MAT2122 Multivariable Calculus (Fall 2016)

Final solutions (the total is 80 points)

1 (8 points). Find the distance from the point P = (0, 1, 1) to the tangent line to the path c(t) = (¢!~ !,Int, > — 3t)
at time to = 1.

Solution: The velocity vector of the path c is
() = (¢ 1/020 - 3), O
whence the velocity at time ty (i.e., the direction of the tangent line) is
w= () = (1) = (1,1,-1). &
The position at time t; is
Q= clto) = (1) = (1,0,-2) .
so that @ —1,-3). ©

The pI‘OJeCthn of the vector @ onto vector u is au, where

@-u_1—1+3:17@

fufi 3

o =

whence the vector

v=PG—au=(1,-1,-3) — (1,1,-1) = (0,-2,-2) ¥
is perpendicular to the tangent line. Therefore, the distance from the point P to the tangent line
to the path c at time ¢, = 1 is the length of the vector v, i.e., 2v/2. ©
Absence of minor mistakes. ©
2 (7 points). Let g(z,y) = (cos(x +y), eyt %) and f(u,v,w) = (ulnv,w?). Find the derivative (by using the
chain rule) and the Jacobian of the map f o g at the point (1, —1).

Solution: The derivative of the function g is

(cos(x + y)); (cos(a + y)); —sin(z +y) —sin(z +y)
Dg(l‘, y) — (6xy+1); (emy—l—l); — ye:cy-l-l xezy—i—l ’
1 _z
(%), (%), y v
whence
0 O



2

The derivative of the function f is

(ulnw)!, (ulnwv), (ulnwv), Inv = 0
Df(u,v,w) = = ,
@), @), @),) \o 0o
so that its value at the point g(1,—1) = (1,1, —1) © s
01 0
Df(1,1,-1) = ©
0 0 -2

Therefore, by the chain rule

0 0
01 0 -1 1
_ 91| = ©
0 0 -2 2 2
-1 -1
whence
-1 1
Jac fog(l,—1) = det :—4.@
2 2

Absence of minor mistakes. @

3 (9 points). Find the partial derivatives up to the second order of the function f(z,y) = e* ¥sin(2(z + y)).
Find the second order Taylor expansion of the function f at the point (0,0) and use it to find an approximate value of
£(0.2,-0.1).

Solution: To begin with, f(0,0) = 0. Further,

fi(e,y) = eV sin(2(n +y) + 27V eos@(a +y)), (0,00 =2,
fiw,y) =~V sin2(n +y) + 2 Veos(2z+y)  £10,00 =2,
and
Fh () = =3¢V sin(2z + ) + 4"V eos2x ), f(0,0)=4, D
fi(2,9) = ~3e"Vsin(2(a + ) — de"Veos(2e +9)) . F(0,0)=—4, O
£ (5, y) = —5e"Vsin(2(z + 9)) | 710,00 =0. &

Therefore, by Taylor’s formula
1 1
Pl y) % F(0,0) + £200,0)2 + F1(0,0)y + 3 4,00, 000 + 3 f2,(0,0)57 + 4,0, 0)y

=2 + 2y + 227 — 2y @

Y



whence

£(0.2,01) ~ 026 . &)

Absence of minor mistakes. @

4 (8 points). Find and classify all critical points of the function
fla,y) =2 =3z +2y° —3y° — 12y + 1.

Solution: Since
Vf=(32>—-3,6y>— 6y —12), @
there are 4 critical points obtained by combining the solutions z; » = +1 of the equation 32?—3 = 0

and y; = 2,7, = —1 of the equation 6y? — 6y — 12 = 0. © The second derivatives of f are
fo=6e,  fl,=12-6, f,=0

Hessf:<6x 0 ),@

whence the Hessian of f is

0 12y —6

and its determinant is 6x(12y — 6)® It is negative at the critical points (1,—1) and (—1,2),

which are therefore saddle points. © If the determinant is negative, then one has to look at the
signs of the diagonal entries, which are positive at the point (1,2) (so that it is a local minimum)

and negative at the point (—1, —1) (so that it is a local maximum).

