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INSTRUCTIONS

e You have 75 minutes to complete this exam.

e This is a closed-book exam. Except for Faculty-approved calculators (mod-
els: Texas Instruments TI-30* and TI-34*, Casio FX-260* and Casio FX-
300*), no notes, cell phones, smartwatches or related devices of any kind
are permitted. All such devices, including cell phones, must be stored in

your bag under your desk for the duration of the exam.

9 .
e Read each question carefully. Marker’s use only:

e (Questions 1 through 4 are multiple choice, worth 1 point each. Record your Question | Marks
answers to the multiple choice questions in the boxes provided.
e (Questions 5 through 9 are short answer, with number of points as indicated. 1-4(/4)
You must show your work, your work must be legible, and you
: : 5,6 (/4)
must record your answers in the boxes provided.
e Where it is possible to check your work, do so. 7(/7)
e Good luck!

8(/5)
9 (/4)

Total (/24)
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1. point) Suppose that a patient receives a daily dose of 50 mg/L of a certain drug such
that 45% of it is eliminated from the body each day. If on_a certain Monday, the concentration
of the drug measured in their body (shortly after the daily dose) is 42 mg/L, which of the
following Discrete-Time Dynamical Systems describe the dynamics of thef\¢oncentration x; of

the drug in the body (in mg/L, ¢ days after that Monday)?
Xo= L‘l mq—/L

A, xyq = A4bx, + 42, with 2y = 50 D. x4 = 422 4+ 45, with 2o = 50
B. x4 = .55x; + 42, with xq = 50 ( E. x4 = 552 + 50, with xy = 42 )
C. w41 = .50z + 45, with zy = 42 F. x4 =422, + 50, with x¢o = 45

Your answer: E

2. (1 point) The following is the graph of a function y = f(x).

1 1 1 1 1 1 1
7/an -3fm Slan -In -3/an -12n -lan g

Which of the following is a formula for f(z)?

C‘ =3+ 2cos x——m D. f(z)=3+3cos (4(z— %))

(2(
—2+3cos(2 _Z) 3
C. f( =1+ 3cos (4(z — %)) F. f(z) =3+ cos(x—7F)

Your answer: A
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3. (1 point) Find the set of all solutions to the inequality

A, (—00,6)
C. (6,00)

Your answer: B

casel x>0

= XL =>X-6<Q
% — X<b

=2 0<X <6

Case 2 x<0
TEE<O = X-6>0

6

5—E<4
D. (0,00)
E. (—00,0)U (6,00)
F. (—00,0)
5-8<y = [-3$<0 = XL <0
(;efbre multiplying
by X we ngdfo

Know #sSign (to
-Flip-l’h,tine%. orno‘f)

= X>6

N6t possible for x <o and x>¢ 2, oluhion et

4. (1 point) Find all = for which the following equality holds:

A z=0
B. z=2/V3
C. z==2/V3

Your answer: D

(osel . §-31>0
@ >3x*
£ =>x*

B2
= —{% < xé\]‘%
E%b(aliiy pecsmes
9-32| =4
So -3¢ =4
= 4=3x
= X=";F§-
:-_l_-g\/{%

S0 Hhis case has no Solutions is (0,6)
8 — 32°| = 4.
@ xzi?orxziz/@
E. z=+,/8/3
F. z=24+./8/3

Cased. §-H <0

< 3x*
€ < x*
3
< ¥
=>X<—'@3 or X>‘(§§
ch)uo\li{y pecomes
3-32| =4
so —{-39)=4 = g-3x*=-4
= |&=3x2
) X=:"—9~
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5. (2 points) Find all solutions z of the following equation. Show your work.
In(z +2) + In(x — 3) = In(x + 9)
Your work: ,@n((x-r&)(x-g)) = In(x+9)
= In(¢—x%-6) =4In(x+9
In(x2x-6
= en(dx-6) _ e(imbw'\)
= xE-X-6 =X+9
=Xt -2x-15 =0
= (X+3)(x-5)=0
Ly \
E é X=5

Cr gject because, fromthe original eq®) X must bew) +ha domains o
I(x42), In(x-3) omd In(X+9) 2, x>3

Your answer: X: 5

6. (2 points) Let f(x) be the following piecewise-defined function, where & is a constant real
number.

kcos(mx) ifx<b
fla) = { £t
5= if x > 5.

