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Do not write your student ID number on this front page. Please write your student 1D
number in the space provided on the second page.

Take your time to read the entire paper before you begin to write, and read each question
carefully. Remember that certain questions are worth more points than others. Make a note
of the questions that you feel confident you can do, and then do those first: you do not have
to proceed through the paper in the order given.

e You have 80 minutes to complete this exam.

e This is a closed book exam, and no notes of any kind are allowed. The use of cell phones,
pagers or any text storage or communication device is not permitted.

e Only the Faculty approved calculators (TI-30X, T1-34X, Casio FX-260X and Casio FX-
300X) are allowed.

e The correct answer requires justification written legibly and logically: you must convince
me that you know why your solution is correct. Use the backs of pages if necessary.

e Where it is possible to check your work, do so.

e Good Luck!
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Question 1. [5 points] Solve the initial-value problem
ycos(x + y)dx + [3sin(x + y) + ycos(x + y)|dy = 0,

This is from the suggested problems #2, Q11.

out of 30



Question 2. [4 points] Solve the initial-value problem
y+aty=e  y(1)=0
Writing in standard form, we have

1 e

/ —
y—ﬁy—?

Hence an integrating factor is

Thus the equation is

U= —x
du 1
dr 22
dr = z%du

y=ec+ce”
Applying the initial condition, we have

y(l)=e+ce=0

c=-—1

—1
y=e—¢e’



Question 3. [4 points] Solve the initial-value problem

2y’ +ay +259y =0,  y(1)=6,5'(1) =15

This is an Euler-Cauchy equation, so solutions have the form y ~ z".

have

Substituting, we

rr—1)4+r+25=0
P +25=0
r = £51

We thus have

y = Az” + Bz ™
:A€1n$5i+B€1n$75
:A€5ilnx+Be—5ilnm

= ¢y cos(51lnz) + cosin(5lnx)

i

Differentiating, we have
5 5
y' = ——cisin(5lnz) + —cycos(51nx)
T T

Using the initial conditions, we have

y(l) =C = 6
y'(1) =bey = —15
Cy — -3

Thus the solution is

y==6cos(5lnz) — 3sin(5lnx)



Question 4. [4 points] Find the general solution for each of the following ODEs:
a) y" + 10y + 25y =0
b) 3’ — 49y = 28xe™

a) The characteristic equation is

A 4+100A+25=0
(A+5)?%=0
A=-5-5

Thus the general solution is
y = Ae " + Bre >®

b) The characteristic equation is A> — 49 = 0 so A = £7. Thus the homogeneous solution is

7 -7
yp = c1e'* + coe”

Using variation of parameters, we have

y =01 +ve” "

Y = Tvie™ — Tuge ™ V™ +uhe”™ =0 (%)
Y = 49v1e™ + 49uye” T 4 Tl e™ — Tvhe ™"
Y — 49y = Tvje™ — Tvhe ™ = 281e™ ()

Substituting (*) into (**), we have

TVl e™ + Tv)e™ = 28xe™

vy =2 vy = —2xe't”
2 T oy 1 / 14z
v =1 vy=——e "+ = [ e Tdx
1 2 - 7
T oy, Lo
=—ze T+ —e
7 98
Thus the particular solution is
272 T, 1 oo
=x"e” — e+ —e
U 7° T os
Hence the general solution is
Tx

B x
y=ci1e® 4 coeT T 4 %™ — ?e

(where we have absorbed the final term of the particular solution into the arbitrary constants).



Question 5. [5 points] Find the general solution for the following ODE
y" —y" — 16y —20=0
The characteristic equation is
FO) =A% =A% — 16\ — 20
Testing a few values, we find
f(=2)=—-8—-4+32-20=0
Using long division, we discover

fO) = (A +2)(A\* =3\ —10)
=A+2)(A=5)(A+2)
A=-2-275

Thus the general solution is

y = Ae ** + Bre ** + Ce™®



Question 6. [7 points] Consider the following set of data:

x| 01 02| 04
y | 1.005 [ 1.02 | 1.081

a) Write down the Lagrange polynomial of degree 2. Do not simplify.
b) Use your Lagrange polynomial to estimate the y value when x = 0.3.
¢) To how many decimal places is this accurate? (Hint: 0.1 < f” < 0.4.)

a) The second order Lagrange polynomial is

(x —0.2)(x —0.4) 1,005 4 (x —0.1)(x — 0.4) 1024+ (x —0.1)(z — 0.2)

P2(®) = 51 0.2)(01 = 0.4) (02— 0.1)(0.2—0.4) (04— 0.1)(04—0.2)
b) We have

p2(0.3) = —0.335 + 1.02 + 0.3603333333
= 1.0453333333

¢) The error satisfies

f/// (t)
3!

@msy:ms—anms—ommg—ogfﬁﬁ

6
= —0.0003333333 " ()

éa(z) = (x — 0.1)(z — 0.2)(x — 0.4)

Using the bounds, we thus have

—0.0003333333(0.4) < €,(0.3) < —0.0003333333(0.1)
—0.00013333333 < €,(0.3) < —0.00003333333
.. —0.00013333333 + 1.0453333333 < f(0.3) < —0.00003333333 + 1.0453333333
1.0452 < £(0.3) < 1.0453

Thus the solution is accurate to three decimal places.



f[ﬂfj,flfj_H, Ce ,QT],C] =

Formulas

pi(z) = fo+ (x — z0) f70, 21]

pa(x) = fo+ (x — x0) flwo, 21] + (x — 20) (x — 21) f[70, 71, T2]

p3(x) = fo+ (x —20) [0, 21] + (2 — w0)( — 21) f[20, 21, 2]
+ (z — x)(x — x1) (x — x2) f [0, 71, T2, T3]

f[quLla s al'k] — f[xjaxj+17 s axkfl]
Tk — Xy

£ ()

n(@) = 1) = pnle) = (& = wo)(w —2) -+ (0 = 7))

p1(z) = Lofo + Li(z) f1
p2(z) = Lofo + Li(x) f1 + La(x) f2
p3(x) = Lofo + Li(x) fi + La() f2 + La(z) f3

(x —mo)(x —a1) - (& — ima) (& — Ti) -~ (2 — @)

Li(w) = (@i — o) (@i — 21) -+ (23 — Tim1) (@5 — i) -+ (T — Tn)
i ) F 0)
6(#) = £(&) = pula) = (@~ m)o =)+ (0 = ) £
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