the vector of constants
b h
l,
彰
and the solution vector is the column vector of size n
L
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1:
The solution vector may refer to a list of variables, but it may also refer to a list of values of the variables which actually form a particular solution to the system.
The augmented matrix, denoted by A
b is given as
(11 (12 ( 13 ... ( in bi
Ab — | (121 (122 (123 . . . (1:2;, b
-
Example:
2〉、ャー。千下ー
x - 7 - བ་ལ།། )م
2
What we learned as “equation operations' translates to row opera
tions in the context of matrix representation of a system of linear equations.
The following three Operations will transform an in by n matrix into a different matrix of the same size, and each is known as a row operation.
1. Swap the locations of two rows. 2. Multiply each entry of a single row by a nonzero quantity. 3. Multiply each entry of one row by some quantity, and add these values to the entries in the same columns of a second row. Leave the first row the same after this operation, but replace the second row by the new values.
To describe these row operations we make use of some notation:
 

1. R. - R.: Swap the location of rows i and j.
2. (Y I, Multiply row i by the nonzero scalar cy.
3. O. R, + R. Multiply row i by the scalar O and add to row j.
Defn: Two matrices A and B, are said to be row-equivalent if one can
be obtained from the other by a sequence of row operations.
Theorem 3.1 Suppose that A and B are roul-equivalent augmented matrices. Then the systems of linear equations that they represent are equivalent St/StemS.
Defn: A matrix is in reduced row-echelon form if it meets all of the following conditions:
1. If there is a row where every entry is zero, then this row lies below any Other row that contains a nonzero entry.
2. The leftmost nonzero entry of a row is equal to 1.
3. The leftmost nonzero entry of a row is the only nonzero entry in its Column.
4. Consider any two different leftmost nonzero entries, one located in row i, column j and the other located in row S, column t. If S > i, then t > ).
A row of Only Zero entries is called a zero row and the leftmost nonzero entry of a nonzero row is a leading 1. A column containing a leading I will be called a pivot column. The number of nonzero rows will be denoted by r, which is also equal to the number of leading is and the number of pivot Columns.
In a matrix in reduced row-echelon form, the positions of the leading l’s resemble the stairs of a staircase.

Examples:
Theorem 3.2 Suppose A is a matrir. Then there is a matria B so that
1. A and B are rou-equivalent.
2. B is in reduced tou-echelon form.
The procedure that converts A to B is known as the Gauss-Jordan elimination.
Examples:
Find the solution(s) to the given system. Do this by first writing the corresponding augmented matrix, and then bringing it to reduced row echelon form.
- 1 - β - 2 - 3 3, 5:t*1 -|- 5:r2 + 7ეrვ = 24 S. Z al -- 4a: .. 5 9. 子 Cf
O 4- 6
S |-7 -( -12 - రెs
|- مصمتسرع
R,一。 s 7
t 1:2 || KO
一7

Defn: A matrix is in reduced row-echelon form if it meets all of the following conditions:
1. If there is a row where every entry is Zero, then this row lies below any other row that contains a nonzero entry.
2. The leftmost nonzero entry of a row is equal to 1.
3. The leftmost nonzero entry of a row is the Only nonzero entry in its Column.
4. Consider any two different leftmost nonzero entries, One located in row i, Column j and the Other located in row S, Column t. If S > i. then t > j.
A row of Only Zero entries is called a zero row and the leftmost nonzero entry of a nonzero row is a leading 1. A column containing a leading 1 will be called a pivot column. The number of nonzero rows will be denoted by r, which is also equal to the number of leading 1's and the number of pivot columns.
In a matrix in reduced row-echelon form, the positions of the leading 1's resemble the stairs of a staircase.
5
ناح له على 1S \s i < e كانت
یخحیمختبر
८२६é 12 Cos C. iesامt-
( a eیم اس علاclaG " * سے ارا)
A

Examples: x - T.
ーフ R سے .~ދ (t 0 0 0 1 - *z + 乙× =
O (A) - 2 す x t x = 't
○ ら ○ | 』
O to 9 C - O
Theorem 1.3.2 (eristence of the reduced rou'-echelon form.) Suppose A is a matric. Then there is a matria B SO that
1. A and B are rou-equivalent.
2. B is in reduced rou- echelon form.
The procedure that converts A to B is known as the Gauss-Jordan elimination.
| 6

Example:
Find the solution(s) to the given system. Do this by first writing the corresponding augmented matrix, and then bringing it to reduced row echelon form.
- 1 c 1 - 6.9 --- 12.3 = -3.3 5.ty | –|– 5:t*2 —|— Tit'ვ = 24 l -- 4.13 --- 5
e - 2 -ー o s | -7 - ko 2 7 <> | > | } <س> } | کہC/ | | 5 5 구 | ༣ 李 -e-2-ー | | 0 - 5 7- .أحاسيس
i R + R 一ーや- -s R. R. | C2 سکورہ ) འབུ) 7R is
○ ー -ー - | ーア -7--(。一(2-李ヌ
つ *ستتمچممبرنمنس... بہتyw...........8 *%-x.
| Ο α < 士R o午5 +R
ഃ హరణ- ラ 2- 予 ら S -ー ーラ|。「一きてき s
○ -○ le 乙 | o-e e *
一 في مختحديد
>i f) ۔ ( O + S 출. ( <2 {{ > | K. A KI, >- - 2 - - محریخ 。(一髪一隻sーア川* 「幸 = |-
す ち
x \ x
s で s ー О ) 13 с де o O - 5 (/ \ 下 ひ ཡིན་ 乙。 r ○
% Ο Ο
○ ○ ○ ○ 、V) ごー
x - is
* -డ"
مسس سوچنے کے کرسکتے سے

