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Instructions

• You have 75 minutes to complete this exam.

• This is a closed-book exam. Except for Faculty-approved calculators (mod-

els: Texas Instruments TI-30* and TI-34*, Casio FX-260* and Casio FX-

300*), no notes, cell phones, smartwatches or related devices of any kind

are permitted. All such devices, including cell phones, must be stored in
your bag under your desk for the duration of the exam.

• Read each question carefully.

• Questions 1 through 4 are multiple choice, worth 1 point each. Record your
answers to the multiple choice questions in the boxes provided.

• Questions 5 through 9 are short answer, with number of points as indicated.

You must show your work, your work must be legible, and you
must record your answers in the boxes provided.

• Where it is possible to check your work, do so.

• Good luck!
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1. (1 point) Suppose that a patient receives a daily dose of 50 mg/L of a certain drug such

that 45% of it is eliminated from the body each day. If on a certain Monday, the concentration

of the drug measured in their body (shortly after the daily dose) is 42 mg/L, which of the

following Discrete-Time Dynamical Systems describe the dynamics of the concentration x

t

of

the drug in the body (in mg/L, t days after that Monday)?

A. x

t+1 = .45x

t

+ 42, with x0 = 50

B. x

t+1 = .55x

t

+ 42, with x0 = 50

C. x

t+1 = .50x

t

+ 45, with x0 = 42

D. x

t+1 = .42x

t

+ 45, with x0 = 50

E. x

t+1 = .55x

t

+ 50, with x0 = 42

F. x

t+1 = 42x

t

+ 50, with x0 = 45

Your answer:

2. (1 point) The following is the graph of a function y = f(x).

Which of the following is a formula for f(x)?

A. f(x) = 3 + 2 cos

�
2(x� ⇡

2 )
�

B. f(x) = 2 + 3 cos

�
2(x� ⇡

4 )
�

C. f(x) = 1 + 3 cos

�
4(x� ⇡

2 )
�

D. f(x) = 3 + 3 cos

�
4(x� ⇡

2 )
�

E. f(x) = 2 + cos

�
x� ⇡

2

�

F. f(x) = 3 + cos

�
x� ⇡

4

�

Your answer:
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3. (1 point) Find the set of all solutions to the inequality

5� 6

x

< 4.

A. (�1, 6)

B. (0, 6)

C. (6,1)

D. (0,1)

E. (�1, 0) [ (6,1)

F. (�1, 0)

Your answer:

4. (1 point) Find all x for which the following equality holds:

|8� 3x

2| = 4.

A. x = 0

B. x = 2/

p
3

C. x = ±2/

p
3

D. x = ±2 or x = ±2/

p
3

E. x = ±
p

8/3

F. x = 2±
p
8/3

Your answer:
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o

B
5- ×E< 4 ⇒ 1- Eco ⇒ # < o

¢efore multiplying
byxwenledto

caI1× > 0 Knowitssigncto
-

Case 2
⇒ ×¥<o⇒x -6<0

-

×<0- fliptheineqornot )
⇒xD ⇒ ×¥<o⇒x -6>0

⇒ 04<6
⇒a_

Not possible for #and# °o° solution set

sothiscasehasno Solutions is ( 0,6 )

÷chef
.

8-3×2<0

Case .

8-3×2>-0 8<3×2833×2 §<×28-37×2 f%<
1×1

MPH
⇒ xtrborx > Ps

=) -PastXEFE Equality becomes

Equality becomes

18-3×21=4
18-3×21=4

so -

(8-3×2)=4
⇒ 8-3×2=-4

so

8-3×2=4

⇒

12=3×2
⇒

4=3×2

⇒

×=±2
⇒

x=±fb

=±2/B
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5. (2 points) Find all solutions x of the following equation. Show your work.

ln(x+ 2) + ln(x� 3) = ln(x+ 9)

Your work:

Your answer:

6. (2 points) Let f(x) be the following piecewise-defined function, where k is a constant real

number.

f(x) =

(
k cos(⇡x) if x < 5

x

2 � 4 if x � 5.