For which value of £ does the following limit exist? You must justify your answer by explaining
what is needed for the limit to exist and showing how you solved for k.

lim f(z)

Y k: Lim = 4
our wor we nad X_)5_-F(x) = bm £

X->5f
|ef4-side [imit r"lghi'-s)ole [imit
Dim — Ui Lim = dim X _
s T00=lim Reos(m) gt £ = e B
= fcos(sr) = 2 -4
=& (1)
=-4
h—| /o Sofor limif 4o existwe nad  —k=3 -y=> k=34 |5
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7. (7 points) The population of fish in Fisher’s Pond grow at a steady rate annually, but
fishing is so popular that, without restocking, the population would die out. Therefore Fisher’s
Pond is restocked with fish each spring. Using historical data, we declare that DTDS modeling
the population of fish, with x, representing the average number of fish per m? of surface area
in year ¢, is given by

| 21 =092, + 45 |

(a) (1 point) Give the updating function f for this DTDS. f(z) = qu .]—LLS

(b) (1 point) Find the fixed point x* of this DTDS.

for linear £0<) =ryrd jret ) x¥= d = *=-4s
I-r -049

= L\ 5 Alfernatively, forany DTDS, Fived points are any solutions o %=£(x)
=2 X=0MHUS =D X-09x=Y45 =>0.| x=45 = x=145

(c) (1 point) Suppose that in year zero there were 15 fish/m?. Give the general solution
formula to this DTDS. for £69=rx +d with inifial condition Yo , +he general

solution formulais Xe= rt(xo—x*) +x* whare y*= d
=
_t In+his DIDS: g= %‘L_
General solution formula: X«t =(O‘7> (15 —'-}5) + 4s %= 15
¥ =45
(d) (1 point) Find the number of fish per m? after two years.
YA .
X9 = (0.‘1) (15- qs)+ Us =307 Alernatively, X;=£()=09(I5)+45=1%
Y2 =F () =09(18)+ 45 =207
. _ . <« answer does not naad 4o be rounded
Your answer: Xz —»2.0 7 ‘F\Sh / YY\2 b:muse X, Measufes densﬂyoouMSh

(£ ‘sh)/ (m*) Which neednot bean integer
(e) (3 points) Determine the (whole) number of years necessary until the number of fish per
m? is within 0.3 of the fixed point, that is, until |z; — z*| < 0.3. Show your work. Your
answer must be clear and well-justified to earn full marks.

Wenad o find all Solutions 4o the inequality |x-x*| < 0.3

= t/c. —
|07(5-46) +4s :‘*;{“'3 In03Y) < fn(22)
xt = tn(09) < In(.3/30
= [o.q’f(_s@) <0.3 —>t> D034
An (0
=>09%(30) < 0.3 (N0 is negative because 0.9<1
(sinat=0, 09t(30)>0) So ineg,. Signflips)
= 049t < %% =St >4370.. Vears
Stz Years
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8. (5 points) The DTDS z;,1 = 0.524(5.1 — z;) models a certain population.
(a) (2 points) Solve for all fixed points of the DTDS.
Your work: ’F‘Xed pomb ale SO‘WhM\S'h) X=F(x) .

Inthis DTS, £(x) = 0.5%(51-X)
sowesole X=05x%(51-X
=>X =(08)(5.1)x - 055
=> 0=(05)5.1)x— 0.5 X2 =X
= 0= [1.55 —0.5x_]

X=0 X= 155 =3
05

common Mistakes:

scancelling X from bothsides
(only works if X#0) o you
“lose* Hhe second fixed peint x*= 0.

OSol\J'\ng 0=FK) instead of X=5(x).
°+(\/l‘f\6’h7 hSe X*':— ]:dl: ‘FDYMU’G
when the updating function is not-

Your answer: )(’*: O Qnd )(*: 3\

of thaform £() =rx+d.

(b) (2 points) The graph of the updating function of this DTDS is given below. Suppose the
initial value is o = 0.5. Draw a cobweb diagram on the graph below for this DTDS with at
leasLabel the axes, the functions, the fixed points, and clearly indicate wherever To,

x1, Ta, x3, and x4 appear in your cobweb.

