MAT1339 B - Winter 2018

Lecture - 6

1 Applications of the derivative

1.1 Increasing and Decreasing Functions

One of our goals is to be able to solve max/min problems, especially economics related
examples. We start with the following definitions:

Definition 1.1 A function f is called increasing on an interval (a, b) if for any x,,z5 €
(a,b), we have that

zy < z2 = f(1)) < f(x2)

\ 7
A funclion f is called decreasing on an interval (a,b) if for any z,, 1, € (a,b), we have
that

z) <z = f(x21) > flz3)

:fh(ﬂ\ T

Note that some books call these strictly increasing and strictly decreasing respectively.

Examples:

1. f(z) =z f(z) is increasing on (0, co) and decreasing (—oco, 0).
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2. f(z) = z*. f(z) is increasing on (—oc, c0). ;F [‘)’,) -:.'?L3 AS 7\
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As you may have guessed, we can use the derivative to test for increasing/decreasing. Let
S be differentiable on the interval (a, b).

1. If f'(z) > 0 for all z in (@, b), then f is increasing on (a, b).
2. If f/(z) <0 for all z in (a,b), then f is decreasing on (a, b).

3. 1 f'(z) = 0 for all z in (a,b), then f must be constant on {a,b).
Examples:

1. Let f(z) = % — 3z. Find the intervals on which f{z) is increasing or decreasing.
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2. Let g(z) = z+ 3. Find the intervals on which g(z) is increasing and decreasing.
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1.2 Critical points (values)

—

Definition 1.2 We call x = c e critical point or critical value of the function f with
the domain Dy, if

1l ce Df
2. fi(c) =0 or f'(c) doesn’t exist

Examples:

1. f(z) = z% (z = 0 is a critical point). Fi(S'\'\ 'Ddﬂ-:_ C-—oa, Oo)
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2. f(z) = |z|. (x = 0 is a critical point because f/(0) does not exist).
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What does the values a, b, ¢ and d represent?
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As we can see, it is very easy to determine the critical values of a function using its
graphical representation. However, to find these values without drawing the graph

of the function, one must take the derivative the function and find the zeros of the
derivative or find the points where the derivative does not exist.

4. Find the critical values of the function: g(z) = VT +1 'D% = ["'!0‘)
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5. Find the critical values of the function: g(z) = 1 )8: C -0 0) J (o :\'70)
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6. Find the critical values of the function: g{z) = 2° — 222 — 16 D % - (_ o) oo)
Ca\ D = ax*-yx = %(31—“&) =0
=) L =0 6?3 y L= %6])%. So Ywek) A=0 and
A= %; are tw? C-P Lor o).

@

it Since, CEDL and '&‘ (y=o |
°‘+ s[nCe) ey and (4} does nob entist



1.3 Extrema and the First Derivative Test

Definition 1.3 Let f be a function defined al a point . Then

1. We say that f has a relative minimum {or local minimum) at x = ¢ if there is an
interval (a,b) containing ¢ such that f(c) < f(z) for all z in (a,b).
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2. We say that f has a relative maximum (or local maximum) at z = ¢ if there is
an interval (a,b) containing c such that f{c) > f(z) for all z in (a,b).
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Remark Together, relative max and min are called relative extrema.

Theorem 1.1 (The First Derivative Test): Let f be continuous on the interval (a,b)
and suppose that ¢ is the only critical point of (a,b). Suppose f is differentiable on (a,b)

except possibly at c. Then: ao'(c):a
1. If f'(z) is negative to the left of c and positive to the right of c, then f has a local min U
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2. If f'(z} is positive to the left of ¢ and negative to the right of c, then f has a local maz | - m;f@:o
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3. If f'(x) is the same sign to the right and lefi of c then c is neither a maz nor a min.
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Examples: Find the critical points and identify their type for the following functions.

1. f(x) = 2z°+ 922 — 108z -+ 30.
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