MATH2004 Notes - By Eric Hua

Contents

0.1. Fourier Series

0.2. Definition of Fourier Series.

0.3. Geometric interpretation of Fourier series.
0.4. Fourier cosine and Fourier sine series.

0.5. Convergence of Fourier Series.

0.6. Termwise differentiation and integration.
10.1. Curves Defined By Parametric Equations
10.2. Calculus with Parametric Equations
10.3. Polar Coordinates

10.4. Areas and Lengths in Polar Coordinates
12.1. Three-Dimensional Coordinate Systems
12.2. Vectors

12.3. The Dot Product

12.4. The Cross Product

12.5 Equations of Lines and Planes

12.6 Cylinders and Quadric Surfaces

13.1 Vector Functions and Space Curves

13.2 Derivatives and integrals of vector equations

13.3 Arc Length and Curvature

11

12

13

14

17

20

24

24

25

26

27

29

33

34

35



14.1.

14.2.

14.3.

14.4.

14.5.

14.6.

14.7.

14.8.

15.1.

15.2.

15.3.

15.4.

15.7.

15.7.1 Triple Integral over a Rectangular Box
15.7.2 Triple Integrals over a General Region

15.8.

15.9.

16.1.

16.2.

16.3.

16.4.

Functions of Several Variables

Limits and Continuity

Partial Derivatives

Tangent Plane and Linear Approximation

The Chain Rule

Directional Derivatives and the Gradient Vector

Maximum and Minimum Values
Lagrange Multipliers

Double Integrals over Rectangles
Iterated Integrals

Double Integrals over General Regions
Double Integrals in Polar Coordinates

Triple Integrals

Triple Integrals in Cylindrical Coordinates
Triple Integrals in Spherical Coordinates
Vector Fields

Line Integrals

The Fundamental Theorem for Line Integrals

Green’s Theorem

39

39

40

41

43

45

47

50

53

53

54

56

57
57
o8

60

62

65

65

68

70



0.1. Fourier Series

Pre-knowledge
1. Trig Identities:

sin(nm + g) = (=1)" cos(nm)=(—1)", nis an integer.

9 1+ cos2x . 9 1 —cos2x
Cos" r = —————, sy = —————
2 2
“inasinb — cos(a — b) ; cos(a + b), cosdcosh — cos(a + b) —;— cos(a — b)‘
S0 dcosh — sin(a + b) —;— sin(a — b).
2. A function f(x) is called p — periodic if p > 0 is the smallest number such that
f(xz +p) = f(x) for any x. The number p is called the period. For example, cos kx

and sin kx are 2%-periodic.

3. Odd-Even function: If f(—z) = —f(x) for all € [—a, a, then f(z) is odd on [—a, al;
If f(—z) = f(x) for all z € [—a,a], then f(z) is even on [—a, a]. For example, sin kx
is odd, cos kx is even.

o If f(z) is odd on [—a,a], then [* f(z)dz = 0.
e If f(x) is even on [—a,al, then [, f(z)dx =2 [ f(x)dz.

4. If m, n are non-negative integers, and m # n, then

/ " cos(nz) cos(ma) dz — 0, / " sin(na) sin(ma) dz — 0.

—T —T

Also, even if we drop the restriction m # n,

/ " cos(nz) sin(ma) dz — 0.

—T

5. The trigonometric system
1, cosx,sinz, cos 2x,sin 2z, ..., cosnx, sinn, ...

is orthogonal on the interval —7 < x < 7.

6. If n is a positive integer, then

/ cos?(nz) do = / sin?(nz) do = 7.

7. Integration by parts: f: udv = uv|? — f; vdu.

8. Integration by substitution: fabf(g(:v))g’(x)dx = fg(b) f(u)du.



0.2. Definition of Fourier Series.

Fourier series are named in honor of Joseph Fourier (1768-1830), who made important con-
tributions to the study of trigonometric series. Fourier series have many applications such

as, solving partial differential equations, signal precessing, image processing.

A function f(x) is piecewise continuous in interval (a, b) if we have a =ty < t; <

.. < t;,, = b, such that f(x) is continuous in each interval (¢;,¢;+1) and the limits lim f(x)
x—>ti_

and hm f(z) exist for all i = 0,1,2,...,m. In the following, we assume that both f and

x%t
f! are piecewise continuous.

Definition. Let f(z) be 2L-periodic function. Then f(x) can be written as

—|—Z{an cos(——) + b, Sln(nzx)}. (1)

This series is called the (full) Fourier series for f(z). The coefficients a,, (n > 0) are called
the Fourier cosine coefficients, and the coefficients b, (n > 1) are called the Fourier sine
coefficients.

Remark. The "=" occurs at every z € [—L, L] where f is continuous. If we omit the

condition where f is continuous at z, then we may write
nmwx
—1—2 ancos +bn sin(—— 7 ).

Theorem. The Fourier coefficients can be calculated as follows:

L nmwx
_%/_Lf(x)cos(T)dx n=20,1,2,.... (2)

1 L
:Z/_Lf(a:)sin($)dx n=123,.... (3)

Proof. The coefficient g is the simplest to find: integrating (1) from —L to L,

/_LLf(x)dx = /_L dx —i—Z{&n/ cos nL )dx—l—an/_LLsm(nL )da:}
el

The series on the right vanishes, and we find that

_%/_LLf(:v)d:)s



We do the same thing to compute, say, b,,, except that first we multiply (1) through by
sin(™7%). We get

L L
/_L F(a)sin"T0) dr = /_L W sin (") dr

= L nmwr, . ,mmwr L onmr. . omma
Z{an/ cos( 7 ) sin( 7 )d:v+bn/ sin( 7 ) sin( 7 )da:}

—L —L

What is important to notice is that all of the integrals on the right side vanish, except for

the one multiplying b,,. The equation for b,, becomes

by = %/LLf(x) sin

mgx)dx m=1,2,3 ...
Likewise we can get the formula for a,,.

Formulas (2) and (3) allow us to compute the Fourier coefficients of f.
Remark 1. Even though f is defined only on [—L, L], the right-hand side of (1) is 2L-
periodic, so we could view f as being defined over the whole line, but 2L-periodic as well.
Remark 2. If f is even on [—L, L], then f(z)sin(™*) is odd on [—L, L], so b, = 0 for all

L
n > 1; and f(z)cos(™f*) is even on [—L, L], so

o (L
an:Z/o f(x)cos(n—zx)dx n=0,1,2,....

Remark 3. If f is odd on [—L, L], then f(x)cos(™*) is odd on [-L, L], so a, = 0 for all

L
n > 0; and f(z)sin(™*) is even on [—L, L], so

9 L
bn:z/o f(x)sin(?)dm n=1,12....

Remark 4. If f is 27-periodic (i.e., L = ), then

f(z) = % +Z{ancosnx+bnsinnm},

=
where
a6 — %/_Wf(x)dx (4)
0 = %/_Wf(a:)cos(nm)dm n=012,. ... (5)
by — %/_Wf(:c)sin(n:c)dx n=123 ... (6)



Example 1. Let f(z) = z, for allx € [—m,7), and f(x) be 2m-periodic. Compute the

Fourier coefficients.

Notice that cos(nzx) is an even function, while f and sin(nx) are odd functions.

1 (7 1 ["
ag = — f(x)dm:—/ xdxr =0
TJ)_x TJ _x

1 [7 1 [7
a, = — f(x) cos(nz)dz = —/ x cos(nx)dr =0

T L -
b, = % ' f(x)sin(nx)dz = %/W xsin(nx)dr =
2 M 2 ([ mcos(na)|" | [sin(nz)]™\ _ . 2
- ;/0 zsin(nx)dr = - ({ — L + [—Tﬂ ]0> =(-1) Hn

Notice that ag, a, are 0 because = and z cos(nz) are odd functions. Hence the Fourier

series for f(x) = x is:

r = ag+ Z(an cos(nx) + b, sin(nz)) =

n=1

C 2
— Z(—l)"“ﬁ sin(nz), Vz € (—m,7)
n=1

Example 2. Let f(x) = 2%, © € [—7,7), and f(z) be 2w-periodic. Compute the Fourier

)

coefficients.

Since f is even (f(z) = f(—=z) for all x), then b, = 0.

1 (7 2
aoz—/ :1:2da::§7r2,

™ -7

and forn >1

a, = / 2% cos(nx) dx

Thus for z € (—m, ),



Example 3. Let
0, forxe|—m0);
() = o
1, forx e (0,m).

and let f(x) be 2m-periodic. Find the Fourier series of f(x).

1 i 1 0 71'
ag = —/ flz)de = — / de+/ ldz | =1,
T J % m -7 0

a, = 1 /7T f(z) cos(nz)dx = ! (/0 0 cos(nz)dx + /07r 1cos(nx)dx) = isin(ms)|g =

T™J_n m -

b, = 1 /7T f(z)sin(nz)dr = 1 (/0 0sin(nx)dx + /07r 1sin(nx)dx) = —% cos(nx)|f

) . ™ \J_,

1 n 2 for odd n;
= - =g

nmw 0, for even n.

Hence the Fourier series for f(x) is:

1 2
flz) ~ 5 Z Esin(mc) =
odd n

1 2 .
= 5 -+ ; m sm(?n + 1)-777 Vo € <_7T7 7[_)'

r, O0<z<lIy;

Example 4. Let f(x) be 2-periodic and f(x) =4 0, —1<z<0.
0.5, r=-1,1.

In this case, L = 1.

1
agy = / rdr = 1,

0 2

! -1 —1
a, = / x cos(nmx) de = L,

0 (nm)?

1 —1)»
b, = / xsin(nmrz) d:zc:( )

The full Fourier series is

flz) = i + Z; {% cos(nmz) + (;;)n sin(nmx)



Example 5. (Periodic square wave) Find the Fourier series of the function

0, if 2<z<-—1;
fle)=2 k if-1<z<1;
0, ifl <x<?2.

with period 4.

Solution: Since the period is 4, so p =4, L = 2. From (?7)-(??) we obtain

a = /f —/k;dx—l;

1 [t 2k
a, = /f cos—xdx— /k:cosn—wycalx——sinn—7r
2/ 4 2 nm 2
B if n is even;
B 1)m5fr, if n =2m+1,
b, = /f sm—:z:dx— /k‘sinngﬂﬁdiﬂ:Q (n=1,2,..).
Hence
f()—k-l-Qk T 1 3 —l—l o n
z) =3 COS 5& — 2 €08 =T + - €08 % .

0.3. Geometric interpretation of Fourier series.

If we let .
51254—;5111%
S —1—2 inz + 2 g 3
= — + —sin — sin
) 7TS * 37TS “
2 . 2 . 2 .
S5 = — 4+ —sinx + — sin 3x + — sin bz,
2 7 3 5%

each partial sum is a continuous function that approximates the discontinuous function

1, for xz € (0,m).
approximation.

0, f € |—m0); . .
f(z) = { or &€ [~ 0) , on the interval (—m, 7). The bigger n, the better the

0.4. Fourier cosine and Fourier sine series.

Half-range Expansions



Let f(x) be define on (0, L). Three special extensions are important:
(i) Consider f(x) as an odd function on (=L, L), i.e

x), x € (0,L);
fole) = { () (0,L)
T e (—L,
Then f(z) is 2L—periodic. Thus a,, = 0 for all n, (1) becomes
= . (nTx
= ; b, sin (T) (7)

which is called Fourier sine series of f, where

9 L
:E/o f(x)sm(?) dx m=1,2,3,....

(ii) Consider f(x) as an even function on (=L, L), i.e

feven(2) = { (@), i 2 ((1 L);

f(—.T), ( L O)
Then f(x) is 2L—periodic. Thus b,, = 0 for all n, (1) becomes
_ o,y ne
f(z) = 5 —I—;ancos< 7 ) (8)

which is called Fourier cosine series of f, where

9 (L
:Z/o f(x)cos(mzx)d:c m=0,1,2,3,....

The cosine and sine series here are known as HALF-RANGE EXPANSIONSs.

(iii) Consider f(z) as L—periodic. Then half-period is L/2.