Absence of minor mistakes. @

5 (11 points). By using Lagrange multipliers find the absolute minimum and the absolute maximum of the function
f(x,y) = 22 — y? on the planar region determined by the conditions 2% + 3> <1, . +2y > 0, 22 —y > 0.

Solution: For finding the global extrema of the function f on the domain D one has to consider (1)
critical points of f in the interior of D, (2) critical points of the constrained extremal problem on

the interiors of smooth components of the boundary 0D, (3) singular points of the boundary. ©
(1) Since Vf = (2, —2y),@ the function f has only one critical point (0,0) which is not in

the interior of D.
(2) The boundary of D consists of 3 smooth components determined by 3 constraints arising

when the corresponding inequality from the definition of D is realized as equality.
(2a) g(z,y) = 2% + y* = 1. The corresponding Lagrangian system is then

V=)V (22, —2y) = \(2, 2y) r= A (A=1)e =0

= T, —2y) = T,y

{ . g<:>{ 2,2 y=-\ — (>\+1)y=0@
g vy = 2 +yt =1 2 +y*=1

From the first equation either A = 1 (then y = 0 from the second equation, and z = +1 from
the third equation) or x = 0 (then y = 41 from the third equation, and A = —1 from the second
equation). It gives 4 critical points (£1,0) and (0,+1), out of which only (1,0) is in the interior
of the corresponding boundary component (as the other two conditions z+2y > 0 and 2z —y > 0

are both satisfied as strict inequality).



(2b) g(x,y) = z + 2y = 0. The corresponding Lagrangian system is then

— /2

V= AVyg (22, —2y) = A(1,2) T=2/

{ —0 { T+2y =0 — y=-
g Y r+2y=0

It has the only solution x = y = A = 0. The arising critical point (0, 0) is not in the interior of the
boundary component determined by the equation x + 2y = 0 as at this point condition 2z —y > 0
is satisfied with equality. [This critical point can also be found directly by noticing that along the

line z + 2y = 0 the target function f takes the form f(z) = 2% — y* = 2? — (2/2)? = 32%/4.] ©
(2¢) g(x,y) = 2x —y = 0. In the same way as in (2b) above one obtains a critical point (0, 0)

which is not in the interior of this boundary component.
(3) There are 3 singular points of pairwise intersections of boundary components. They are
(0,0) (the intersection of the lines 2z —y = 0 and x+2y = 0), and the intersection points (%, %)

and (%, —%) of these lines with the circle 2% + y* = 1. ©

Altogether there are 4 points susceptible to be the points of global extrema of the function f
on the domain D. By evaluating the function f at these points, we find

1 2 3 2 1 3
170217 070 :07 =y = =~ Ty T T o = T

fL0 100 ()3 (5w
whence the global maximum equal to 1 is attained at the point (1,0), and the global minimum
equal to —3/5 is attained at the point (%, %) ©
Absence of minor mistakes. ©
6 (8 points). Find the average value of the function f(z,y) = z%y on the planar domain bounded by the graphs of
the functions y = 22, y =2z — 1, y = —2x — 1.

Solution: The domain D is bounded by the graphs of 3 functions, whose pairwise intersections are
the points obtained by solving the equations

2 =2r—1 — =1 = y=2*=2x—-1=1,
P=-2r-1 = r=-1 = y=2"=-22-1=1, @
2r—1=-2z—-1 = 2=0 — y=2r—1=-2x—-1=-1.

Therefore, the projection of the domain D onto the horizontal line is the interval [—1, 1], © and
D can be described as

D={(x,y): 1<z <1,¢(z) <y <a?},

where the function ¢ is defined as

The average value of f is
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where (because of the symmetry of the domain D and of the function = with respect to the
reflection = — —z)

I—//fa:yd:):dy—Q// xydydx—/ (2t = (22— 1)) da

4 1 1
= —4 4 dr==z——-+1—-=—
/O(x ot 4 4o )x75+ 5 = 105
and
1 1 1 2 ()
areaD:/ (x2—¢(:c))d:c:2/(x2—2x+1)dx:2/ t*dt = 3
-1 0 0
whence

