MATH 205 Final Examination
December 2010

SOLUTIONS

MARKS

10
1 (a)

flz) = 1+v4d—22 if |z| <2
N 3—z it |z >2

Here is the graph:

1+

To evaluate I = ffzf(x) in terms of areas we break it up into

I= f_22 f(z)+ f;f (z). Clearly f_22 f(z) = A; is the area of the

half disk of radius 2 plus the area of the 4 x 1 rectangle on which it
1

sits = —7-2244 = 2w +4. The second integral is 0 because there are

two congruent 1 x 1 triangles: one above and one below the z-axis.

So I =27 + 4.

1 (b) If F(z)= foﬁ V1 + 2 cos (mt?) dt, the derivative is calculated us-
ing the Chain Rule, where we first put u = /= and write F (z) =



Jo V1 + 2 cos (wt?) di :
d du
F'(z) = < (F(u) &
() = o (F () - 2
= V1 +u2 cos (mu?) %xil/Q (by the FTC)

= %MCOS (rz) and
F'(1) = %\/5 (1) = —V2
16
2 (a) Let I = [ %dm and use the substitution u = e*; du = e*dx. Then
I / e’ _ / du
44 e2® 4+ u?

1A L
_2/1+(u/2)2_2 tan (u/2) +C

1
3 arctan (¢’ /2) + C

2
1—
2 () Let I = [ (:ET\/E)d:E and expand the numerator first:

_ 2 _9..1/2
I:/(l ﬁ)dxz/l 2T —|—xdx

23/2 23/2

= / (m_3/2 — 2t 4+ x_1/2) dx

= —2:"Y2 _2In|z| 4+ 22Y% 4+ C
14+
2 Let I =

(c) Le f$3_4x
tions we have
1+2x A B C

z(x—2)(z+2) :;+x—2+x—|—2
A(z>—4)+ Bz (z+2)+ Cz (z — 2)
B xz(x—2)(z+2)
Substitute z = 0 to get 1 = —4A so A = —1/4; substitute z = 2
to get 3 = 8B so B = 3/8 and finally substitute z = —2 to get
-1=8C=C=-1/8. So

el [l e L)
T 4) z 8)x—2 8) x+2

1 1
:—Zln|x|—|—§ln|x—2|—gln\x+2|+C’

1+z
z(r—2)(z+2)

de = [ dx Using partial frac-
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In 2 |
3(a) Let I= | n:21: dr=2{ n—;dm. We integrate by parts:
T x
d
u=2nz dv = —323

x
2 1
du = — V= ——
x x

1 d
andso[:—2£+2f%:_zi_,+a So
T z T T

© lng? ne  2\[° 2 2
/ - dx:—(2“+> :—<+>+(2)
1T x x|y e e

e

3 (b) Let I = [(1—sinz)cos®zdz and put v = sinz, du = coszdz.
Then

I:/(lfsinm) cos? z cos zdx
= /(1 —sinz) (1 - sin? ) cos zdx
:/(1—u)(1—u2)du:/(1—u—u2+u3)du
=u—u®/2 —u?/3 +ul/4

and to find foﬂ/Q (1 — sinz) cos® zdz we note that when z =0, u =0
and © = 7/2, u = 1 so the answer is

(u—u?/2 —u?/3+ut/d)|,=1—-1/2—1/3+1/4=5/12

3 (c) Let I = f02 V4 — 22dx. This can be done using the trigonometric
substitution © = 2sint, etc. but a much easier way is to notice
that this integral represents the area of a quarter circle centered at
the origin with radius 2, so the answer is

1
i 22 =1
8
4 (a) Let I = ffoo 23e=2 dy = limy_. _ fto 232 dz. Put u = —2z% and

so du = —4xdzx; xdx = —1/4du. Now when z = 0, u = 0 and as



1 .o
T — —0o,u — —o0so I = ~1 fioo z2e%du. We can’t have z and u

1
mixed so we need to get rid of the remaining z2. But 22 = —§u, SO
11 1 0
I=-- 7/ uedu = = lim uedu
4 2 0o 8 t——c0 ¢

Using integration by parts for fue“du : Let U = v and dV = e“du;
dU =du and V = €" so [ ue“du = ue" — e* (omit +C') so we have

1 . u w0 1
Ifgtllrinoo(ue fe)tffg
1 dx . ¢ dx
4 (b) Let I = fO (1 _{I;)5/4 = hmt—>17 fO m Put v =1 - Z;

du=—-drandz=0=u=1Lz=1=u=0s0

I O—du_ L du
AR ) ud/4

1
Since this is a Type II integral with integrand - with p > 1, it
U

diverges (you don’t have to prove it; stating it is enough).
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5 (a) The boundaries are y =Inz; y =1 — z; and = 3. The sketch is:

y A




Guided by the sketch we see that y = Inz; and y = 1 — x intersect at

(1,0). Also the upper graph is y = Inz and the lower oneisy = 1—=z
so the area is

