MATH3705 D — Test 2: Friday, Feb. 14, 14:35-15:25

Name and Student Number:
Total points: 15. No partial marks for Questions 1-4.

Closed book! Non-programmer calculators are allowed!

1. (1 point) Find the general solution of z%y” — 4zy’ + 6y = 0 for x # 0.

(a) crlz| ™ + ealz* (D) erle| ™ + ol (c) ealz™h + ol

(d) |z|?[er cos(v2In |z]) + cosin(v21n [z|)]  (e) ci]z]? + cofz]?

Solution: (e)

The indicial equation is
2 —5r+6=0=r=23.

The general solution is
y(z) = alz]’ + ozl

2. (1 point) Find the general solution of x?y” + 5xy’ + 4y = 0 for x # 0.

(a) erf]® + cola| Infz| - (b) erfz|™ + coleInfz|  (c) e1]z]* + colz]* In 2]

(@) el + eolel 2 (e) eale] 2 + cala| 2 n o]

Solution: (e)

The indicial equation is
b dr+4=0=1r=-2

The general solution is
y(x) = c1|x| 72 + colw| 2 In|z].

3. (1 point) Which of the following is a solution of z*y” + 5xy’ + 8y = 0 for > 07?

(a) 22 (b) 2%sin(4lnz) (c¢) 272 (d) 2z %sin(lnz) (e) 2 ?sin(2Inx)



Solution: (e)

The indicial equation is
P 4+4r+8=0,=1r=—-2+2i

The general solution is

y(x) = 2 2[c1 cos(2Inx) + cysin(2In z))].

. (1 point) Which of the following is a solution of z2y"(x) + zy/(z) + (z* — 2.25)y(z) = 0,
for x > 07

(2) Jois(z) () Ji(152) (c) Yaus(z) (d) Yi(2.252) (e) Yi(1.52)

Solution: (a). Note that A? =1 and v? = 2.25, = A =1 and v = 1.5. Hence

yi(z) = Jis(z), yalz) = Jois(z).

. (5 points) Let y = Zanx” be the series solution of (2? + 1)y” + zy’ +y = 0. Find the

n=0
relation between a,,.o and a,.

Solution: From y =Y 7  a,z" we have

[e'¢)
y/ — § nanxn—l’
n=0

and
Z n(n —1)a,z" " = Zn(n —1a,z" % = Z(n +2)(n+ 1)ap 22",
n=0 n=2 n=0

Substitute all of them into the DE,

x +1) inn—lanx" 2+xZnan " 1+Zanx =0.=
n=2 n=0 n=0

inn—l Janz" +Z (n — Daza™” 2—|—Znanx +Zanm =0.=

inn—lanx +Z (n+2)(n+ 1)a, 22" +Znanx —i—Zanx =0.=
n=0 n=0 n=0 n=0



Z[n(n —Dan +na, +a, + (n+2)(n+ 1a,o]z" =0. =
n=0
n(n —1)a, + na, + a, + (n+2)(n + 1)ay42 = 0,=
n?+1
n+1)(n+2

py2 = —( )Cln.

6. (6 points) Let y = >, cu(r)z™", ¢o(r) = 1 be the solution of the following DE:
zy" 4+ (x —0.5)y — 0.5y =0

for x > 0 near zp = 0. The recursive relation is: ¢,1(r) = ﬁcn(r), n > 0.

(i) (2 points) Write down the indicial equation and solve it to determine r; and ry, 11 > 7.

Solution: We rewrite the DE as

z—05, 05
y ——y=
xXr

y// +

Then
rp(r) = —0.5+2, 2%¢(z) = —0.5z.

Thus pg = —0.5, g9 = 0. The indicial equation is:
P4 (po—Dr+qg=0=1r"—-15r=0.=r =157r=0.
Note that r; — re = 1.5, so we have Case (i).

(ii) (4 points = 2+2) Solve ¢,(r1) and ¢, (rg).

Solution: Take r =r; = 1.5, by the recursive equation,

—1
Cni1(1.5) = —— 5cn(7“),n > 0.
—1 -1
01(15) = ﬁCg(]_E)) = %,

e(1.5) = %01(1.5) _



_ (=" (=2)"
(15 = s mris) & 5.@nta "2h

Take r = ro = 0, by the recursive equation,

-1
cn1(0) = n—cn(r),n > 0.

0) = <eol0) =
l0) = Gra0) = S5 e