/ f(x cos?j;;) x n=0,1,2,....

b, L/Q/ f(zx L/Q) n=123,....
) = +Zancos(2n£m) + by sin (Q”L”)] ()

which is called (full) Fourier series of f.




r, 0<ax<l. , . , . )
’ - Find the Fourier sine series and Fourier

Example 6. Let f(z) = { 0 1< 5.
Y e — x < 7‘

cosine Series.

Solution: (i) Fourier sine series: for m =1,2,3,..

)

b = / f(x)sin( mmc / f(zx)sin mmc) dx

4 1
= / xsin(m;m)dx = {——$ cos( 7rx) + sin(mmb)}
0 0

mm 2 m2m2 2

2 4
= ——cos(m) + sin(%).

mm 2 m2m?2

The Fourier sine series is

fe) =3 {—i cos(") + sin(%] sin ().

0, —2<z<-—-1;
~ x, -1 <z <1
€Tr) =
/(@) 0, 1 <x<?2.

f(z +4) = f(x), otherwise.

In this case, L = 2.

(i) Fourier cosine series:for m =0,1,2,3,...,

L mmx 2 mmx
= %/0 f () cos(™ )dx—g/o () cos("2%)

! 2 4 !
= / xcos(m;m)dx = {—x sin(mmc) + cos(mmc)}
0 0

2 . (mﬂ) n 4 mi 4
= —sin(— S
mm 2 m2m?2

The Fourier cosine series is

)= 3 [ + o) - o)

mm 2
m=1

10



We have 4-periodic even extension of f:

(

0, —2<z< -1

-, -1 <z <0
fx) =X =, 0<z<1;

0, 1<z <2.

f(z+4) = f(z), otherwise.

In this case, L = 2.

0.5. Points of discontinuity and convergence.

In equation (1), =" means that the series on the right converges to the function on the
left at each point x. It often happens that the Fourier series of a function f fails to converge
to that function, in particular at the points of discontinuity of f.

The facts are:

e The Fourier Theorem: If the function f(x) is piecewise continuously differentiable

then its Fourier series converges for every x to the average value

Jau() =

where

flz+) = lim f(t), f(z—)= lim f(¢).

t—z+ t—zr—

e At the points where f(z) is continuous, fu.,(z) = f(x).

All the functions we shall consider in the sequel are piecewise continuously differentiable,
and therefore the Fourier series will represent the function. In order to ensure that the
Fourier series of function f(x) converges to that function at every x € R, sometimes it is

necessary to redefine f(z) at the points of discontinuity x, so that f,,(z) = f(x).

Example 7. Let
-1, forz e (—m,0);
flx)=4¢ z,  forxze (0,7);
0, forx=0,7,—m.

Determine the sums to which the series converges at x = 0, &, 887, 1017.

Solution: The sum=-0.5 at 0; %1 at +m.

11



0.6. Termwise differentiation and integration.

In applications, Fourier series can be as a solution to a differential equation. To find such
a solution, we need to differentiate the series.
(i) If f is 2L-periodic and continuous, with f’ and f” piecewise continuous, then

= nrr, nm nmx
—ay, sin( —b,, cos 11
1) =3 |- ansinC) + ueos(E) (1)
at every x where f’ is continuous. At a point x of discontinuity of f’, the series converges

@)+ (z—)
3 .

(ii) If f is piecewise continuous on [—L, L], then for any —L < c¢ <z <L,

/f dx—/ —dx—l—Z/ ancos )+b Sm(nzx)] dr. (12)

to

12



Chapter 10: Parametric Equations and Polar Coordi-
nates

10.1. Curves Defined By Parametric Equations

Instead of defining y in terms of x, y = f(x), we define both x and y in terms of a third
variable called a parameter as follows: x = f(t),y = ¢(t). This third variable t is called
a parameter. The collection of points (z,y) = (f(t),g(t)) that we get by letting t be all

possible values is the graph of the parametric equations and is called the parametric curve.

Example 8. Sketch the parametric curve for the following set of parametric equations.
r=1>+t,y=2t—1.

et
Wl
t=—44 21
—‘3!'?.»_\

—4
1=-2

Remark. If you eliminate the parameter t.

Now consider the following parametric curve with limits on the parameter:
x=f(t),y=g(t),a<t<b.
Then (f(a),g(a)) is called initial point, (f(b),g(b)) is called terminal point.
Example 9. Sketch the parametric curve for the following set of parametric equations:

r=t’+ty=2t—1,-1<t<1.

Example 10. Sketch the parametric curve for the following set of parametric equations:

r=295cost,y =2sint,0 <t < 27.

13



Example 11. Sketch the Cycloid :

x =r(t—sint),y = r(l — cost),, —oo < t < 0.

10.2. Calculus with Parametric Equations

Tangents

We want to find the tangent lines to the parametric equations given by, z = f(t),y =
g(t). By Chain Rule, we have

e First Derivative for Parametric Equations:

dy Z—ZZ , dx
T provided I £ 0.

dt

e Second Derivative for Parametric Equations:

Py 4 (&) o de
7 Rl provided I £ 0.

dt

Example 12. Find the tangent line(s) to the parametric curve given by
r=1"— 43 y =1t at (0,4).

Solution. At first we need the slope of the tangent line.

d
dy _ Gt _ 2t _ 2
de % 5t —1212 53 — 12t

14



When (z,y) = (0,4), t = £2. At t = —2, the slope of the tangent line is: The tangent line
att = —21is: y =4—1x/8; At t = 2, the slope is: The tangent line (at t = 2) is: y = 44x/8.

Example 13. Find the points where the following parametric equations will have horizontal
or vertical tangents:
x =1t —3ty=23t>—0.

Solution. Horizontal Tangents: dy/dt = 0,6t = 0,t = 0. Therefore, the only horizontal
tangent will occur at the point (z,y) = (0, —9).

Vertical Tangents: dz/dt = 0 (dy/dz undefined). In this case we need to solve, 3(t? —
1) =0,= t = 1,—1. The two vertical tangents will occur at the points (2,-6) and (-2,-6).

Example 14. Determine the values of t for which the parametric curve given by the fol-

lowing set of parametric equations is concave up and concave down.
r=1—12y=t +1¢.
Solution: To study concavity, we need the second derivative.

dy  Tt°+5¢° N d*y  35t° + 15t
dr 2 dz? 4 ’

From % = 0 we imply that t=0. When ¢t < 0, % < 0, the parametric curve will be
d2y

concave down; when ¢ > 0, 5-5 > 0, the parametric curve will be concave up.

Area

Here we will find a formula for determining the area under a parametric curve given by

the parametric equations:
z=f(t),y=g),a<t<p

We assume that the curve is traced out exactly once as t increases from « to 5. As we

know, the area under the curve y = F(x),a <z <bis

b B
A :/ y(x) dx :/ y(t)x' (t)dt, where z(a) = a,z(8) = b.
Example 15. Find the area under one arch of cycloid:

x=r(t—sint),y =r(1 — cost).

15



Solution: y =0 = t = nw. Thus

B 2m o 1 of
A= / y(t)o'(t)dt = / 72(1 — cost)?dt = r2/ (1 —2cost+ H%)dt — 32
« 0 0

Arc Length

Here we will find a formula for determining the arc length to a parametric curve given

by the parametric equations:

x:f(t)ay:g(t)7a§t§6~

We assume that the curve is traced out exactly once as t increases from o to 8. Also,
for the purposes of the derivation that we're going to use, we will assume that the curve is

traced out from left to right as t increases. This is equivalent to saying,
de/dt >0, <t < p.

The arc length formula is given by

b B
I / T @R dr = / VIEOP + WP, where (a) = a,2(3) = b.

Example 16. Find the length under one arch of cycloid:

x=r(t—-sint),y =7r(1 —cost), 0 <t < 2.

Solution:

B 2
L= / VI (0] + [y (t)]2dt = /o V[r(1 = cost)]2 4 [rsint|2dt

27 27
=r \/Q—QCostdt:r/ 2
0

0

t
in—|dt = 8r.
s1n2‘ r

Surface Area

Here we will determine the surface area of a region obtained by rotating a parametric

curve about the x-axis or y-axis. We will rotate the parametric curve given by

r=[f(t),y=g(t),a<t<p

about the x-axis or y-axis. We are going to assume that the curve is traced out exactly

once as t increases from « to 3.

16



(1) Area of a surface obtained by rotating a curve about x-axis:

b B
S= / 2my ds = / 2my(t) /[ (]2 + [y (1)]2dt, ds = /[2/(1)]? + [y ()]2dt.

(2) Area of a surface obtained by rotating a curve about y-axis: just need to change y

to x:

b B
S = / o ds = / 2ma(t) T OF + W OFdt, ds = /0P + [y ()P
Example 17. Find the surface area of one arch of cycloid rotating about z-axis:
x=r(t—sint),y =r(l —cost), 0 <t < 2.

Solution:

B 2m
S = / 2ry(t)/ [/ (1)]2 + [y (t)]2dt = /0 21r(1 — cost)/[r(1 — cost)]? + [rsint]2dt

2m 2m s
t
= 2772 / (1 — cost)v/2 — 2costdt = 8mr? / sin® §dt = 16772 / sin® pd
0 0 0

= —1677r? /ﬂ(l — cos? ¢)dcos ¢ = %m"z.
0
Example 18. Show that the surface area of a sphere of radius r is 4mr2.
Solution: The sphere is obtained by rotating the semicircle
r=rcost,y=rsint,0<t <7

about the x-axis.

10.3. Polar Coordinates

Polar coordinates

We chose a point in the plane that is called the pole (or origin) and is labelled O. Then
we draw a ray starting at O, along positive x-axis, which is called the polar axis. Let P be
a point in the plane. Let r be the distance from P to O, let 6 be the angle between OP and
the polar axis. Then P can be represented by the ordered pair (r,6). We call r and 6 polar

coordinates:

17



Polar 2 Cartesian Conversion Formulas:

r=rcosf,y=rsing; r*=z>+y* tanfh = g
x
Example 20. Convert each of the following points into the given coordinate system.

(a) (—4, %) into Cartesian coordinates. (b) (-1,-1) into polar coordinates.

Solution: (a) (z,%) = (2, —2v/3).
(b) r = /22 + 92 = V/2,tanf = 4 = 1. Since the point is in the third quadrant, the

5m

actual angle is, = 7 + 7 = =

Polar curves

The graph of polar equation r = f(#), or more generally F(r,0) = 0, consists of all

points P(r, ) whose coordinates satisfy the equation. Some special cases:

2

e 0 = a: This is a line that goes through the origin and makes an angle of o with the

positive x-axis.

e rcosf) = a: This is equivalent to x = a.

rsin@ = b: This is equivalent to y = b.

r = a: A circle of radius a centered at the origin.

18



e r =2acosf: A circle of radius |a| and center (a,0).

e = 2bsinf: A circle of radius |b| and center (0,0).

e r =2acosf + 2bsinf: A circle of radius r = /2% 4+ y? and center (a,b).

Example 21.

r=2+4cos8

8
1
¥ - r=7 6
5_3_;’:'\ . reosg=4 P 5
4 il / 4 \
~ 3 - r=4cos@
s | s /T‘& |
L I 1 i L 1 | 15 & g | -6 4 -2 U s [ 8
5 4 1 1 3 4 5 |
= 2 /
= b i
rsin@=-3 -4 o
i i
5 . —6 s
I r=-Tsné
r=T-ficos®
o & T ~5r
. e b
r=5-55n8 4
L P 6—\\ B
N ,/
¥ e \ 4
= 7 B P a4k 2K
L L L W L ! L ,f’ | /]
Y A T 4 N6 / f
d X / L |
/ N / tr
f —4r \ | ! le i
/ \ Ll 1 1 1 1 \
[ -14|-12 -0 -8 -6 -3 - L - 1
-4 | 3 -1 f L
| | \ -2 AN
I ‘\ - Ill e
/ \ B oI
\ =0 / h -1k \
i N N
/ \
" Gl v b P b
/// 5 .
el o SR B

Remark. In the third graph we have an inner loop. To get this, we need to know the value

of # for which the graph will pass through the origin:
2+4cos =0,= cos =—0.5,= 0 =2x/3,4n/3.

Proposition 1. Suppose a polar curve is defined by f(r,0) = 0.

