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Instructions

This exam has 15 pages and you have 3 hours to complete it.

This is a closed book exam. Furthermore, all calculators, cell phones, pagers or any
other electronic or communication devices are forbidden.

Read each question carefully before answering.

Questions 1 to 10 are multiple choice questions. These questions are worth 2 points
each and no partial marks are possible. Please write your answers in the cor-
responding boxes in the grid below entitled “Answers to multiple choice
Qs”.

e Questions 11 to 16 are long answer questions and are worth 5 marks each, so organize
your time accordingly. A correct answer requires a full, clearly-written and

detailed solution. Answer each question in the space provided, using backs of pages
or the extra pages at the end if necessary.

¢ Do not unstaple the test.
e Good luck!
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1. Consider the function f(z,y) = z*y + 2zy®. If we start at the point (1,2), along which
direction should we move in order to obtain the maximum rate of change of this function?

A 97T+167 ﬁf(,,g}; fo (}/'z)f+ fa N

B. 25 (7.3 " i) T
=430 12 2/ 24 (x*+7)) )
e g2y, 2o 00

D1 = J1+97

E.j

F. this function does not have a maximum rate of change

2. Which of the following corresponds to the equation for the tangent plane to the surface

zA:2x8—4y1:ttjzpoint (2,1,4)7 Z: fx (1‘1)[5(-7—)4*‘%[2//)[9 -’).*_7

z=8x—12y ) ‘ o
- . 2\ = j2q? /‘j“‘) +4

B.z=dzx(z—2)—12¢*(y —2) +4 - Lf%/(l,')[)( ) / Cj /(lu)

C.z=4 =g (x-1) -2 (y-1)+y
D.z=8z— 12y & Mo QWC(

z2=8(r—-2)—12(y—1)+4

F'. this function is not differentiable at the given point, so there is no tangent plane.
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3. Consider the solid region which is bounded by the planes 2 =0, 2 =10 —z — 2y, z = 0,
x =1,y =0 and y = 2. This solid has a mass den31ty given by é(z,y) = xy Then the total

mas is solid is 2 | / =t :ﬁ /0 -y Z,(;(
20 J? XY 7z
AT J J 3 dy= f J J /

B. ? SERRF A |
E’; - jj‘xg(/mx—zg‘)[kb :JS(‘/O{;; -%lj’-z"jlﬂ’)‘}g
E. 7 6 O -
- JS;«j X%y “"3/ dhy = j (59-% )
B
- S”>/ % v//L - iy = EY,

4. Which of the followmg corresponds to reversing the order of integration for the iterated

1
integral / / f(z,y) dy dx? S
0 1
s [ swadsa
=—1 Jy=x2

b / / Flayy) da dy
C_/Ol Iﬂf(x,y)dmdy ,_\]5 <y U
O

=0
o [\ e
E. /yio /m:_ﬁ f(y,z)dz dy

-1 z2
F. / / f(z,y) dy dx
=0 Jy=1

<
Xr

f(z,y)
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5. Consider the solid region (ice cream cone) bounded above by the hemisphere z =

/1 —22—92 and bounded below by the cone z = /2% +y2. This region has a mass
density given by 6(z,y, z) = 2% + y* + z%. Then the total mass of this solid is

w/4
/ / / p* sin o dp dyp do
=0 J o=
/4
/ / / ot sin @ dp dyp d
0=0 J p=
/4
/ / / ptdpdpdo
0 p=
w/4
/ / / p* dpdy db
o—
/ / / p* sin pdpde do
0=0 J p=0
o pr/d pl
F/ / / p* sin @ dp dp d o o b
0=0 J =0 J p=0

6. Consider the parametrized curve 7(t) = 2¢7 + sin 3t j — cos 3tk, 0 < ¢ < /3. The total

arclength of this curve is
4”(%) 2% +3en 3t 4—39»131‘[
N 12 )= ﬁm(w‘s% b sint3t)

o T3 :m:ﬁ

/s

D. = |- J““”t)hé% I/c’z‘ J/f

A.
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7. Which of the following is the result of having converted /

into polar coordinates?

