MAT 1332, Fall 2017, Assignment 5
Due Wednesday November 22 in the math department dropboxes by 10:00pm.
Late assignments will not be accepted; nor will unstapled assignments.
Professors in the math department will not lend you a stapler; do not ask for one.
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QUESTION 1.
a) Solve the system of equations
20+ 3y — 2 =38
de—y=9
—2x — b5y — 9z = —10.

We write the augmented matrix and the row reduce until it is upper triangular. Thus,

2 3 —-1] 8 2 3 -1 8
4 -1 0 9 ~ |0 =7 2 |-=7 Ry — Ry — 2Ry
-2 =5 -9 -10 | 0 =2 10| -2 R3s — Rs+ Ry
2 3 -1/ 8
~ |0 =7 2 |-7
_0 1 5 1 R3—>R3+—2
[2 3 —1[8]
~ 0 0 371]0 R2—>R2+7R3
01 5 |1
[2 3 —1[8]
~ 0 1 5 1 R2<—>R3.
0 0 370 |

Since this is in upper triangular form, we can read off the equations (in reverse order):

372=0 = z2=0
y+oz=1 = y=1

20+ 3y =8
2r =5

5

T = —.

2

Hence, the solution is (z,y,z) = (é 1, 0).



b) Solve the system of equations

3r —4y+ 32 =5
204+ Ty —Tz=1
13z + 2y — 52 =17.

Once again, we write the augmented matrix and then row reduce. Thus,

3 -4 3|5 (1 -3 1571 Ri—>R =3
2 7 7|1 |~|2 7 -7|1
13 2 -5|17 | 13 2 —5|17
r 4 5
1 -4 1|3

~10 Z —9|-I| R —R—2R

[0 2 18| ¥ | Ry~ Ry~ 131
r 4 5
o 2 ol
~10 5 -9 -3

[0 0 0| 0 | Rzg— R3—2R,.

This is now in upper triangular form (even though there’s a zero on the diagonal, there
are only zeros below the diagonal, which is what we need). Since there’s no z equation,

we’ll let
z=1
29y — 27t = =7
o T,
29 29
4 5
TogYte=g
x—4<—7+27t>+t—5
3 29 29 3
x—g—i-lt
29 29

Thus, the solution is
39 7 7 277& t)

(24 L2
(@,9,2) <29+29’ 29 " 29

for any t € R.



c) Solve the system of equations

2x+y—24+2w=3
6 — 2y + 32z — 10w = 2
10z — 3y + 4z — 1bw = 2.

(3 points) We have

2 1 -1 2|3 (2 1 -1 2 | 3
6 -2 3 -10|2|~|0 =5 6 =—16| —7 | Ry — Ry— 3Ry
10 -3 4 -—15]2 |0 -8 9 —25|-13 | Ry— R3—5R,
21 -1 2 | 3
~ 0 —g —% —% R2—>R2+—5
L0 -8 9 —25|-13
(2 1 -1 3
6 16 7
~1 01 -5 —F |3
00 -2 2 | -2 ] R3— R3+8R,.

This is upper triangular (because we have zeros below the main diagonal; that’s still
true even though we don’t have a square matrix). Since we have more equations than
unknowns, we need to let w = t. Then

3 3 9
—gz—l—gt:—g
z—t=3
z=3+t
y o6, 16T
5 5 5
18 6, 16 7
5 5 5 5
y=>5—2t

20 +y—z4+2w=3
204+5—2t—(34+t)+2t=3

20 +2—-t=3
20 =1+t
_1 1

Thus, the solution is

1 1
(ﬂf,y,Z,’UJ) = <2+2t,5—2t,3+t,t> .



QUESTION 2.

a) Solve 222 —4x + 3 = 0.
Using the quadratic formula, we have
44+ ./16 —4(2)(3)
4
A48
4

xr=

1
=1+ —2.

b) Solve 323 — 422 — 22 + 5 = 0.

(3 points) This one is a lot harder. In general, we can’t solve cubics. But if we can
guess a solution, then we can factor out. Let

f(z) =323 —42% — 22 +5.
If we pick a few values of x, we see that

A
I
f(2

0)

1)
=9,

5
2

~—

so x = 0,1,2 aren’t solutions. Let’s try some negative values:

f(=1)=0
f(=2) = —31.

Since f(—1) =0, it means x = —1 is a solution. So that means we can factor out, using
long division. Thus

303 —42® 20+ 5= (2 +1)(32% — Tz +5).
Using the quadratic formula on the second factor, we have

TV AB)0)
- 6

_ 7 n V113 .
6 6
Thus, the three solutions are z = —1, % + ‘/gi, % — ‘/gi.