1. If f(r,—0) = f(r,0), the graph is symmetric about the polar axis.

2. If f(—=r,0) = f(r,0), the graph is symmetric about the origin.

3. If f(r,m —0) = f(r,0), the graph is symmetric about the line § = Z.

Tangents to Polar Curves

We want to find the tangent lines to the equation r» = f(6). From
x=rcosf = f(f)cosO,y =rsinf = f(0)sinb

19

2



we have )
dy  rgsind +rcost

dr  rpcosh —rsing

Example 22. Find the equation of the tangent line to
r=3+8sinf at 0 =1r/6.

Solution:

dy rpsinf +rcos)  16cosfsind + 3cosd _11\/§
d:c7r’ecose—rsinﬁ7860529—381n9—88m297 5

Note that at § = 7/6,r = 7, which gives (z,y) = (%g, I). The tangent line is:

11/3 98
= r— —.

) 5

Example 23. Cardioid: r = 1+sinf . Find 6 where we have horizontal or vertical tangent

line, or no tangent line.

Solution: ) )
dy _rgsinf+rcos  cosf(1+2sind)

dr  rheos® —rsinf (1 +sinf)(1—2sind)’

(1) If the denominator is 0 but the numerator is not 0, we have vertical tangent line.

When sinf = 1, orsinf = 1/2, the denominator is 0. We have a vertical tangent line when
6 = /6,57/6.

(2) If the denominator is not 0 but the numerator is 0, we have a horizontal tangent
line. Hence, we have a horizontal tangent line when = 7 /2, 77/6, 117/6.

(3) If the denominator is 0 and the numerator is 0, tangent line does not exist. When

0 = 37w /2, the tangent line does not exist.

10.4. Areas and Lengths in Polar Coordinates

Area

As we know, the area of a sector with radius r and angle 6 is
0 1
A=mrt— = =r?9.
2T 2
This implies that the area of the following polar region bounded by r = f(#), between

f=caand =0 (a<p)is:
B

A:/ 17‘2d(9.
L 2
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r:f(S)

Example 24. Find the area of the inner loop of r = 2 + 4 cosf.

Solution: Let » = 0 we have:
2+4+4cosh =0,= cosd = —0.5,= 0 = 2x /3,47 /3.

So the inner loop is bounded by r = 2 + 4 cos§ and between ¢ = 27/3 and 47/3. Thus

B 1 4r/3 1
A= / —r?df = / —(2 + 4cos 6)*db.
a 2 27 /3

4m/3
= / [6 4 8 cos B + 4 cos(20)]df = 4 — 6v/3.
2m/3

Now we consider a more general polar region:
8=

r,= g{gj

"i:f(g)

The area of the shaded part will be :

Example 25. Find the area of the part outside the cardioid r = 1+ sin 0, inside the circle

r = 3sinf.
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d=55/6 _ d=5/6

L J

Solution: First find intersections: 1+ sinf = 3sinf = sinf =1/2 = § = /6, 57 /6.

B 1 5m/6 1
A= [ 503 =vtdo= [T (@sing)? — (14 sin6)as =
o w/6

Example 26. Find the area of the part outside the cardioid r = 3+ 2sin 0, inside the circle
r=2.

Solution: First find intersections: 3 +2sinf =2 = sinf = —1/2 = 0 = 77/6,117/6.

A1 1r/6 4 1 7
A:/ —(rﬁ—r?)cw:/ —[(2)2—(3+2sm9)2]d9=_\/3__”.
a 2 Tw/6 2 2 3

Arc length

Now we are going to find the formula for the arc length of the arc r = f(6), between
0 =aand § = (a < ). Note that

x=rcosh = f(#)cosl,y =rsind = f(0)sinf, =

(w5)” + (yp)* = (rg)” + 7,

L= /j v/ (24)% + (y,)2d0 = /aﬁ \/ (15)% + r2d6.

Example 27. Find the length of the spiralr =6, 0 <60 < 1.

Thus

Solution:

B 1

L = / r! 2+r2d6:/ 02 + 1d0
) \/ () |V
w/4

= / sec® xdr, 0 =tanx,df = sec® xdx
0

1
= (secxtanz + In|secx + tanx|) 3/4 = 5(\/§+ln(1 +2).
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Example 28. Find the length of the cardioid r =1+ sinf, 0 < 0 < 2.

Solution:
B 2w
L = / \/(7“’9)2+T2d9:/ \/2(sin6 + 1)do
a 0
T 0 o
= V2 |s1n§+cos§|d9:2\/§ |sing + cos pldp, ©=20/2
0 0

3r/4 ™
= 2\/5/ (sin ¢ + cos p)dp — 2v/2 (sin ¢ + cos @)dp
0 3m/4

= 8.
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Chapter 12: Vectors and the Geometry of Space

12.1. Three-Dimensional Coordinate Systems

e The three-dimensional Cartesian (Rectangular) coordinate system (z,v, z).

e Planes parallel to the coordinate planes: x = a is a plane parallel to yz-plane, similarly

we have y = b,z = c.

e Distance formula in 3-D: Let A(x1,y1,21), B(22, Y2, 22). Then

d(A, B) = /(x2 — 21)2 + (y2 — 91)? + (22 — 21)2.
e Equation of a sphere with centre (z¢, yo, 20) and radius r is:
(z —x0)* 4+ (y — %0)* + (2 — 20)* = r*.
12.2. Vectors
Algebraic representation of vectors:

e Vectors in R%: ¢ = v= (a,b) = [Z] , zero vector 0 = (0,0).

a
e Vectors in R3: @ = (a,b,¢) = |b|, zero vector 0 = (0,0,0).

c
e Length (norm, magnitude) ||(a,b)|| = Va2 + b2, ||(a,b,¢)|| = Va? + b + ¢

Sum: Let @ = (uq,ug,u3), ¥ = (v1,vq,v3), then @ + & = (uy + vy, ug + v9, uz + v3).

Scalar multiple: Let @ = (u1,ug, u3), ¢ be a scalar, then cti = (cuy, cug, cug).

Distance: Let @ = (uq,ug, us), v = (v, v2,v3), then d(@, v) = ||a — ]|
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e unit vector: ||u]| = 1.

e Standard basis vectors: i =< 1,0,0 >,j’ =< 0,1,0 >,E =< 0,0,1 > . Position

vectors can be expressed in terms of standard basis vectors: < a,b, ¢ >= ai + bj—i— ck.
Example 29. Let @ = (1,2,—2). Find the unit vector which has the same direction as u.

Properties: Let ¢, d be scalars.

12.3. The Dot Product
e Dot product: Let @ = (uy, us, u3), U= (v1,vs,v3), then 4 - ¥ = ujvy + ugvy + ugvs.

e Angle: Let 6 be the angle between @ and ¢ which satisfies 0 < # < 7, then cosf =
IGGR

e Orthogonal: v Lv if 4 -7 = 0.

e Direction angles to the three axis and direction cosines of vectors.:

- —
— 7 —

a-i 0 U] o u-k
T = =i =TT
||| [[z]] ][ ]5]] ||| |[#]]

They satisfy

cos® o+ cos? f + cos?y =1, = (cos a, cos f3, cosy).

e Projection: The projection of @ onto v is

— =

projzu = QC—U U, compyi =
1l

Example 30. Let © = (1,2,-2), v = (—2,—2,1), then u - v = —8.

Example 31. Let @ = (1,2,-2), ¢

and V.

(—2,—2,1), Find the cosine of the angle between @
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Solution: oL
u-v -8

cosb = _— T = —.
lafffloff 9

Properties: Let ¢ be a scalar.

e i-0=0
o -1 = ||l

12.4. The Cross Product

e Cross product: Let @ = (uq, us,us), ¥ = (vy,v9,v3), then
UX U= (u2v3 — U3Vo, +U3V1 — UIV3, U V2 — UQUl).

—

e Orthogonal: « x v L, @ x v L.
Example 32. Find a vector that is orthogonal to both i = (1,2,—1), ¥ = (0,2, 3).

Solution: Any scalar multiple of 4 x 7 = (8,—3,2).

Properties: Let ¢ be a scalar.

e UXU=—UX1U

||@ x U|| = ||u]| ||d]| sin@, where € is the angle between @ and

||@ x U] is the area of the parallelogram determined by @ and .
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Example 33. Find the area of the parallelogram determined by i = (1,2, —1), ¥ = (0,2, 3).

Solution: A = ||i x | = [/(8,~3,2)|| = V7.

Example 34. Find the area of the triangle with vertices P(1,2,3), Q(—3,2,1), and R(2,4,5).

Solution: PQ =Q — P =(—4,0,-2), PR=R— P = (1,2,2).

1. - -
A= S||PQ x PR|| =|(4,6,-8)[| = V29.

12.5 Equations of Lines and Planes

Line:
A line is determined by a point and a vector (direction vector) parallel to the line. Let

P(p1,p2,p3) be a point on the line L. Let ¥ be a nonzero vector which is parallel L.
e Point-parallel form (vector form): Z(t) = p+tv, t € R, p'= (p1,p2,p3), T(t) = (x,y, 2).

e Parametric form: z = p; + tvy, y = po + tvg, 2 = p3 + tvs.

e Symmetric form: x;fl — Y=p2 _ 273

v2 vy

Remark. (Two-point form). If a line goes through two points P and @, then Z(t) =
P+ t(¢— p), where ¢, p are the position vectors of @, P.

Example 35. Find the equation of the line through P(1,2,3) and Q(3,1,1).
Two lines L and L, can be

e parallel

e intersected

e skewed

Example 36. Show that the intersection between L, : x =1+t,y=—-2+3t,z=4—1t and
Ly:x=2s,y=3+s,2z=—-3+3s1s(16/5,23/5,9/5).

Example 37. Show that the two lines Ly : v = 1+t,y = -2+ 3t,z =4 —t;Ly : v =
2s,y =3+ s,z =—3+4s are skew lines.
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Solution. (1) The two direction vectors are v; =< 1,3, —1 > and vy =< 2,1,4 >. They
are not parallel.

(2) No intersection: From "z = 2" and "y = y” we have 1 +t =25, -2+ 3t =3+ s =
s=1.6,t=22. By Ly, 2=1.8; by Ly, z =3.4.

Plane:

A plane II is determined by a point and a normal vector 7 which is perpendicular to
the plane. Let P(py,ps,p3) be a point on the plane. Let 77 be a nonzero vector which is
perpendicular to the plane.

e Point-normal form: (¥ —p) -1 =0, 7 = (z,y, 2).

e Parametric form: ny(z — p1) + no(y — p2) + ns(zps) = 0, where (ny,ng, ng) = 7.

e Standard form (linear equation): nyx + nyy +n3z = d, where d = nyp; + nops + nsps.

Example 38. Find the equation of the plane through three points P(1,2,3), Q(—3,2,1),
and R(2,4,5).

Solution: PQ = Q — P = (—4,0,—2), PR = R— P = (1,2,2). i = PQ x PR =
(4,6, —8). Thus

4z —1)+6(y—2)—8(z—3)=0,=4x + 6y — 82 = —8.

Example 39. Find the intersection between the line L :x =1+t,y=—-2+3t,z=4—1
and the plane 3z 4+ 5y + 8z = 1.

Angle between two planes:
Two planes are parallel if their normal vectors are parallel. The angle between two

planes is defined as the angle between their normal vectors:

n1 - 1
cosf = IerErE——
|- 3|

Example 40. Find the angle between two planes x — 3y — 2z = 3 and 3z + 5y + 8z = 1.
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: . _ =2 _ o __ o __ o
Solution: cosf = Nl 0 = 180° — 41° = 139°.
Intersection between two planes:
If the two planes with normal vectors n7 and n3 are not parallel, then the intersection

is a line with direction vector nj x n5.
Example 41. Find the angle between two planes x — 3y — 2z = 2 and 2z + y + 3z = 1.

Solution: (1) my X ny =< =7, 7,7>=7< —1,1,1 > .
(2) To find one intersection point, we let z = 0. Then x = 5/7,y = —3/7. So the
parametric equation of the line is:

r=5/T—t,y=-3/T+t z=t.

Distance between a point and a plane:
A plane II is determined by a point and a normal vector 77 which is perpendicular to the
plane. Let P(p1,p2, p3) be a point, let II be: ax + by 4+ ¢z = d. Then the distance between

them is:
_ lapy + bps + cp3 — d|

Vva?+ b + ¢?
Example 42. Show that the distance between P(1,2,3) and the plane 2z — 2y — z = 1 is
2.