For which value of k does the following limit exist? You must justify your answer by explaining

what is needed for the limit to exist and showing how you solved for k.

lim

x!5
f(x)

Your work:

k =

page 4 of 7

ln((×+2)( × -3 ) )=ln(x+9 )

⇒ ln(×2-x - G) =ln(x+9 )

⇒ eln(x2* - 6)
= @

ln(x+a )

⇒ ×2 - × -6=11+9

⇒ ×2 -2×-15=0

⇒ ( ×t3)K -51=0

#±¥s^( reject because
,

from the original eqte, Xmustbeinthedomainsofln(xt2
) ,ln(x -

3)
and

ln(Xt9
) :o× > 3

X=5

Wenledxhfmgfk

) =

ftfngfkl
left - side limit right . side limit

ftp.fktxhjmg.kcosf#xxkjms+fH=xhjmg+
¥-4

= kcos(Sit ) =  £-4=kf1)

= - k

3/2 ioforlimittoexist ,
We need

-k=£
- 4⇒k=

3/2=1,5
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7. (7 points) The population of fish in Fisher’s Pond grow at a steady rate annually, but

fishing is so popular that, without restocking, the population would die out. Therefore Fisher’s

Pond is restocked with fish each spring. Using historical data, we declare that DTDS modeling

the population of fish, with x

t

representing the average number of fish per m

2
of surface area

in year t, is given by

x

t+1 = 0.9x

t

+ 4.5

(a) (1 point) Give the updating function f for this DTDS. f(x) =

(b) (1 point) Find the fixed point x

⇤
of this DTDS.

x

⇤
=

(c) (1 point) Suppose that in year zero there were 15 fish/m

2
. Give the general solution

formula to this DTDS.

General solution formula:

(d) (1 point) Find the number of fish per m

2
after two years.

Your answer:

(e) (3 points) Determine the (whole) number of years necessary until the number of fish per

m

2
is within 0.3 of the fixed point, that is, until |x

t

� x

⇤| < 0.3. Show your work. Your
answer must be clear and well-justified to earn full marks.

page 5 of 7

0.9×+4.5

forlinearfk )=rx+d ,r±1 ,
x*= % =

Lots
.

-45
q

45 Alternatively, foranyDTDS.fi/edpointsareanysolutionstoX=fK )
⇒ ×=

0.9×+4.5=7×-0.9*4.5
⇒0.1/1=4.5⇒11=45forfcxkrxtd with initial condition Xo , the general

solution formula is Xt=rt(xo-x*)tx* where x*=¥r

In this DTDS : F-0.9d=45
Xt =

(0.95415-45)+45xo=l5
*  =

45×2=(0.9545-45)+45--20.7

Alternatively , XFFKOKO

.9(157+4.5=18

Xz=f( xD

-0.9487+4.5--20.7×2=20.7

fish/m2 ←  answerdoesnotneedtobe rounded
because Xt measures density offish
(# fish )/(mz) which neednotbeaninteger

.

Weheedtofindall solutions to the inequality Kt . # <0.3⇒10.9415-451+45-451<0.3
>ln(a9t)<ln(⇒Tf If 30

⇒
tln(09)<ln(0.3/30)

⇒ 10
.9tf3)|<0.3⇒ t >

bn#3BIIdiot.tt#oso0ii,zfncoximTaf%ebeauseo.aa

.

9 30 80  ineqsignflips )

q 0¥ ⇒ t > 43.70 ...
 years

⇒ t > 44 Years
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8. (5 points) The DTDS x

t+1 = 0.5x

t

(5.1� x

t

) models a certain population.

(a) (2 points) Solve for all fixed points of the DTDS.

Your work:

Your answer:

(b) (2 points) The graph of the updating function of this DTDS is given below. Suppose the

initial value is x0 = 0.5. Draw a cobweb diagram on the graph below for this DTDS with at

least 4 steps. Label the axes, the functions, the fixed points, and clearly indicate wherever x0,

x1, x2, x3, and x4 appear in your cobweb.

(c) (1 point) Write a sentence to explain what happens in the long term if x0 = 0.5. Your

sentence should include the word “stable” or “unstable”, as well as the exact fixed point from

(a) which is relevant.
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fixed points are solutions to X=FK )
.

INTHISDTDS ,fK )

-0.5×(5.1-11)commonmistakesisowesolve11=0.5×(5.1-11)
° cancelling X from both sides

⇒

11=(0,5×5.1)×-0.5×2
(Only Works IFXFO ) So you

⇒

0=(0.5×5,1)×-0.5×2
. ×

"

lose " lhesecondfixedpoint # =o .