QUESTION 3. Consider the matrix

1 01
A=[0 2 0
00 1
(a) Find A2,
We have
1 01 1 01
A2=|(0 2 0 2
00 1 00 1
1 0 2
=0 40
00 1
(b) Find A3.
Next, we have
1 0 2 1 01
A=(04 0 2
0 0 1 00 1
10 3
=0 8 0
00 1

(c) Find A™ for any positive integer n.
(2 points) In case you haven’t seen the pattern yet, let’s do one more:

1 0 3 1 0 1
A*=10 8 0 02 0
00 1 00 1
1 0 4
=0 16 0
0 0 1
Thus,
1 0 n
A= 0 27 0
0 0 1



QUESTION 4. Find the eigenvalues and the eigenvectors of

4 3 -4
B = 0o -2 0
-7 6 1
‘We have
4—\ 3 —4
det 0 —-2—A 0 =4-XN(-2-XN1-XN)+04+0-28(-2—-X)—-0-0

-7 6 1—-A

(=2 =N[4 -1 —A) — 28
(=2 — A)[A? — 5X — 24]
(=2 = A)(A+3)(A=8)=0.

Thus, the eigenvalues are A = —2, —3, 8.
When A = —2, we have

4—(-2) 3 —4 1 0
0 -2 — (=2 0 2 | = 0
~7 6 1—(-2) 3 0

Equivalently, we could write this as an augmented matrix and row reduce. Thus,

6 3 —4]0 1 3 2|0\ Ri—> R +6
00 0]0 ]|~ 0 0 010
~7 6 3|0 -7 6 3|0
1 2
1 3 =210
~10 0 01]0
0 % 210/ Ry— R3+TRy
1 2
1 3 =210
~1 0 &8 —210 | Rt Rs.
00 010

Thus, we need to let x3 = ¢ (with ¢ # 0 since (0,0,0)” isn’t an eigenvector). Then we have

19 5,
L
2727 3
10,
o = 10
27 57
5 9
2 Zi=0
Tt gty
1,
x1=—1.
17 19



Thus, the eigenvectors corresponding to the eigenvalue A = —2 are

10
Bt tert#0.
1
When A = —3, we have
7T 3 —410 7 3 —410
0O 1 0|0 ]~ 01 010
-7 6 4|0 09 010 Rs - R3+ Ry
7 3 —410
~ 0 1 010
0 0 0 0 R3*>R3*9R2.

From the second equation, we have xo = 0, but we still have one equation and two variables,
so we need to let 3 = s (s # 0). Then we have

Tr1+ 319 —4x3 =0
Tx1+3(0) —4s=0

4
331:?8.
Thus, the eigenvectors corresponding to the eigenvalue A = —3 are
4
7
0 |s seR,s#0.
1
When A = 8, we have
-4 3 —4|0 1 =3 1[0\ Ri—>Ri+—4
0 —-10 0 |0 |~ 0 1 010 Ry — Ry +—10
-7 6 =710 -7 6 —=7|0
1 -2 1]0
~( 0 1 0|0
0 2 0/0/) Ry— Rs+ TRy
1 -2 1]0
~( 0 1 0]0
0 0 0/0/) Ry— R3—3R,.

We thus have x9 = 0 and 23 = r (r # 0). Then

3
.Z‘l—i.%z—i-xg:()

T = —-T.



Thus, the eigenvectors corresponding to the eigenvalue A = 8 are

—1
0 r reRr#0.
1

QUESTION 5. Find the eigenvalues and the eigenvectors of
5 —17
(1 %)

det< 5IA _g1_7)\>:(5—/\)(—3—)\)+17

(4 points) We have

=N _2\+2=0.

Using the quadratic formula, we have

When A =1+ 4, we have

4—7 =17 0
1 —4—1

0

0
0

0 0 0

0 1 —4—3
1 —4—3
0 0

Let xo =t (t #0). Then x; = (4+1)t. Thus, the eigenvectors corresponding to the eigenvalue

A=1+41 are
<4—1H>t teC,t#0.

) R1—>R1—(4—’i)R2

) Ri + Rs.

When A =1 — i, we have

44i  —17 |0 0 0 |o .
( 1 4+ 0)”(1 —d4i 0) i = By = (44D,
1 —4+i|0

N<O 0 0) Ri + Rs.

Let x93 = s (s # 0). Then x; = (4—1)s. Thus, the eigenvectors corresponding to the eigenvalue

A=1+41 are
(412)5 seC,s#0.