D

Remark. Finding the distance between two parallel planes: This equals the distance from
any point in one plane to the other plane; Finding the distance from a point P to a line L;

Finding distance between two skew lines.

12.6 Cylinders and Quadric Surfaces

A quadric surface is the graph of a second degree equation in three variables z,y, z:
A + By* + C2> + Day + Eyz + Frz +Gu + Hy+ 12+ J = 0.

By rotating the surface, or equivalently, rotating the axes, we may assume that D = E =
F=0.
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1. Ellipsoid: & + % + 2 =1, a,b,¢ > 0.

. . 2 2 2
2. Cone: The general equation of a cone is: 7 + % — % =0, a,b,¢ > 0.

3. Cylinder

A cylinder is a surface consisting of lines parallel (rulings) to a given line passing through
a given plane curve. In most cases, the rulings are parallel to an axis. In this case,
the equation of the surface contains only two variables, which gives the plane curve in a
coordinate plane. For example,

i) x*+y* = 1. This is a cylinder containing lines parallel to the z-axis passing throu

i) 22 +y? = 1. This i ylind taining lines parallel to th is passing through
points on the unit circle in the xy- plane.

(i) 2 = 2% This is a cylinder containing lines parallel to the y-axis passing through
points on the curve z = 22 in the xz- plane.

(iii) yz = 1. This is a cylinder containing lines parallel to the x-axis passing through
points on two branches of the curve yz = 1 in the yz- plane.

(iv) z—j + g—; = 1. This is a cylinder containing lines parallel to the z-axis passing through
points on the ellipse in the xy- plane.

2

4. Hyperboloid of One Sheet: f;—z + -z—; —

('BlN

=1, a,b,c>0.
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5. Hyperboloid of Two Sheets: —a Z—j + i—i =1,a,b,c>0.

a

¢]

Example 43. Classify the following quadric surfaces:

(1) z = —a? — y? + 4. This is an elliptic paraboloid that opens downward.
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(2) 42% — y* + 22 — 8x — 2y — 62 — 4 = 0. This is Hyperboloid of One Sheet with centre

(1,-1,3), and centered on the line which is parallel to z-axis.
(3) 422 — y?> + 222 + 4 = 0. This is a hyperboloid of two sheets centered at the x-axis.

(4) 2% + 222 — 62 — y + 10 = 0. This is an elliptic paraboloid with vertex (3, 1, 0),

centered with line x = 3,y = 1.

Remark. If a quadratic equation of x, y, and z with terms xy, yz, or xz, then a rotation is

needed to convert it to the standard form.
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Chapter 13: Vector Functions

13.1 Vector Functions and Space Curves

A vector function (or vector-valued function) is a function that takes one or more variables

and returns a vector. Here we consider 3-dimensional vectors:

F(t) =< f(1),9(t), hlt) >= f() + g(t)] + h(D)E.
where f(t), g(t), h(t) are called component functions. The domainis D(r) = D(f)(D(g) (N D(h).

If %im 7(t) = 7(a), then we say that 7(¢) is continuous at ¢t = a, where
—a

lim 7(t) =< lim f(¢), lim g(t), im h(t) > .
t—a t—a t—a t—a
Example 44. Let 7(t) = (sint/t)i + /1] + In(5 — t)k, then D(F) = (0, 5).
lim 7(t) = 7 + In 5k.
t—0
Definition 1. The set C of all points (x,y, z) is called a space curve, where x = f(t),y =

g(t),z = h(t) are called parametric equations of C and t varies throughout an interval I.

Example 45. Sketch the graph of the following vector function: 7(t) =< 3—2t,2,3—5t > .
Solution:7(t) =< 3,2,3 > +t < —2,0, —5 >, a line.

Example 46. Sketch the graph of the following vector function: 7(t) =< 4 cost,4dsint, t > .

Solution. The x and y coordinates will form a circle centered on the z-axis. As we
increase t the circle that is being traced out in the x and y directions should be rising. So,

we’ve got a helix (or spiral, depending on what you want to call it) here.

10 )

Example 47. Find a vector equation that represents the intersection between a cylinder

§—§+Z—§:1andtheplaney—z:3_

Solution: The intersection is a curve C, whose projection onto xy-plane is an ellipse.
Let © = 2cost,y = 4sint, 0 <t < 2m. Then z =y — 3 =4sint — 3. Thus

7(t) = 2costi + 4sint] + (dsint — 3)k,0 < t < 27,

which is called parametrization of C.
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13.2 Derivatives and integrals of vector equations

Derivatives:

FI(t) =< f(1),g'(t), W (t) >= f'()i+ g ()] + N (t)k,
which is also called tangent vector to the curve defined by (). If 7/(¢) exists and 7' (t) # 0,
the tangent line to C through a point P is the line through P and parallel to 7/(¢). Unit
tangent vector is T'(t) = 7/(t)/|7'(t)]. As usual, 7 (t) = ['(t)] .

Differentiation rules:

(1) [a(t) £ o)) = @'(t) £ T (t).

(2) [eu@)) = cu'(t

(3) o] = £Oa) + Foi)

(4) [a(t)-v(t)]) = d'(t) - v(t) +u(t) - v'(t). (Note that w(t) - ¥(t) is a scalar function of t)
(5) [a@(t) x O(t)] = @(t) x T(t) + u(t) x V'(¢).

(6) [u(f(t)) =d'(f(t)(f(t). (Chain rule)

Example 48. Let 7(t) = t57 + /Isin(2t)] + In(1 + t)k. Find the parametric equations of
the tangent line to the curve at the point (0,0,0).

Solution:
1

—12;’ 7(0) =27 — k.
o ,=7(0) =25

7'(t) = 6t + 2 cos(2t)] —
The tangent line is:
7(t) =< 0,0,0 >+t < 0,2, —1 >, or . =0,y = 2t,z = —t.

Integrals:

Antiderivative:

/F(t)dt =< /f(t)dt,/g(t)dt,/h(t)dt >= (/ f(t)dt) i+ (/g(t)dt> j+ </ h(t)dt) k.

Definite Integral:

/b F(t)dt =< /bf(t)dt,/bg(t)dt, /bh(t)dt >= (/bf(t)dt> i+ (/bg(t)dt> i+ (/abh(t)dt) k.

Example 49. Let 7(t) = (2cost,sint,2t). Then

/ t)dt = /f dt/ dt/ t)dt >= (/f dt) (/ ()dt)j+(/h(t)dt)l§
= (2sint)i — (cost)] + (2)k + ¢

w/2 N .
/ Ft)dt = 20 + j + —Fk.
0 4
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13.3 Arc Length and Curvature

—

Arc Length: The length of the arc #(t) =< f(t), g(t), h(t) >= f(t)i + g(t)] + h(t)k,a <

t<bis:
/ 7(8)ldt = / I OF T @t

Example 50. Find the length of the curve 7(t) = 8t7 + 381n(2t)f—|— 3cos(2t)E 0<t<2rm.

Solution:
. . . 2w 2
7'(t) = 8 + 6 cos(2t)j — 6sin(2t)k, = |7 (t)| = 10,= L = / |7 (t)|dt = / 10dt = 20m.
0 0

We call .

the arc length function. We have

s'(t) = |7 (t)].
Example 51. Given the curve 7(t) = 8ti + 3sin(2t)] + 3 cos(2t)k.

(1) Find the arc length function. Solution:

t
:/ |7 (u)|du = 10t.
0

(2) Reparametrize the curve 7(t) with respect to arc length measured from (0,0,3).

Solution: s = 10t, sot = 0.1s,

7(s) = 7(t(s)) = 0.8si + 3sin(0.25)] + 3 cos(0.2s)k-
(3) Where on the curve are we after traveling for a distance of 57?7
Solution: s = 5,

7(s) = 7(t(s)) = 0.8si + 3sin(0.25) + 3 cos(0.2s)k = 4mi + 3sin(r)] + 3 cos(m)k.

So we are at (4m,0,—3).

Curvature:
The curvature measures how fast a curve is changing direction at a given point. The

curvature of a curve 7(t) is:
T

ds

_|f'| T N0
I N T B '

K(t) =
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Example 52. The curvature of a circle of radius ris 1 / r.
Example 53. Let 7(t) =< t,t*,t> > . Find x(t).
Solution: 7/(t) =< 1,2t,3t*> >,7"(t) =< 0,2, 6t >=
|7 x 7| = | < 6%, —6t,2 > | = 2Vt + 92 + 1, =

7 ] 2y/9tt + 912 + 1
K(t) = FE - 5
g4 + 412+ 1

Example 54. Let 7(t) =< cost,sint,t > . Then k(t) =

N [—=

Special case, if the curve is in the xy- plane, with y = f(x), then

/" ()|
[+ ()P

Example 55. Find x where the graph of y = €* has the mazimum curvature.

r(x) =

Solution: ) .
= T (e 13/2 “Erepr T
, e”(1+ e**) /2 (1 — 2e?") ~ In2
/-i(x)— 1t e —O:>x——7.

The Normal and Binormal Vectors:
Consider a smooth curve C defined by a vector function 7(t), i.e., #'(t) # 0. Since T
and T are orthogonal, T gives the direction that is normal (i.e., perpendlcular) to this

curve.

e Principal unit normal vector, or unit normal: N =T'//|T"|, which is a unit vector in
the direction of T,

e Binormal vector: B =T x N (which is also a unit vector).

e Osculating circle: Let P = 7(t() be a point on the curve C. Let x be the curvature at
P, where k # 0. Let Q be a point at distance p = % along N , in the same direction if
k is positive and in the opposite direction if k is negative. The circle with center at
Q and with radius p is called the osculating circle to the curve C at the point P.
We can use the osculating circle to approximate a small segment of a curve defined
by a vector function 7(¢) around 7(¢y).
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e Normal plane: The plane determined by the normal vector N and the binormal vector
Bata point P on a curve C is called normal plane, which is perpendicular to T. The

equation of the normal plane at point 7(¢y) is

T (7(t) - (ty)) = 0.

e Osculating plane: The plane determined by the normal vector N and the tangent
vector T at a point P on a curve C is called osculating plane, which is perpendicular

to B. The equation of the normal plane at point 7(to) is
B - (#(t) — 7(to)) = 0.

The osculating circle is in an osculating plane.

—

e N is perpendicular to the tangent line of the curve, pointing to the ”concave side” of
the curve, i.e., the side where the center of the osculating circle is. The center of the

osculating circle is on vector N. Hence, the center of the osculating circle is

7(to) +

Example 56. Let ¥ = (cost,sint,t). Find unit normal, binormal, the equation of the
osculating plane, the equation of the osculating circle, and the equation of the normal plane
at t().

Solution:
7'(t) = (—sint, cost, 1), = |7'(t)] = V2.

(—sint, cost,1),= T'(t) (—cost, —sint,0),= |T'(t)| =

N

) = o = 5 - =
OIE R

N=—= = (—cost,—sint,0),

7]

M~

~
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. L L
B =T x N =—(sint,—cost,1).

V2
The equation of the osculating plane at ¢, is
B - (7(t) — 7(to)) = 0 = (sinto)z — (costo)y + = = to.

1

iy = 2. The center of the osculating circle is at

The radius of the osculating circle is

1
K(to)

The vector form of the normal plane is

(to) + N = (= costy, — sinto, to).

T - (7(t) — 7(ty)) = 0 = —(sinto)z + (costy)y + z = to.
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Chapter 14: Partial Derivatives

14.1. Functions of Several Variables

Functions of two variables: z = f(z,y).
Level curves (contour maps) of f(z,y): f(x,y) = k for different k.
Example. Sketch three level curves:

L. f(z,y) =2z + 3y;

2. f(x,y) = 22 + 20y>.

/- \k:w
/_ 'k:m j} 7

3. flz,y) =2* —y*

4 floy) = 2% —y.

Functions of three variables: A function of three variables w = f(x,y, ) is a rule which
maps each point (x,y,z) in a set D to a unique number w. The set D is called the domain
of the function, which is often denoted D(f).

Example. Find the domain of the function f(z,y, 2z \/ 4 — — 22
Solution: 4 —a%2 —y?—22 >0, ie., 22 +9y>+22 < 4. Thus D = {(x,y) syt 422 < 4}
w= f(zy,2)

Level surfaces of f(x,y,z): f(z,y,2) = k for different k.