⇒0=1.55×-0.5×2osowing O=FK ) instead of ×=fK ) .

⇒0*[1.55-0.51]• trying to use X*= ¥ formulad y
X=O

11=1.5-5--3.1
as whentheupdalingfunctiohisnot

Oftheformfk )=r×td .

x*=0 and X*= 3.1

±=
- - -

* 3 '

y * ( the diagonal )
(population)yfixzegpoiznt,

Kz
,@

|

commohmistakes
an

T.gg?Y
ogtggppinganer

. labelling points
Q ,,xz)•

K4'×4) With only one
• ( xz ,×z) coordinate

• missing labels

- y=f(

4=0.5×(5,1-11)
Qoi×D•

• ( ×
, ,x , )

• (Xo ,Xo)

•

T ×

fixed point ( population )
x*=o
( 0,0)

IfXEO.5.then.inthe1ongtrM.theso1ution@o.x
, ,xz ,

... }

approaches1hefixedpointXE3.1whichisastablefixedpointImta6CwhichweremosHygenerouslytorgivenj-idescribinganythingotherthanafixedpointasbeingstable6runstabH.sayingK3.1isstab6bec_aueat6ast@utionapproachesittNoYforafixedpointtobestab6.a

-1nearby solutions mustapproach ( oratkaststaynearjthefixedpoint



Université d’Ottawa University of Ottawa

9. (4 points) Decide if the following limits exists. For each one, if it exists, evaluate the limit

exactly using algebraic methods, showing all your steps. If it does not exist, justify your answer

clearly using mathematical reasoning.

(a) (2 points) lim

x!�3

x+ 3

4�
p
25� x

2

Your answer:

(b) (2 points) lim

x!1

3x

3

p
5x

4
+ 3

Your answer:

page 7 of 7

=Ems⇐÷a

.tl#EE)=xgm3at3Yt;E=xhjmzKt3)(4tF5x)=xbjmzKt3K4tF5x2

) ( × - 3) (11+3)

Ftse .IE#
=×hjm.gl#4tT5x2)(x-3Xx+3T=xhjmzKt3X4tFsxz)

In =×hjm34tFx±
X -3

= ,fifnzKt3)( 4+-25*2 ) = 4tF5t3I
¥ =-3

him #
=4±F6=4¥=-§= . }

×→ -34- FEE
= -43

* seenextpageforcommonmislakes !

3
=

,fifna(3#=)(¥±
) ( divide numerator

anddenombothbysamehighestpowerofxihthedehom

.)

5×4+3
2

=lim 3¥3xX→o*¥+3=xhfmo-5M¥because ×→qx >0,50×2=5×42 4

X

Yen
.EE#=fiszIrI=xh;mas3ffo=o*seenextpageforcommonmislaKes

!

him3×3×+4×473=0 ( DNE )



communism ( for Q9 a )

• simplifying

(4-5*2)(4+-25*2)
incorrectly :

* many wrote

(4-5*2)(4+0257-2)=16-25*2
some wrote(4-52)(4+0257-2)=16+25*2Only(4-52)(4+0257-2)=16-(25*2)=16-25*2iscorrect

*  if you simplified ( incorrectly ) that
(4-2-5*2)(4+0257-2)=16-25*2
then many of you made a second mistake :

16-25*2=-42+9
) ( true )

but  ¥ - G-
3)1×+31

(X2t

9)
does not factor

.

commonmi.sk#(forQ9b

)

° not dividing numerator and denom . by the same power of x .

° not converting the power of X from Within lout of square root as being

f×4
=

×2. claiming

-5×4+5=0+53
(very wrong

! )

oif rationalizing first ( which is ok but unnecessary for this limit ) limit becomes

him§×3)FxF3×→d5×4+-3many of you then divided byX4( which is the right Idea ) but you actually
divided humble nom . by different powers ofx :

him

(3×95*4+3)CI✓

×→oo

5×4+3
(In)

*xhfma

3x#€4×¥,+←
dividing by

x4
twicein numerator means You

¥-3
are actually dividing the numerator by

±8
not

#×4