— *"'-;3.\ _ .
. . Fived =X ('H'\.Q dia Oy\ﬂl )
(populafion)y (3 d J
T>° (1, % commoh mistakes
15 2 *Stopping afder
35-}&ps.
125 *labelling pants
() With only ohe
12 coordinnte
*missing labels
T "Y=f()=05x(51-%)
o
41
10 (o) %o
| 0’5 { 15 3 25 7 } 45 5 15 |
| VX
Fixed peint ( populahion)
=0
(09

(c) (1 point) Write a sentence to explain what happens in the long term if zy = 0.5. Your
sentence should include the word “stable” or “unstable”, as well as the exact fixed point from

(a) which is relevant.

LEX6=05;than  inthe ong ferm, thasolution $%o)%, ,%,,--F approaches Hhe fixed point x*=3l whichis astabl fixed peint

common mistakes (which were mostly generously forgiven)

- describing anything otharthan a fixed point oS being Stabl (or unseble)
*Soying X*= 3\ s stabl because at least ong solution approachesit
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9. (4 points) Decide if the following limits exists. For each one, if it exists, evaluate the limit
exactly using algebraic methods, showing all your steps. If it does not exist, justify your answer

clearly using mathematical reasoning.

. . T+ 3
(a) (2 points) xlggg P, sy
— fim [ xx3 (q 5% = Lim  (x+3)(4+125-F)
X->-3 L&—{z‘s’—iz) Y+ {25-x% x=>-3 x*-9
= Lom (x+3)(4+125-x%)
= g(éomg (x+3)(4 +{T5 %) A3 (xB)(x+3)
- G 2 — = —(Pp5=
Pt ~=F (@5 — dim  (8(4+175x2)
X=>-3 X—3
_ o GxD+ T o ;;M
>3 I6 _CQB—XLD :X_)_g ’_X'_%
= fim_ (+3)(4+125-5%) = Y+{25-3°
X>-3  —qx* —2-3
=4+llc _ 44y = -8 =-14
Y. /Z(/IYL X+3 = ’i
our answer:
X->-3 Y-\25-¢ 3 | % seenext page for common mistages!
(b) (2 points) lim 3—333
P % VBl +3
= bim ____.3X3 e divide Numerator and denom. : ' hom -
Xém(\l_ﬁ?)% (Aivide Nu r anddenom. both by Same highest powerof- x in the del om)
s S - S
Yoo —ng)—' Y=o VSx'+3 because X->00, X>0, So Xaz\rx_'?
e VX
=1 X = lom ___3)( = Him 3x = o0
))(Z_{;y:\o KW +3 X-2o0 |5+ & X0 {510
¥4

* See next page for common MishKQS-'

dim 3 _
Yool Btz — °F

Your answer:

(DNE)
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common mistakes (For QAa)
°Simplifying (L}-WXL}JF@?_) incor(ectly:
% manywrote (1 ~a6-x2) (4 +{36-x2) =6 -25-x2
somewnte  (4={a5-x2)(4+25-x2) = p+25-2
Only (H-{a8-x2)[4+{8-x2) =6—(25-x2 =l6-25 +X* is cofreck

* i€ you Simpliied (incotrectly) +hat ("l “WX"HW?‘) =6-25-%%
hen many of you made asecondmistake: 16-25-x2 = —(X2+9) ()
but —(x-3)(x+3)
(X*+9)does not fctor.

common mistaKas @DT &%)

*not dividing numeratorand denom. by +he same power of x.
*not converting +he powes of X fom within Jout oF-squareroot as being [y = 2

-Claiming (6" + 3" = Gy 13 (Very wrong )
oif rationalizing first (whidnis ok byt unng GSsary for +his |

Lim Bx3)5x+3

X Byt +3

imit) limit becomes

many ofyou +hen divided by X* (which is the right idea) butyou actually
dividad hum. /lenom. by ditferent powers o£-x:

dim BIE3) (b))

X0 5x143 ()

X3o0 (T wi~S<—— dividing by x* Hwice in numerator moans you
5" 13 (e actually dividing the numeador by x® ot x!
Xq