14.2. Limits and Continuity

lim f(x,y)=L.

(z,y)—(a,b)
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In general, if there are different limits when (x, y) approaches (a, b) along different paths,

then the limit does not exist. f(x,y) is continuous at (a, b) if

lim f(z,y) = f(a,b).

(z,y)—(a,b)

14.3. Partial Derivatives

Functions of two variables

e Partial derivatives of z = f(x,y):

_0z _9of _ St hy) = f(wy)
which is the derivative of f with respect to x;

which is the derivative of f with respect to y.
e Methods:

1. To find f,: regard y as a constant, and differentiate f(x,y) with respect to x;
2. To find f,: regard z as a constant, and differentiate f(x,y) with respect to y.

e Meaning: f, means the rate of change of f with respect to x when y is fixed.

Example. Let f(z,y) = €™ + £. Calculate f.(0,1), f,(0,1).
y y

Solution:

1
fw:yexy+?;a fx(oal)ZQ

x
fy = xe™ — E’ fy(0,1) = 0.

Functions of three variables

e Let w= f(x,y, 2), then

aw. af _ _ T f(l'—i-h,y,Z)—f(iIf,y,Z)

which is the derivative of f with respect to x.
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e Meaning: f, means the rate of change of f (or w) with respect to x when y and z

are fixed.

Example. Let f(x,y,2) = sinze™ Inz. Calculate f,, f,, f..
Implicit differentiation:

Example. Find g—; and g—z, if z is implicitly defined by

o+ 4+ 2t — 8ayz = 1.

Higher derivatives:

o3
fre Wyfax = facyza'”

Example. Let f(x,y) =™ + z. Calculate fiu, foys fyy-

Solution:
1 x
Jo=ye™ + = fy = xe™ — —.
Y Y
1 2z
Joo = V2™, fay = € 4 zye™ — " fyy = 2™ + et

Example. Let f(z,y,2) = sinze™ Inz. Calculate f,..

14.4. Tangent Plane and Linear Approximation

1. Functions of two variables.
e Equation of the tangent plane of z = f(z,y) at (xo,yo):

Z = f(x07y0) + fx(l‘(),yo)(l' - ‘TO) + fy(l‘o, yo)(y - yO)'
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e Linear Approximation (Tangent plane approximation):

f(z,y) =~ f(xo,y0) + fe(To,y0)(x — z0) + fy(z0,0) (¥ — o)
= L(z,y).

e Differential notation: dz = f,(x,y)dz+ f,(z,y)dy. If we take dv = x—=z0, dy = y—1ypo,
then dz|(qoy0) = fo(%0,%0) (T — 20) + fy (0, Y0) (¥ — Y0)-

Example. Find the equation of the tangent plane of the surface z = ™ + g at the point
(2,1, +2).
Solution. Let f(x,y) = e™ + +- Then

1
fo=ye™ + =, fu(2,1)=¢+1.
Y

x

fy =ze™ — —,
2

)

f,(2,1) = 2¢* — 2.
Thus the equation of the tangent plane at the point (2,1,e? + 2) is
z—(2+2) = (E+1)(z—2)+(2e*=2)(y—1), ide., z=(e2+1)v+(2*—2)y—3e*+2.

Example. Use the linear approximation of f(z,y) = 22%y* + 3zy + z at (1,1) to approxi-
mate f(0.9,1.1).

Solution.

Fey) = FOLD) + (L 1)@ — 1)+ f(1 1)y — 1)

f(z,y) = 22%y* + 3zy + x, fo =4ay? + 3y + 1, f, = 42’y + 3y

FL1) =6, fu(L1) =8, f(1,1) =7

Thus f(z,y) = 6+8(x—1)+T7(y —1).

£(0.9,1.1) ~ 6+ 8 (—0.1) + 7%0.1 = 5.9

Example. Let z = 22 + 32y — ¢* .
(a) Find dz.
(b) If x changes from 2 to 2.05, y changes from 3 to 2.96, calculate dz and Az.
Solution: (a) dz = fy(z,y)dz + f,(z,y)dy = (22 + 3y)dx + (3x — 2y)dy.
(b) Putting zo = 2, dz = 2 — 2.05 — 2 = 0.05, yo = 3, dy = 2.96 — 3 = —0.04, then
d2|(zo40) = fu(@0,Y0)(x — 0) + fy(%0,Y0)(y — yo) = 0.65.
Az = £(2.05,2.96) — f(2,3) = 0.6449.

2. Functions of three or more variables w = f(z,y, 2).
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e Linear Approximation (Tangent plane approximation) at (zo, Yo, 20):

f(x,y,2) = f(wo,v0,20) + fe(To, Yo, 20)(x — 20) + f (20, Yo, 20) (¥ — Yo)
+ f2(20, Y0, 20) (2 — 20)
= L(z,y,2).

e Equation of the tangent plane of to the level surface f(x,y,z) =k at (xq, yo, 20) is:

fa}(x07 Yo, Zo)(x - 900) + fy(xmyo, Zo)(y - yo) + fz(:vo,yo, Zo)(z - Zo) =0.
e Differential: dw = w,dzr + w,dy + w.dz.

Example. A rectangular box has measured dimensions 75 x 60 x 40. The maximum error

of the measurement to each side is 0.1. Find the maximum error of the volume.

Solution: Let V = zyz. Then

dV = yzdx + xzdy + zydz, = AV = dV = 990.

14.5. The Chain Rule

e Basic Chain Rule

1. If z = f(x,y), © = g(t), y = h(t), then

dz 8z@ (‘32@

dt " drdt | dydt
2. % means rate of change of z with respect to ¢ along the path = = ¢(t), y = h(t),
teD.
3. Ifw= f(x,y,z), T = g<t>7 Y= h(t)’ z = k(t)a then
dw  Ow d_x owdy Ow d_z

dt " ordt oyt 9zt
e General Chain Rule: If w = f(x,y, 2), = g(u,v), y = h(u,v), z = k(u,v), then

ou_owor owdy  owo:
ou Oxrdu Oydu 0z 0u

ow aw@ 8w@ ow 0z

v Oxov oyov ! ozov

43



e Implicit Differentiation:

1. If F(z,y) =0, then
dy  F,
dv ~ F,

y
Here when we calculate partial derivatives, we consider x and y as independent

variables.

2. If F(z,y,2) =0, then
0z F, 0z F

Y

or  F. 0y F
Here when we calculate partial derivatives, we consider x, y and z as independent

variables.

Example. Suppose z = f(z,y) where z = ¢g(t) and y = h(t). Given the data
g(1)=1,4(1) =2,
f:(1,2) = -1, f,(1,2) =2.
Find % when ¢ = 1.
dz Ozdxr Ozdy
Slt. ) o __:m/ hl
olution. =5 w Tayar 9 T

t=1=(z,y) = (9(1),h(1)) = (1,2)

dz

E t=1 — fx(lﬁ 2)9/(1) + fy(l’ 2>h,(1>

= (-1)(2) +(2)(3) = 4

Example. Consider the following function

3

z=2%y+e"cosy, x=1tsins, y=s>+ 3t

Calculate 9 at the point (s,t) = (0,1) by using Chain Rule.

Example. Find ¢/ if 2%y + e* cosy = 3.

Example. Find % and g—; if 22y + 2% + Bayz = 3.
The normal form of the tangent plane to F(z,y,z) = 0:

<P, Fy,F,> -<x—20,y — Yo, 2 — 20 >= 0.

Example 57. Given 23 + y® + 23 + 6xyz + 4 = 0. Find the tangent plane at the point (1,
1, 2).
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Solution : The tangent plane at (1, 1, 2) is —9(z — 1) + 15(y + 1) + 6(2 — 2) = 0, or
32+ 5y + 22 4 4 =0,

14.6. Directional Derivatives and the Gradient Vector

14.6.1 Gradients and Directional Derivatives in the Plane

e Directional derivatives:

1. The directional derivative of the function f(x,y) at (xg,yo) in the direction of a

unit vector 4 =< uq, ug > is

Daf(wo,y0) = }}L% f(zo + huy, yo +hhu2) — f(xo, 10)

fz(o, yo)ur + fy(xo, yo)us

= < fm(x07y0>afy<x0ay0) > < Up,Ug > .

2. Dgf(xo,yo) means the rate of change of f(z,y) at (2o, yo) in the direction of .

e The gradient of f(z,y) at (z¢,yo) is

V f(xo,y0) = gradf (o, y0) =< fu(T0,Y0), fy(T0,Yo) > .

1. Vf(zo,y0) points into the direction of maximum increase of f at (zg,yo).

2. Vf(xo,0) is perpendicular to the contour line (or level curve) of f through
(0, Yo)-

3. |V f(xo,y0)| is the maximum rate of change of f at (xq, yo).

Example. Let f(z,y) = /222 + 3y2.

(1) Sketch three level curves, and calculate the gradient of the function.

(2) Find the directional derivative of f(z,y) at the point (2,1) in the direction of the
vector (1,v/3).

(3) Find the maximum rate of change of f at (2, 1) and indicate in which direction this

maximum will occur.

Example. Let f(z,y) = 2%y + 43°.
(1) Calculate the gradient of the function.
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(2) Find the directional derivative of f(z,y) at the point (2,1) in the direction of the
vector (1,v/3).
(3) Find the maximum rate of change of f at (2, 1) and indicate in which direction this

maximum will occur.
Solution. (1) Vf = (2zy, 2* 4 8y).
(2) 7= (1,v3), i =1(1,V3), Vf(2,1) = (4,12).
Dgf =Vf-u
D,f(2,1) =Vf(2,1) @ = (4,12) - 1(1,V/3) =2+ 6V3
(3) The maximum rate of change of f at (2, 1) = |V £(2,1)| = |[(4,12)| = 41/10,
which occurs in the direction (4,12).

14.6.2 Gradient and Directional Derivatives in space

e Directional derivatives:

1. The directional derivative of the function f(x,y, z) at (o, Yo, 20) in the direction

of a unit vector 4 =< uq, us, uz > is
fa(xo, %0, 20) = Daf (0, Y0, 20) = fa(T0, Yo, 20)ur+ £y (o, Yo, 20) U2+ f2 (20, Yo, 20)us.
e The gradient of f(z,y,2) at (xo, yo, 20) is

gmdf(xo,yg,zo) = Vf(l’o,?/oazo) =< fx<x07y0720>7fy(x()vyO;ZO)afz(a?(]ay()vZO) >

1. Vf(zo,yo, 2z0) points into the direction of maximum increase of f at (zo, yo, 20)-
2. V f(xo, 0, 20) is perpendicular to the level surface of f through (z, yo, 20)-

3. |V f(xo, Yo, 20)| is the maximum rate of change of f at (xg, yo, 20)-

e Equation of the tangent plane to the level surface f(z,y,z) =k at (zo, yo, 20) is:
< fw(x())yOa ZO)a fy(mOa Yo, ZO)7 fz(x07 Yo, ZO) > < T —=T0,Y — Yo, 2 — 2o >= Oa i'e'7
fa (0, Y0, 20) (x — 0) + fy(T0, Yo, 20) (Y — Yo) + f2(T0, Yo, 20)(2 — 20) = 0.

e Normal line to S at a point P(xo,yo, z0) is the line passing through P and perpen-

dicular to the tangent plane:

T — X _ Y—1%Yo _ Z— 20
fx(ﬂio,yo,zo) fy(l“o,yo?Zo) fz(l’o,yo,zo)

Example. Suppose that the temperature of a room at a point (z,y, z) is given by

80 )
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(1) In which direction does the temperature increase fastest at the point (2,1,1)?
(2) What is the maximum rate of increase?
Solution: (1)

160
(1 4+ 22 + 2y? + 322)2

VT(z,y,2)=Tu+T,jT.k= (—xi — 2yj — 3zk),

VT(2,1,1) = 2(—% _9j — 3k).

(2)
8V17
5
Example. Find the equation of the tangent plane and the normal line at the point (2,1,9)
to the ellipsoid f—; + % + ;—i = 1.
Solution: Tangent plane: x + 2y + 2z — 22 = 0.