A:/lg[lnx—(l—x)]dﬁ [xlngc‘x‘(”:_fﬂ
- (o] oo ()

9 1
231n3—6+§+2—§:31n3

3

1

(b) The region bounded by y = cos (mx) and y = —1; 0 < z < 1 rotated
about the horizontal line y = — gives a solid of revolution. For each
x the cross-section is a disc with radius 7 (z) = 1 + cos (7z) and so

the cross-sectional area A (z) = r (z)?. So the volume is given by

V:/OIA(x)dx:/olwr(x)zdx

= 77/1 (1 + cos (wx))” dz

o

(14 2cos (rz) + cos® (rz)) dz

1 2
1+ 2cos (mx) + —’_CO;(W@) dx

—r [o- 20T _<2>]

p 2T "9l on

0

wBoo] —x[0—0—0]

(c) The mean value of a function f(z) on an interval [a,b] is m =

% f: f(z)dz. So here we have
—a

1 /4 sec?
m=——— —_——dx
m/4=0Jy /1+3tanz
4 [m/4 sec? z

——dx
T Jo v1+4+3tanz

So let v = 1+ 3tanz; du = 3sec?zdw. Then z = 0 = u = 1 and



z=m/4=u=4 and we get

4
m:é/ w4 !
©J1 3Wu 3w 1
8 8
=2 (2-1)=—
37T( ) 3m
7
C)'n (-

VItoZ ot in?

numerator has no limit so the limit does not exist.

In (1+e%"
6 (b) a, = (72) Since this is of the form — we can change the

6 (a) a, = and the denominator — 3 but the

variable to x and apply L’Hopital’s Rule:
. In (1 + 62“’) L 2%
sbe 14 a? | amee (L1 €20) (22)
) 2621
= lim ———
z—o0 27 + 2we2®
2

= 1. — =0
oo 2re—2¢ 4 2

and so lim,, .o a, =0

15
7(@) Y., ﬁ = >, a, and we use the ratio test:

any1  (n+1)2" (n+1)!  2(n+1)

an n+2)!  n2"  n(n+2)
and so since L < 1 the series converges absolutely.

(ME?fﬂyﬁ¢m=Z?¢n%mm%%lme~o

. . . . 1
so by the alternating series test is converges. Since a, > ——

n+1
1 —-1)"In (1
and > 7, nri diverges, the series Y7 | W

(—=1)"In (1 +n)

—-0=1L

only con-

verges conditionally -i.e. 7 converges but > 7

(1+mn)
In (1
S m diverges.
—1)" + n? —1)" 4 n?
(c) >0, ()7—’_7; diverges because lim,,_, ()74_7; = lim, oo
(1+2n) (1+2n)

)" /n"+1 1
M = - and therefore is not 0, which is a required con-

(I/n+2?* 4
dition for convergence.

(—=1)"In (1 +n)

(1+n)



> (22 +1)"
8 Let f(x) = 2(3717“) We see that this is a geometric series with a =
n=0
2 0 2
e +1 1 e +1
(3OT) =3 and r = u We also know that for a geometric
series to converge we need |r| < 1 and so
2
(2% +1)
— <1
3
2 +1<3
2 <2

z| < V2

and so the radius of convergence is V2. The sum of the series is
a 1 1

f @)= I-r =3 | (a+1
3
1
=gl <V2
6
oo 5 n
9 (a) For wae first use the ratio test (or it could be the root test)
n n
n=1
I~ lim (.T + 5)n+1 . nan
n—oo |(n+1)27+1 | | (x +5)"
~ lim lz+5] n _ |z+5
Cm—oo 2 nm4l 2

L<l&e|z+b|<2e -T<zx<-3

so the radius of convergence is R = 2.
9 (b) Test the endpoints: first at x = —7. The series becomes

o) _2n [e'e] _1n
eyl

n=1 n=1

which is conditionally convergent (negative of the alternating har-
monic series). Next, put © = —3:

n:1n2" n

n=

which diverges (harmonic series). So the interval of convergence is
[-7,-3).



oo n

Bonus To express f (z) = Z% in terms of “familiar” functions, we use the
n
n=1
hint:
e "
Fa=y oyt
o n=1 " N n=1 3"
RN )
- 72 n—1 — 32437
37L=13L 3j:()3j
1 1 T
= =« — | = 1
3 1% ‘ 3‘ <
3
L 2/<3 and
= . 11
5% and so
f@ = [ £
B dt
) 3—t
=—In[3—-t|+C
: o~ 0"
Since f(0) = Z— =0,weget 0=—In3+Cs0oC=1In3and f(z)=
onar

In3 —In |3 — z|. Another way to write this is

f(z)=In3—1n|3 —z|
3
:1 _—
R
S W
1 —a/3]

:—ln‘l—f‘
3