Absence of minor mistakes. @

7 (9 points). Find the center of mass of the solid “bowl” W of constant density determined by the conditions
1§x2+y2+z2§4and220.
Solution: Let the coordinates of the center of mass be (zg, Yo, 20). Then zy = yo = 0 by rotational

symmetry of W, © whereas

_ S fw zdV )
vol W 7

where

1 4 14
|W = -—7r23—13——7r.@
ve 2 3 ( ) 3

As for the numerator, in spherical coordinates ©

///WZdV:/jdp/o%de/;mpcosﬁb'pQSingbdgb@
= [/lng’d,o] : U:Wde] : [/Omcosgbsmqsdqs] )
©

15 5 1 15
4 2 47
whence .
=21 45
%=1 = 56 ©

Absence of minor mistakes. @

8 (8 points). Verify Gauss' formula for the cube W = [0,1] x [0,1] x [0,1] and the vector field F(z,y,2) =
(2°y?, 2yz, 2°).

Solution: The divergence of the vector field F is

0F, N oF; N 0F; @

Ox Ay 0z

:2:):y2+:)3z+322.@

divF =
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By Gauss’ formula

1:/// dideV:// F.as,
w ow
whence

11 1 1 19 @
[—/// (221> +:Ez+3z)dV—2 = —+§ 54-3 §_§+4+ o

In order to find I as a surface integral notice that JWW consists of 6 square faces
S1={(z,y,2) 1 z,y € [0,1],2 =0},

Sy ={(z,y,2) 12,y €[0,1], 2 = 1},
53—{(x y,z):x,z€[0,1],y =0},
={(z,y,2) 12,2 € 0,1,y =1},
={(z,y,2) 1 y,2 €[0,1],2 =0},
={(z,y,2) 1 y,2 €[0,1],2 =1}

with the outward normals n; equal to the vectors —k, k, —j, j, —1, i, respectively. Therefore,

//é)WF-dS:Zf://SiF~nidS@

with .
// F~n1dS:—/ / 23 dx dy =0,
51 o Jo 2=0
1 pl
// F-ngdS:/ / 23 dx dy =1,
Ss 0o Jo 2=1
1 pl
// F~n3dS:—/ / xyzdx dz =0,
Ss 0o Jo y=0 @
1 1 1
// F-n4dS:/ / xyzdzr dz = -,
S4 y=1
// F -n;dS=-— //xzy dydz =0,
S5 =0

// F-ngdS = //xzy dydz
Se

whence again

Absence of minor mistakes. @



9 (6 points). Use Green's formula to find the area of the planar region D bounded by the curve c(t) =
(sin 2t,sint), 0 <t < 7.

Solution: The parametrization of ¢ is counterclockwise, © so that
1
area D = 5 /(—ydx+xdy) ©

- l/:(—y(t),x(t)).c/(t) dt = %/OW(—Sint,sith) - (2cos 2t, cos ) e

:/ (—sintcoth+sintcoth)dt:/ (COS2t—COSQt)Sintdt:/ (1—coth)sintdt®
0 0 0

t:ﬂ_% @

t=0

1 3¢ t
= | — COS — COS
3

Absence of minor mistakes. @

10 (6 points). Determine whether the vector field F(z,y, z) = (2zyz, 222, 2%y) is conservative. If yes, then find an
appropriate potential.

Solution: A vector field is conservative if and only if its curl vanishes. Since

alF=VxF=|2 2 2 _(5F3_8F2 OF,  OF; aFQ_apl’) %

- oy 0z 0z Ox’ dr Oy

Py Fy I3

= (2 — 2%, 22y — 2wy, 202 — 212) =0, @
the field F is indeed conservative. Its potential f must satisfy the relation Vf =F, i.e.,

fr=2xyz,
f =2z,
fl =2y,

whence )
f(xvyvz) =T Yz + hl(y7 Z) )

f(xvyv Z) = x2yz + hg(.flf, Z) )
f(xvyvz) = x2yz + h,g(.flf,y) )
so that f(x,y,z) = xzyz® is a potential of the vector field F.

Absence of minor mistakes. @