IVT(2,1,1)| =

14.7. Maximum and Minimum Values

Definition 2. We say that a function f(x,y) has a relative (local) mazimum at a point

(xo,Y0) if there is a circle centered at (zo,yo) such that

f(z,y) = f(wo,90)

for all (z,y) in that circle; f(x,y) has a relative (local) minimum at a point (xo,yo) if there

is a circle centered at (xg,yo) such that

f(z,y) < f(zo,90)
for all (x,y) in that circle.

Definition 3. The critical points of a function f(x,y) are those points (xo,yo) for which

J2(zo,y0) = 0 and f,(zo,v0) = 0, or if fu(xo,y0) or fy(xo,yo) is undefined. Saddle point:
The graph of the function crosses the tangent plane at this point.

Example 58. Find the critical point(s) of f(x,y) =z — 3wy + 3

Solution: The first partial derivatives are f.(z,y) = 32% — 3y, f,(z,y) = =3z + 3y%
Setting f, = 0 and f, = 0: 32°—3y = 0, —32+3y* = 0. We imply that (z,y) = (0,0), (1,1).
First-Partials Test for Relative Extrema: If f has a relative extrema at (a,b), and

the first partial derivatives exist in a circle centered at (a,b), then (a,b) is a critical point.
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Second-Partials Test for Relative Extrema: Assume that f has a continuous partial

derivatives on an open region containing (a,b). Let (a,b) be a critical point of f. Denote
d(a,0) = fu(a,b) fyy(a,b) = (fay(a,b))*.
1. If d > 0 and f,.(a,b) > 0, then f(a,b) is a relative minimum.
2. If d > 0 and f,.(a,b) <0, then f(a,b) is a relative maximum.
3. If d < 0, then f(a,b) has a saddle point.
4. 1f d = 0, then the second derivatives test gives nothing.

Example 59. Find the critical point(s) of z = (z + y)(xy + zy*) and classify them.

Solution: 5
a—;:y(2x+y)(y+1), a—;:x[3y2+2y(x+1)+m].
%(w)zo,:yzo,—l,—%.
Set 5
Z o,
Ay
o If y =0, then
0z 9 9
OZa—y:x[Sy +2y(z+1)+2] =2, =2=0.
o If y=—1, then
0z 9
Ozﬁ—y:x[iiy +2y(z+1)+ 2] =z(1—2),=2=0,1

o [f y=—2x, then

0z

O:a—y:

x [3(—22)° + 2(—2z)(z + 1) + 2] = 42*(2z — 1),= z =0,

N | —

So critical points are

1

(a’vb) € {(070)7 (07 _1)7 (1’ _1)’ (57 _1>}'

To test all of them, we use the Second-Partials Test.
d(@,y) = frr(@,9) fyy (2, 9) = (fuy (2, 9))* = 29(y+1) 2By +2+1))z— (3y° +y(4a+2) +22)*.
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e d(0,—1)=—-1,d(1,-1) = —1, s0 (0,—1), (1, —1) are saddle points.
e d(0,0) =0, d(1,—1) =0, the test fails.
Example 60. Classify the critical points of f(x,y) = x> — 3zy + y*

Solution:
folz,y) = 32> =3y, [f,(z,y) = =3z +3y°, =

fa::c(may) :6[E, fyy(xvy) :6y7 f:cy(xay) :_3
Setting f, = 0 and f, = 0: 32°—3y = 0, —3z+3y* = 0. We imply that (z,y) = (0,0), (1,1).

d(l’,y) = f;rx(xa y)fyy(xay) - (fmy(xa y)>2 = 36xy - 9
e d(0,0)=-9,d(1,—1) = —1, so (0,0) is a saddle point.
e d(1,1) =27, f,.(1,1) =6 >0, s0 f(1,1) is a relative minimum.

Theorem 1. A continuous function defined on a bounded region D attains a global mazi-

mum and a global minimum in D.

Method. Find the value of the function at all critical points in D, and find local extreme

values on the boundary of D, and compare.

Example 61. Classify the critical points of f(z,y) =2 =3y +1°, 0<2<2,0<y <2.
Find the absolute mazx and min.

Solution: Inside: we see from the example above that (0,0) is a saddle point, f(1,1) is
a relative minimum.

Onz=0,0<y <2 wehave z = y>. mazrl = 8 when (y = 2),minl = 0 when (y = 0).

Onz=20<y<2 wehave 2 =8+13°—6y. 2/ =31° -6 =0=y = /2. mar2 =38
when (y = 0),min2 = 8 — 4v/2 when (y = v/2).

Ony=0,0<z <2, we have z = 23

.mazl = 8 when (x = 2), minl = 0 when (z = 0).
Ony=2,0 <z <2 wehave z = 23+8—6x. Similarly mar4 = 8 when (z = 2), min4 =
8 — 41/2 when (x = \/§)

The global (absolute) maximum is 8 attained at x = 0,y = 2, or x = 2, y = 0. The

global (absolute) minimum is 1 attained at (0, 0).
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14.8. Lagrange Multipliers

Case 1. Two variables with one constraint: Find the extreme values of the function
z = f(z,y) subject to constraint g(x,y) = 0.

Interpretation. Find extreme values of f (x, y) on a curve.

When z attains an extreme value a, the level curve f(z,y) = a and g(z,y) = 0 have
the same tangent line. Hence their gradient vectors have the same or opposite direction:
Vf = AVg, \is a constant.

Method of Lagrange Multipliers: Solve the system of equations:
Vf=AVg, g(z,y)=0.

For each solution (z,y, A) of this system of equations, find the value of f(z,y). The maxi-

mum is the maximum value of z, and the minimum is the minimum of z.
Example 62. z = f(z,y) = zy, subject to x> +y* = 1. Find the mazimum and minimum.

Solution. Here g(z,y) =2 +y* — 1. Vf =< y,z >,Vg =< 22,2y > . So we have

= Az,
r = Ay,
%+ y2 = 1.

I DI |
Wehavex—:l:%,y—:l:ji. o 1 1
The maxu%qu‘m value of z is z(z, \1/—5) :12(—7, —\1/—5) 1: 1/2,
and the minimum value of z is (75, —75) z(— 75 7) =-1/2

Case 2. Three variables with one constraint: Find the extreme values of the function
w = f(x,y, z) subject to constraint g(z,y, z) = 0.

Interpretation. Find extreme values of f (x, y,z) on a surface.

When w attains an extreme value a, the level curve f(z,y, z) = a and g(z,y, z) = 0 have
the same tangent plane. Hence their gradient vectors have the same or opposite direction:
Vf = AVg, \is a constant.

Method of Lagrange Multipliers: Solve the system of equations:
Vf=AVyg, g¢g(z,y,2z)=0.
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For each solution (z,y,z,\) of this system of equations, find the value of f(z,y,z). The

maximum is the maximum value of w, and the minimum is the minimum of w.

Example 63. w = f(z,y,2) = xyz,2xz + 2yz + vy — 12 = 0. Find the mazximum and

Solution. Here g(z,y,2) = 2xz + 2yz + axy — 12. Vf =< yz,xz,2y >, Vg =< 2z +
Y,22 + x,2x + 2y > . So we have

yz = AM2z+y),

rz = M2z+x),

ry = M2z +2y),
202 4+ 2yz +ay —12 = 0.

We have (z,y,2) = (2,2,1),(-2,-2,—1).
The maximum value of w is w = f(2,2,1) = 4;

and the minimum value of w is w = f(—2,2,—1) = —4.

Case 3. Three variables with two constraints: Find the extreme values of the function
w = f(x,y, z) subject to constraints g(z,y,z) = 0 and h(z,y,z) = 0.

Interpretation. Find extreme values of f (x, y,z) on a 3-D curve.

When w attains an extreme value a, the tangent lines of the curve g(z, y, z) = 0, h(z,y, z) =
0, are in the tangent plane of the level surface f(x,y,2) = a. Hence, the gradient vector of
level surface (z,y, z) = a and the gradient vectors of g(x,y, z) = 0, h(x,y, z) = 0 are in the
same plane:

Vf=AVg+ uVh,

A and p are a constants.

Method of Lagrange Multipliers: Solve the system of equations:
Vf=AVg+uVh, g(x,y,z)=0h(z,y,z)=0.

For each solution (z,y, z, A, pt) of this system of equations, find the value of f(z,y, z). The
maximum is the maximum value of w, and the minimum is the minimum of w.

Remark. A, i are called Lagrange Multipliers.

Example 64. w = f(z,y,2) = v+ y + 7z subject to v —y + 2 = 1,2 + y* = 1. Find the

maximum and minimum.
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Solution. Here g(z,y,2) =z —y+2z—1, h(z,y,2) = 2>+ 9> - 1,, Vf =< 1,1,7 >
,Vg=<1,-1,1 > Vh =< 2x,2y,0 > . So we have

1 = A+ p2x,
1 = =X+ p2y,
7T o=
r—y+z—1 = 0,
??+yP—-1 = 0.

We have (z,y,2) = (—0.6,0.8,2.4), (0.6, —0.8,—0.4).
The maximum value of w is w = f(—0.6,0.8,2.4) = 17;

and the minimum value of w is w = f(0.6, —0.8, —0.4) = —3.
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Chapter 15: Multiple Integrals

15.1. Double Integrals over Rectangles

Consider the function z = f(x,y) defined on arectangle R : a < x < b,c <y < d. Subdivide
[a,b] intoa =29 <x1 <+ <z =">b,and [c,d] into c=yo <11 < -+ <y, =d.

The double integral over this rectangle is

//f(iﬂ,y)dA = m}g@; Zl (i, yig ) AA,
R =

where AA = AzAy, Az =24 Ay =C< o) <y < i, yim1 < Yy < i
Geometric meaning: If f(x,y) > 0, then it is the volume of the solid under the graph
of f(z,y), above the x-y plane, bounded by R.

The average value of the function defined inside R is

Jave = Wl(d—c)é/ f(z,y)dA.

Numerical Approximation: Midpoint Rule: To approximate a double integral numerically,
we may choose the middle point in each small rectangle as the sample point, or the top

right corner (x;,y;) as the sample point.

15.2. Iterated Integrals

Fubini’s Theorem: If f(z,y) is continuous on the rectangle R : a < z < b,c <y < d,

hen
t //f(:c,y)dA:/ab/cdf(x,y)dydx:/cd/abf(x,y)da:dy.

The right hand side is called iterated integral. By this theorem, we can evaluate a double
integral using an iterated integral.
Special case: If f(z,y) = g(x)h(y), then the iterated integral becomes the product of

//f(x,y)dfl: (/abg(w)dx) (/th(y)d:c>.

Example 65. z = ysin(zy), R = {(z,y)|1 <2 <2,0 <y <7/2}.

two integrals.
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Solution:
w/2 P2 w/2
// F,y)dA = / / ysin(zy)dz dy = / (— cos(ay)) dy
0 1 0
R

= /Oﬂ2 (—cos(2y) + cos(y)) dy = (—% sin(2y) + Sin(y)) f=1

Remark. We may use the other order to integrate with respect to x first, but it involves

an integral that is harder to evaluate.
Example 66. z = 16 — 2? — 2y*, R =[0,2] x [0, 2].

Solution:

2 2 2 1
// zdA = / / (16 — 2% — 2y*)dr dy = / <16x - §x3 - 21:y2) 2 dy
o Jo 0
R

Example 67. Find the volume of the solid bounded by z = sinx cosy, the planes © = 7/2

and y = w/2, and the three coordinates.

w/2  pw/2
V://sz:/ / sin x cos ydx dy = 1.
0 0
R

15.3. Double Integrals over General Regions

Solution:

Let D be a general finite region in the plane, and z = f(z,y) be a 2-varaible function.
Define

x?
eV wuneb.
Let R be a rectangle that contains D. Then

é/ fla,y)dA = 4/ f(a,y)dA.

Type I: A region R is of Type I, if R = {(z,y) :a <2z < b,¢g1(x) <y < ga(x)}. Then

[ st.aa- / b /g g;(j) Fe )y de.
| "

o4

r { f(xvy)v ($7y)ED;



Example 68. Let z = x + 2y, R be the region bounded by y = 22 and y = x + 1.

Solution: The intersection points of y = 222 and y = 22> + 1 are x = £1. Thus
R={(z,y): —1<z<1,22> <y <a?+1}.