Tl
A. / / (r? cos? § — r sin 6) dr df
=7 Jr=0

5
(z* — ) dy dx

/1$2
y=|z|

LT
B. /4 / (r? cos® 6 —r sin 0) v dr df
=0 Jr=0

3 o1
C. / / (1% cos® @ — r sin 0) r dr df
9‘_0 r=0

37 M‘_\"“‘-‘—"‘\\
/ / r? cos® @ — r sin ) r dr df
1
E. / / (r* sin® @ — r cos 0) r dr df
9:% r=0

LA}
F. /2 / (r* cos* § —r sin 8) r dr df
0=0 Jr=0

8. Let D be a region in the plane on which Green’s theorem holds, and let C' denote the
boundary of D oriented positively with respect to D. Which of the following line integrals

will be equal to the area of D? Recall that the area of D is given by / / dz dy.
D

Mt

A. 7{ zdr + ydy
c

jT’ok +Q e

B. j{ ydr -+ xdy
C -

) P=o

=) Dg _ D/P :/
¥ 27
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9. Which of the following corresponds to the value of the line integral / F' - d7 of the vector
c

field ﬁ(az, v, 2) = (y+ 2) i+2)— 2 k along the straight line segment C' which starts at the
i 0,0) and ends at the point (1,1,1)7?

TU): L8341k
Sy L +3ed

Oé‘ffl

F (7= 2tZ ot -tk
F(RWY R0 =opp2t =3¢
i

57 j"ﬁ.d‘é: 3pde= z,é&/\
T 1y
C

M

10 Which of the following corresponds to the value of the surface (flux) integral / / F.dS
s

of the vector field ]3(1:, y,2) = (y+2)i+2yj—z k over the square S defined by 0 < z < 2,
0 <y <2, z=3, and oriented in the direction of the vector k?
— OLxs Z/ 0 SJ <

T (r4)= %L 493 j:SJL
fotym 3=+

‘F(r(“m) {:9 3L

ngu Hv(rm Ly HW’@

< “3(") = —/2

+Q<] -3 '
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11. Consider the vector field F(z,y,z) = (z€” sin y)i + (z¢* cos y) 7 + (€* sin y) k. Show
that the vector field is conservative, and then find a scalar function f(z,vy,2) such that
F(x,y,z) = Vf(z,y, ). Finally, compute

/ﬁ-dﬁ
C

where C' is some continuous curve that starts at the point (0,0,0) and ends at the point

B A T B I

;.Z fyé””v‘J ?eﬂ%:} 8)( 54“3 ¥ Zj {Zﬁfﬁa\j*zexi’ﬂj

2\9 ? s Coysnohie , = | sujm 7»0 st
F ‘Aﬁ £ Bf - 7¢ Sin 32 - ?eme ‘9}:8)‘5&‘1
F: V- A€, or - Ze 3 ; /a__g - j)R(D? j
o« ‘ N V\
gy} f[*ﬂa?): ?Q"};«qg + Q‘l/j 2') :D%éf: ;,Zf"cag(u) +D} = Ze (;\n:]\.«“}

=) c)_:?‘;g-:) Lig,2)= GL=)
94

—y
- O

o
~

=) %*j)?): 7€ sin o + Li(7) -—-%%E: dsivyth (2l = €547

= (llzy=0= L(z)=K et ]

Tﬁ[":j,?): T siny +K
R 9 T c. ‘%ﬂ e i i_ij /‘23
(Bozs [of 0%, 0) Bnowy - 2dsiry -0
c c - 9%
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12. Consider the vector field F(z,y, z) = (z —y)i+ (y+x) j+ k. Let S denote the oriented
cylindrical strip z2 4+ y? = 9, 0 < z < 2, with normal vector @ pointing away from the z-axis,

as illustrated. Compute the surface (flux) integral / / F.dS.
5

/PMM 'ZAJLE«\) 07 S«MM H F(7/9): 3(‘@9;*’3&{"9? ‘f*??g

0O, 0£z<]