The general strategy for bringing a matrix into reduced row-echelon
form:
i)
iii)
iv)
Start with the leftmost non-zero column. This is a pivot column. The pivot position of this column will (eventually) be the topmost entrV.
Select a non Zero entry in this column. If necessary, use an interchange R. K-x R, to move this non-zero entry to the pivot position. If this non-Zero entry is not l, make it 1 by a scaling Operation (CIR with the appropriate c).
Using replacements (R, -) R, + C R.) create Zeros in all positions below the pivot position.
Ignore the row containing the current pivot position and all rows that lie above it, and repeat the process for the smaller matrix. (If there are no non-zero entries left, then you have obtained a reduced row-echelon form.)

Example:
Find the solution(s) to the given system. Do this by first writing
the corresponding augmented matrix, and then bringing it to reduced row echelon form.
2.t: 1 —|— .t:2 –I– 7.u’ვ —
— 3:t:1 –f– 4:t*2 — 5.tვ — 11 + 1) + 4(r} -
2_ {
ఓురయి
| | | ζt - S - 2 2 + R ჯაპ-ა-პა-ა-
3. ○ 7 ? - 乙(
"స్త్ర ο - { - \ کے
ר - 、 | c ()
حہ t- s
సభువబx ○ シー乙 o
| མཁས་ ༢༤
عمر
<ک - y ) ) {Oن
Theorem 1.3.3 (Uniqueness of the reduced row-echelon form.) Suppose that A is an in by n matric and that B and C are in by n matrices that are rou-equivalent to A and in reduced rou'-echelon form. Then,
و" ) صممت ر/
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1.4 Types of Solution Sets
Defin: A system of linear equations is said to be consistent if it has at least One solution. Otherwise, the System is called inconsistent.
Our strategy is first to recognize when a system is inconsistent or consistent, and then if it is consistent we will distinguish between One Or infinitely many solutions. We will do this by analyzing the reduced row-echelon form of a matrix.
Theorem 1.4.1 Suppose A is the augmented matria of a system of linear equations with n variables (therefore it has n + 1 columns), and also suppose that B is the corresponding matric in reduced rou'-echelon form. Then the system of equations is inconsistent if and Only if Column, n + 1 of B is a pivot column.
Theorem 1.4.2 Suppose A is the augmented matrict of a consistent system of linear equations with n variables. Suppose also that B is the corresponding matric in reduced rou'-echelon form u'ith r pilot columns. Then r < 1. If r = n, then the system has a unique solution, and if r" < n, then the system h(LS infinitely many solutions.
2O)

Defin: Suppose A is the augmented matrix of a consistent system of linear equations and B is the corresponding matrix in reduced rowechelon form. Then the variable r is called dependent if the j" column of B is a pivot column. A variable that is not dependent is called independent or free.
在X 、 )4 61 أخر أموع أما معام 代 fÅ str\ ζνι κατ ८१५:००) 一寸 s R 颂 s *, *, *, *, X, S Adأن العلميمون مع (* ) точо t o = +--sf
ҳ * H+×。ニ千 => × = 「丁*。 -హామభ%దబజభజg of Yi () 6 12A NA IS `a ర olu ༡ ༼ ༣.ཅིན་ .۶ است r: A , , G were ജ~് -- X 3. )<نے سسر x>
i た。 十 2、 =6 ー-> x - 3.
刁 4^۔ set x - O S ( 1 Ha , G20 ސ , Cޑ ( }f ) || C& e
Theorem 1.4.3 Suppose A is the augmented matric of a consistent system of linear equations with n variables. Suppose also that B is the corresponding matric in reduced rou'-echelon form u'ith r rous that are not completely zeros. Then the solution set can be described with n - r free variables.
كمية بحريخه سيذ
Examples: )ع و ex orہ س\, e^^ *
s 1 O 2 6 () 3 - 1 1) lo o 0 o 0 () () () ()
Here n = 3 and r =
 

O O S 2) B = 0 1 0 -2
O O ()
Here n = 3 and r = 3.
1 () () -3 O 1 O 2 O O 2 O) () () 1
3) B =
Theorem 1.4.3 does not apply.
༽།། వ్రళ భగ్య శ్రే శ్లో భ' ప్రభ سے ہر لمبستہ
_ヤーへe سے € 5 سال سمجھا جس کی تصeیخ} <حکسپ<,
છું ګږ
<_ޗ S68> V༼ ضرر
گی. برہنS
() () () 8 O O O 6 9-سس. 1 {0} {0 0 () () () ()
4) B =
Theorem 1.4.3 does not apply.
Theorem 1.4.4 Suppose a consistent system of linear equations has
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m equations in n variables. If n > m, then the system has infinitely many Solutions.
 

Chapter 2
VectOrs
2.1 Vector Operations
Recall:
Defin: A column vector of size n is an Ordered list of in numbers, which is written in Order vertically, starting at the top and proceeding to the bottom.
Then it makes sense (as it will be useful) to define the collection of all such (Column) vectors.
Defn: The vector space C" is the set of all column vectors of size m with entries from the set of complex numbers. (When this is defined using entries from the real numbers Only, it is written as R." and called Euclidean in-space.)

(The term vector is used in a variety of different ways in other context but these different definitions are usually related and equivalent.)
Vector equality, vector addition, scalar multiplication of vectors:
Defn: Two vectors u, v e C" are equal if and Only if they coincide in each position.