1 2+1 1 32
//sz:/ / (:E+2y)dyd:z::/ (=3z* —2® + 227 + 1) do = ==
—1J222 -1 15

R

Type II: A region R is of Type II, if R = {(z,y) : ¢ <y < d, hi1(y) <z < hy(y)}. Then

//fxydA //h( Flosy)da dy.

Example 69. Let z = xy, R be the region bounded by y = x — 1 and y* = 2z + 6.

Solution: The intersections of y = z — 1 and y?> = 22 4+ 6 are y = —2,4. Thus
R={(v,y): —2<y <43’ -3<z<y+1}

4 y+1
// f(z,y)dA = / / xydx dy = 36.
£ —2J1y2-3

Example 70. Fvaluate the volume of the tetrahedron bounded by planes x + 2y + z = 2,
rx=2y,x=0, and z = 0.

Solution: The vertices of this tetrahedron are (0, 0, 0), (0, 1, 0), (1, 1 / 2, 0), and (0,
0,2). Thenz=2—2—2y, R={(z,y): 0<ax<1,2/2<y<1-—2z/2}.

1-xz/2 1
//fxydA // 2—x—2y)dydac:§.
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General Region:

A region R has to be subdivided into a number of such regions and calculate the integral
separately. If a region can be regarded either as a Type I region, or a Type II region, in
some cases, the order of integration is significant.

Changing the order of integration: Some regions can be regarded as of Type I or of
Type II. We may use two different ways to express a double integral over such a region
as iterated integral. In some cases, both ways are appropriate, and give the same result.

However, in some cases, one iterated integral can be evaluated, but the other cannot.
Example 71. Find fOS fy92 ysin(z?)dzdy.

Since the integral fy92 ysin(z?)dx cannot be integrated analytically, this iterated integral

cannot be integrated in this order. We need to change the order.
4

i o e 1 — cos 81
/ / ysin(z?)drdy = //ysin(x2)dA = / / ysin(z?)dydr = ﬂ.
0 Jy? 5 0 Jo 1

Properties of Double Integrals:

(i) ff (z,y) + g(x,y)]dA = fff:cydA—irffgxy )dA.

(i) ffol’ydA—CfffwydA

(i) TF f(z,y) < g(ay) for all (2,) € R, then [f f(z,y)dA < [[ gz, y)dA.

(iv) 1t R = Ry U Ry, Ry (1 Ry = 0, then [ f(z,y)dA = [f f(z,y)dA + [] f(a.y)dA

(v) [ dA = the axca of R ’ " "

(vi) 1 m < f(z5) < M for all (z,y) € R, then mA < [[ f(z,y)dA < MA, where A is
the area of R. :

15.4. Double Integrals in Polar Coordinates

Polar coordinates: x = rcosf, y = rsinf. A polar rectangle is defined to be R = {(r,6) :
a<0<pa<r<b}, where 0 < —a < 27.
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The double integral over a polar rectangle R is evaluated by the iterated integral:

B b
//f(x,y)dA :/ / f(rcos@,rsin@)rdrdd, dA = rdrdf.
5 (e a

Example 72. Find [[ zdA, where z = e (@) R = {(r,0):0<60<7/2,0<r<a}.

R
w/2 a 1 — —a?
// zdA :/ / e pdrdh = u.
5 0 0 4

HR={(r0):a<<p5h(0) <r<hy(h)}, then

B rh2(0)

//f(m,y)dA:/ / f(rcos@,rsin)rdrdd.
a Jhi(0)

R

Example 73. Find the volume of the solid above the x-y plane, under the paraboloid z =
2% 4+ 12, and inside the cylinder x* + y* — 2z = 0.

The base of the cylinder is the circle in x-y plane (z — 1)? + y* = 1 with center (1, 0)
and radius 1. In polar coordinate system, the equation of the circle is » = 2 cos§. Thus

R={(r,0): —m/2<6<7/2,0<r <2cosb}.

w/2 2cos 6 w/2
V = // zdA = / / r’rdrdf = / 4 cos* dp
—7/2J0 —m/2
R
2

n/
= /_W2 (g + 2cos(20) + %COS(M)) df = 37%

15.7. Triple Integrals

15.7.1 Triple Integral over a Rectangular Box
A rectangular box is the region in 3-dimensional space defined by
B={(z,y,2);a<zx<bc<y<dr<z<s}

Fubini’s Theorem: If f(z,y, 2z) is continuous on the rectangular box B, then

///ﬂx’y’z)dvz/rs/cd/abf(%y,z)dxdydz.

This integral can also be evaluated by the other orders of the variables.

o7



Example 74. Find [[[(x +y+ 2)dV, where B = {(z,y,2) : 0 <2 <2,0<y <2,0<
B
z < 2}

///(:E+y+z)dV:/02/02/02(x+y+z)d:vdydz:/02/02 (%x2+$y+xz)2

dy dz

=0

2 2 2 2
:/ /(2y+2z+2)dydz:/ (y2+2yz+2y)|zzo dz:/ (4z 4+ 8) dz = 24.
o Jo 0 0

15.7.2 Triple Integrals over a General Region

Let E be a general finite region in 3-dimensional space, and w = f(x,y, z) be a 3-varaible

function. Define

3 f.fl?,y,Z, r,y,z GE;
flz,y,2) @ 8:2); (28,2)
0, (x,y,2) € E.
Let B be a rectangular box that contains E. Then

] #evnav = [[[ iy z1av

Type I. The region is bounded by a cylinder F(z,y) = 0, and the graphs of two functions
of x and y:

E=A{(z,y,2): (z,y) € D,us(x,y) < z < us(z,y)},

where D is the region in (z,y) plane bounded by the graph of F'(z,y) = 0. A triple integral

over a region F of type I is evaluated by

// f(z,y,z)dV = //(/uu(y xy,z)dz)dA.

Type II. The region is bounded by a cylinder F(y, z) = 0, and the graphs of two functions
of y and z:

E={(z,y,2): (y,2) € D,u1(y, 2) < x < us(y, 2)},

where D is the region in (y, z) plane bounded by the graph of F'(y, z) = 0. A triple integral
over a region E of type II is evaluated by

///fx% Jav = //(/ : xy,z)dx)dA.
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Type III. The region is bounded by a cylinder F(z, z) = 0, and the graphs of two functions
of x and z:
E={(t,.%): (£,2) € D,ui(1,2) <y < ol 2)},

where D is the region in (z, z) plane bounded by the graph of F(x,z) = 0. A triple integral
over a region F of type III is evaluated by

/// fz,y,2)dV = // (/::i:) f(=z,y, z)dy) dA.

Remark. If a region is not of any of these types, we can subdivide this region into a finite

number of regions of these types. The triple integral is the sum of triple integrals over

sub-regions.

Example 75. Evaluate [[[(x + y)dV , where E is the tetrahedron bounded by planes
E

r=1lLy=1Lz=1, andex+y+2z=2.

Solution: The solid is shown in the following diagram:
4+ =

m11i

|"I|'|1'I;
S

(1 0m
X f1.1.01

. i0 10l =

Solution: Let D be the triangle in xy- plane bounded by x = 1,y = 1,2 +y = 1. Hence

(x+y)dV = 1 (x +y)dz | dA
J N 2—(z+y)
_ /01 /111 /;(Hy)(x +y)dz dy dr — i

Example 76. Evaluate [[[ zdV , where E is the region bounded by paraboloid y = 2 + 2*
o

and the two planes x =y, z = 0.
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Solution: Let D be the region bounded by y = 22 and y = x. The intersections of the

two curves are (0,0), (1,1). Hence

[l ([ ) aa
:/01//0 o zdzdydx—/ / dydx—léo

Remark. If a solid E is bounded by two planes z = a, and z = b. The cross section at a

given value z is D,. Then the triple integral over E can also be evaluated by
b
///f(x,y,z)dv =/ //f(m,y,z)dAdz.
E “ D,

15.8. Triple Integrals in Cylindrical Coordinates

Cylindrical coordinate system uses (7,6, z) to specify a point in space, where r and 0 are

polar coordinates of the projection of the point on the xy-plane.

x
x=rcost,y=rsinf, z=z 1r=+/22+9y> Cos@-—sm@-g z=z.
r

ﬁ

Example 77. (r,0,2) = (=1,7,2) = (2,y,2) = (1,0,-2); (z,y,2) = (V3,-1,2) =
(r,0,z) =(2,-7/6,2).

Suppose the region E of integration is of type I. A triple integral can be evaluated with

the cylindrical coordinates:
r=rcosf,y =rsinb, z = z,dV = rdzdrdf.

Let D be the projection of E onto the xy-plane. Then

ha(0 2(r cos 0,rsin 6)
// flz,y,2)dV = // / f(rcos@,rsind, z)rdzdrdf.
h1(60 (rcosf,rsinf)

The other orders of integration are also possible depending on the definition of the
region. For example, we may integrate with respect to 6 and r first, and then z.

Let D, be the intersection of region E and a plane parallel to the xy-plane with z being
a constant. Then the triple integral can be evaluated by integrating for the region D, first

and integrate the result with respect to z.
b
// flz,y,z)dV —/ //f(r cos@,rsind, z)rdrdf dz.
E * .
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Example 78. Find the integral [[[ zdV , where E is the region under the unit sphere and
E
above the plane z = 1/2.

Solution: In cylindrical coordinates, the unit sphere is given by 72 + 22 = 1. The
projection of the intersection of the unit sphere and the plane z = 1/2 onto xy-plane is the
region 72 +y*> <1 —22=1—1/4, or 22 + y*> < 3/4. In cylindrical coordinates, we obtain
0<r<+3/2,0<60<2rm 1/2<2<+/1—7r2 Thus

2 pV3/2 V112 O
/// zdV = / / / zrdzdrdf = —.
s 0 0 1/2 64

Remark. This integral can also be evaluated in another order: Let D be z? +y* < 3/4.

1 1 o V122
/// zdV = / // zdAdz = / / / zrdrdfdz.
J 1/2JJD 12Jo  Jo

Example 79. Find the integral [[[(z*+ y*)dV , where E is the solid bounded by
E

—2<2<2, V-2 <y<Vi—a? /a2 +y? <2 <2

Solution: Note that E is the region bounded by the cone z = 2% + y? and the plane
z = 2. In cylindrical coordinates, we obtain 0 <r <2, 0 <6 <27, r?2 < z < 2. Thus

or ;2 2 1
///(;U2 +y?)dV = / / / r?rdzdrdd = ﬂ
o 0 0 Jr2 5

Example 80. Find the integral [[[2dV , where E is the solid bounded by 2* + y* =
E
1,22 4+ 22 = 1.

Y |

'IV"L-" il

Solution. We look at the part B of the solid E in the first octant. We have

B: 0<r<1,0<0<—=,0<z<+vV1—2a2=+1-r2cos?6.
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Thus

w/2 1 pvV/1—r2cos?6
/// zdV = / / / zrdzdrdf
J 0 0o Jo
w/2 1 /2 1 3t
_ (o _ 2 — (2 _ -
= /0 8(2 cos” 0)db / (3 — cos20)dd 3"

fff o= ///de s

Example 81. Find the volume of the solid bounded by x> + y*> = 1,22 + 22 = 1.

Solution. We look at the part B of the solid E in the first octant. We have

w/2 1 pvV/1—r2cos?6
/// dV = / / / rdzdrdd
% 0 0 0

w/2 pl 71'/21_ : 36
_ / / VT =17 cos? fidrdf) — / Losind g,
0 0 0

3cos20

1 (™2 /1 —sinf +sinfcos? 0 1 [™/? 1 sin @
B do = = — inf ) do
3/0 ( cos? § ) 3/0 (00826 cos? 0 e >
w/2 . .
= ([ tanf — 1 —cosf = 81119—1_0080
cos 6 cos 6

[ffo-s fff-

15.9. Triple Integrals in Spherical Coordinates

B : O§r§1,O§6§g,0<2§\/1—x2:\/1—r200529.

Thus

AN ing— 1
e Ay |}
0—n/2 cosl

A point P in the space may be specified (p, 0, ¢):
&
=

/PN
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r = psinpcosf,y = psingsinb, z = pcos ¢, dV = p*sin pdpdpds,

oNzy,2z) 2 .
where a(p’g’ = = p’sing.