= = n 5 1 . j(gchg) +I(354‘19j
-38:.8 30 o
) o ! —

f(?(z@)): (3 o 3500)2 * (3548 r3L06) 7 H

F (o) - (TxTr )= Pea'0 - 1500 60 FGsint0+ Gsn €l
- C7 (C(DZ@ +5i0"0) = ?
T 2n 2. T
jg?ﬂ= S S ?(‘F’(T,m): ({:;f@) JM?:JJ? [IQH?:
S
© 0 0 °

Q. 227 = 367
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13. Find the global extrema of the function z = f(x,y) = 3z% — 2y* on the disk of radius
one, centered at the origin, 0 < 2% +¢? < 1.
[0i9) s - 9«@ (‘N%w/

—

C\\"“;\\C‘j EQQMJ’) ‘ ‘P 63{ ' -_92‘ = Gw.ﬁ md s e Sl (,.fmovn,

On bomdug ey ~g09)= 2
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14. For the vector field F(CL’ y,z) = (2 —y?) i+ (P +a) j+ (P +x) k, compute the divergence
of F i.e. compute V- F. Then, using Gauss’ divergence theorem, compute the surface

(flux) integral / / F.dS , where S is the oriented surface illustrated below, consisting of
two parts: the herrfisphere z = —+/1—22 — 32, and the disk 0 < 22 + y? < 1 in the plane
#=0 v.p. 07 10Q fOR

: ax oy ot
= g-ﬁlz *SJZ--I' g?l

=3 [sz+32+? 2)

oo g e jj Fdl = (57 dv
JJ 2
| doeiled
(/‘9/‘ JGWLW&. E “y
Jsz(rfqu 0B 2m TP

dv: fsM«P d¢ df dg }ﬁ‘a?.—z(ﬁgﬁz@: 5p ¢
= “«% 3¢ sing dgdfdo %f&ﬁ),%%g
78 7] Joy'sns teige sl

//I/
25 | A ~ 5 .
S g - [2des LT
Hgf demj?%/) dg Jg /S/

D o 1\
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15. For the vector field F(az Y, 2 ) (—y + e %) i+ (z — In (cos?(e¥))) 7 + (2°) k, compute
the curl of F i.e. compute VxF. Then, using Stokes theorem, compute the line integral

j{ F. dr, where C is the oriented curve 22 4+ y? = 1, z = 3, illustrated below.
c

Stk fhu

(V“XC—S = f j — i
e s sllpe pegens
*&wyw « -d ! "L’mL/Ae“’)) z’ / — \\“\(,/wa S 44 K
= (o) - 3+ﬁ(’ —‘)) XL‘DL” Z- =3 o

‘Q”f@ Y

@Ovmmvlﬁ}e S’ V/ae)-(,tgﬂgij—aym@ +3Z

ocast g $O <o
- e b I Z
X% ° &0 a0 o | = 4
—“R$N0 &G 0

R HTDE o = [BiE )[c.y@)-:ﬂa\
j?-é?‘:ﬂmﬂ K - “24 e dg f

7J / JQ:'QTV'
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16. Find and classify the critical points of the function f(z,y) = z3 + % + 32y + 3.
- 2z \f = g Z.—LSX
f% = 3743y 2 2
T —(7Y — — z)* p
:EY:O____,—_) Y= - x ;szu =5 3(-x ) +3xTO
X7+ x=0
3
X (x+1)= 0

Chd s by bl ety - 29 6
é"/~,)t,5'<o

vy =

\.;—_./—B [V'/") ;D ‘/gﬁh/( d
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