If a region E is specified in spherical coordinates, then
/// fz,y,2)dV = /// f(psing cos 8, psin ¢ sin 6, p cos ¢)p* sin pdpdepdo,
E E

where the order of integration depends on the definition of E.

Example 82. Find the volume of the solid bounded by the cone x> + y* — 22> = 0 and the
upper half of the sphere x* + y* + (2 — 1/2)?> = 1/4.

Solution: The intersection of this solid and the yz-plane is shown above. We need to

find ranges for p, 6, ¢. Note that the solid is within the cone and below the sphere, we have

:1:2—|—y2—z2§0,=>0281n2¢—020052¢§0,:>Sin¢§COS¢,=>0§¢§%-
Py (2 -1/2P <1 dm 2+ + 22 =2 < 0= pP —peosd 0= 0< p < cosg.

The intersections of 22 + y? — 22 = 0 and 2% +y* + (2 — 1/2)? = 1/4 are z = 0,1/2, which
gives the domain in the xy-plane: 22 4+ y* = 1/4. Thus 0 < 0 < 2.

2r  pw/4  pcos¢ o /4 1 _
VZ///dV:/ / / pQSingbdpdgbd@:/ / = cos® psin pdddf = =
o 0 0 0 0 0 3 3

Example 83. Find the integral I = [[[ /2% + y? + 22dV, where E is region between the
E
sphere 2% +y* + 22 = 1, and the sphere x> 4+ y? + 2% = 4.
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Solution: It is easy to see that 1 < p <2,0<60 < 27,0 < ¢ <. Thus
2 s 2
I= /// Vat+y? + 22dV = / / / V/ p2p?sin ¢pdpdpdf = 157.
o Jo Ji
E

Example 84. Find the integral I = [[[ zdV , where E is region below the sphere x* + y* +
E

22 =1 and above the plane z = 1/2.
Solution: The intersection of the sphere x2 + % + 22 = 1 and the plane z = 1/2 is
? +y* =3/4,=0<0 < 2.

To find the interval for ¢, we look at the intersection of the solid and the yz-plane:

F

Va2

73 =V3=>¢=n/3=0<¢<7/3

v’ =3/4=y=V3/2=tang =

>1/2 = >1/2=p> .
z>1/2=pcos¢ > 1/ P2 5 osd

Py <l pP <1l p< 1

2w pm/3 pl
I = /// z2dV = / / / p cos pp* sin pdpdpdh
o 0 0 1/(2cos ¢)

1 27 /3 1 9
- i 16 — —— _ o
61/, /0 sin ¢ cos ¢ ( 6 p_— ) dode )

Thus
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Chapter 16: Vector Calculus

16.1. Vector Fields

Vector Fields

In a two-dimensional space,vector function ﬁ(x,y) =< P(z,y),Q(z,y) >= P(:U,y)f—i—
Q(x,y)7 is a 2-dimensional vector field.

In a three-dimensional space, F(z,y,2) =< P(z,y),Q(z,y), R(z,y) >= P(z,y)i +
Q(x,y)] + R(x, y)E is a 3-dimensional vector field.

Vector fields can be visualized by diagrams.

Example 85. Gradient Vector Fields: Let f(z,y) = 2> +y?. Then F(z,y) = Vf(z,y) =<
x,y > 1s a vector field.

¥

b S . S T T £ N S A A A s
S U P T N ey O
SAAAAATN L TR
WSUASAT L TSN
N N T T W T Y P B R N Y A
-‘-\.“‘\.\“.1_“"’4’.’-—‘
1 1 1 1 1 I_\:
BRI N N ENE D
R G VR A R N GV Vi S N
o e K Vo A A
////ﬁ’if__‘_\\\\\\"‘-
SOOI T T LA AAC KA
¢ NI ik TR g g
///fz’!f_s_l\\\\\\

Conservative Vector Fields

A vector field F' is conservative if there exists a function f such that F = V f . In other
words, a vector field is conservative if it is the gradient field of a (scalar) function. The
function f is called the potential function of F.

Remark. The potential function of a conservative vector field is not unique.

Example 86. F =< ycosz,sinx > is a conservative vector field with potential function

f(z,y) = ysinz.
F =< y2,2zy + e3z,3yedz > is a conservative vector field with potential function

fz,y,2) = xy? + ye*.
16.2. Line Integrals
1. Line Integrals of Scalar fields in 2-D
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Let C be a smooth curve given by = = z(t),y = y(t),a < t < b, or equivalently, by
the vector equation 7(t) = z(t)i + y(t)j. Let the density at a point (z,y) on C be f(z,y).
Subdivide this curve segment into a number of small segments. The weight of a small
segment of the curve is approximately f(z*, y*)As, where (z*,y*) is a point in this segment,
and As is the length of this small segment. The sum ) f(z*,y*)As is an approximation
of the total weight of the curve segment. The total weight of C is AIEEO S flx* y*)As.

Definition 4. If f is defined on a smooth curve C, then the line integral of f along C' is

/Cf(x,y)ds = AliSIEOZ:]‘j(:B*,y*)As

if the limit exists.

This is also called the line integral of type I.
An interpretation of line integral: The area of a ”fence” with C' as the base, and the

height is given by f(z,v).

Calculation of a line integral: If the smooth curve C is defined by parametric equations
x=uxz(t),y =y(t),a <t <b, then

[ is = [ e VIO T WO, ds = RGP T P
If C can be subdivide into a finite number of segments, and smooth on each segment,
then the line integral is calculated for each segment and the sum is the line integral of C.

Example 87. Find fo yds, where C is the cycloid v =t —sint,y =1 —cost, 0 <t <27 .

Solution:

/Cyds = /027r y(t) /[ ()] + [y (1)]2dt = /%(1 — cost)V2 — 2costdt

0

S B S

0
Example 88. Fvaluate fc 4x3ds, where C is the curve shown below:

-

T
52
=
Il
iy
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Solution: The three curves are:

Crix=ty=-1,-2<t<0; Cy:x=ty=t2-1,0<t<1; Cy:ax=1y=t0<t<2

0
/ 49530[3:/ 43v/12 + 02dt = —
C

/4x3ds:/ At34/12 + (3t2)2dt = 103/2 1),
Ca

/4a;3ds=/ 4(1)°V02 4 12dt = 8,

Cs 0

2
/ 42°ds = / 42°ds —i—/ 42°ds —i—/ 4r3ds = ——(10%% — 1) — 8.
c o o Cs 27

Special cases: ds = dx,ords = dy: fc x,y)dx and fc x,y)dy are called respectively

thus

line integral of f along C with respect to x and y. Suppose C is defined by parametric
equations x = u(t),y = v(t), a <t < b, then

Lémmww+@@wwzjﬁmuw<>+Mum<mw

Example 89. Find I = [,(z + y)dz + (z — y)dy , where C is a curve defined by x =
e'sint,y = e'cost,0 <t < m/2.

Solution:

/2
I = /(x+y)dx+(a:—y)dy :/ [(e'sint+e' cost)(e' sint)' + (e sint—e’ cost)(e’ cost)]dt
c 0

w/2 T 1
= / 2¢% sin(2t)dt = / e’ sin(w)dw = 5(67r +1).
0 0

2. Line Integrals of Scalar fields in 3-D
Calculation of a line integral: If the smooth curve C is defined by parametric equations
T = (L’(t),y = y(t)az = Z(t)aa <t <b, then

b
/&w%@wszm%@wﬂmuwﬁm+wwwt
C a

Example 90. Find [ (zvy — z)ds, where C'is the cycloid x = t,y = t*,z = %t:”, 0<t<1.
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Solution:

[av=23ds = [ (@y—2)VEOP+ WP+ F@Pa = [ gV am it = o

3. Line Integral of Vector fields

Definition 5. Let F' be a continuous vector field defined on a smooth curve C : 7 = 7(t),a <
t <b. Then the line integral ofﬁ along C is:

b
/ﬁdf:/ ﬁ(f’)-?(t)dt:/ﬁ-fds,
C a C

which can be interpreted as the total work done by this force vector field when this

object is moving from one end of C to the other end of C.

/ﬁ.df_/P(x,y)dx+Q(x7y)dy, if F=<P(z,y),Qz,y) >
C C

/ Fdi= / P(z,y,z)dr + Q(x,y, 2)dy + R(z,y, 2)dz,
c c
ifF =< P(z,y,2),Q(x,y, 2), R(x,y,2) > .

Example 91. Find fcﬁ-dﬁ where F =< x,y,z > and C1is: x = cost,y =sint, z = sint,
0<t<n/2.

Solution:

N w/2
/ F-dr= / xdr + ydy + zdz = / [(cost)(cost) + (sint)(sint)" + (sint)(sint)’]dt
C C 0

w/2 1
= / sintcostdt = —.
0 2

16.3. The Fundamental Theorem for Line Integrals

Fundamental Theorem for Line Integral: Let F=V f be a conservative vector field,

and C be a smooth curve defined by parametric equation C': 7= 7(t),a <t < b. Then

| Fedr= w) - riita))
C
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Path Independence of Line Integrals: Let F be a vector field continuous in an open
connected region. The following statements are equivalent:

(a) The line integral is independent of path.

(b) The line integral is zero along any closed curve.

(¢c) F is a conservative vector field.

A Necessary and Sufficient Condition for a Vector Field to be Conservative:
Let F =< P, Q) > be a vector field in a simply-connected region D. Suppose P and Q) have

continuous first-order derivative in D, then F' is conservative if and only if

P, =Q,.

Example 92. (i) Show that the vector field F=<3+ 2xy, 12 — 3y? > is conservative.
(i) Find a potential function of this field.
(i) Find [,(3+2zy)dx + (2* —3y®)dy , where C is a curve defined by x = e'sint,y =
etcost,0 <t <.

Solution : (i) Let P = 3 + 22y, Q = 22 — 3y?. Since P, = 2z = Q,, F is conservative.
(ii) Let f(x,y) be a potential function. Then F' =< f,, f, >=< P, q >,

fz =3+ 2xy, f, = g2 —3y2.

fo=3+2zy= f(z,y) =3z +2"y+9(y) = f,=2>+d(y) =

=3yt =2+ ¢'(y).,= ¢ (y) = =3y° = g(y) = —y°.

Hence,
fla,y) = 3x + 2%y — ¢,
(iii) To find the line integral, look at the starting and ending point of the curve. When
t=0,z=0,y=1. Whent=m,2 =0,y = —e™ . Hence

/C(3+2xy)dx+(x2—3y2)dy = /(]ﬁ-dF: (7)) = f(70)) = £(0,—e™)— £(0,1) = > +1.

Example 93. (i) Find a potential function f(x,y,z) of the vector field F=<z2yz 2+
y? >,
(ii) Find fcﬁ -di , where Cis a curve defined by x =t,y =t2,2 =2t,0 <t < 1.

Solution : (i) Let f(x,y,z) be a potential function. Then F' =< f,, f,, f. >=< z,2yz, 2+
2
y° >,
Je = Zafy =2yz, f. :x+y2-
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fo=z=f=uz4g(y,2) = fy =9, =22 = g(y.2) =¥’z + h(2), f =22+ "2 + h(2) =
fr=z+y"+H(2)=2+1y* = h(2) =0= h(z) = constant.

Hence,
f=xz+ vz
(iii) To find the line integral, look at the starting and ending point of the curve. When
t=0,r=0,y=0,2=0. Whent =1,z =1,y =1,z =2 . Hence

/ﬁ-dF:f(l,l,Q) — £(0,0,0) = 4.
C

16.4. Green’s Theorem

Green’s theorem gives the relationship between a line integral around a simple closed curve

C and a double integral over the plane region D bounded by C.

Green’s Theorem. Let C be a positively oriented, piecewise smooth, simple closed curve
in the plane, and let D be the region bounded by C. If P and @ are functions of (z,y)
defined on an open region containing D and have continuous partial derivatives there, then

/dex+c2dy://D (%—‘2—5) dady.

Example 94. Use Greens Theorem to evaluate fC rydx + 2%y3dy where C is the triangle
with vertices ,(0,0), (1,0), (1,2) , with positive orientation.

Solution:

2
/ zydr + 222 dy = / (2zy° — x)dxdy = =.
c D 3
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