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1. Compute the following integrals.

[3] (a)

Z 1

0

y(1 + 2y)

2
dy

[3] (b)

Z e4

e

1

x

p
ln x

dx
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[3] (c)

Z 2

�2

g(x) dx where g(x) =

(
2 if � 2  x  0

4� x

2
if 0 < x  2

[3] (d)

Z
x

3
p

x

2
+ 1 dx
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[6] 2. True or False. For each statement indicate whether it is True or False by circling T for

True or F for False. You do not need to justify your answers. Each question is worth 1

point.

T or F If

Z 9

0

g(x) dx = 4 then

Z 3

0

xg(x

2
) dx = 4.

T or F

Z 5

1

x

2 � 1 dx = lim

n!1

nX

i=1

 ✓
1 +

4i

n

◆2

� 1

!
4

n

T or F For the function f whose graph is drawn below,

Z 4

0

f(x) dx = 1 +

⇡

2

.

T or F If f is continuous on the interval [a, b] then

d

dx

✓Z b

a

f(x) dx

◆
= f(x).

T or F

Z 2

�1

x

�2
dx = �x

�1
���
2

�1
= �1

2

�
✓
� 1

�1

◆
= �3

2

.

T or F

2

3


Z 2

0

1p
1 + x

3
dx  2.



MATH 152 - D100 Page 4 of 6

[2] 3. (a) Write down the integral that gives the area of a polar region R bounded by the

polar curve r = f(✓), for ✓ 2 [a, b].

AREAS AND LENGTHS IN POLAR COORDINATES

In this section we develop the formula for the area of a region whose boundary is given by
a polar equation. We need to use the formula for the area of a sector of a circle

where, as in Figure 1, is the radius and is the radian measure of the central angle.
Formula 1 follows from the fact that the area of a sector is proportional to its central angle:

. (See also Exercise 35 in Section 7.3.)
Let be the region, illustrated in Figure 2, bounded by the polar curve 

and by the rays and , where is a positive continuous function and where
. We divide the interval into subintervals with endpoints , ,

, . . . , and equal width . The rays then divide into smaller regions with
central angle . If we choose in the subinterval , then the area

of the th region is approximated by the area of the sector of a circle with central angle
and radius . (See Figure 3.)
Thus from Formula 1 we have

and so an approximation to the total area of is

It appears from Figure 3 that the approximation in (2) improves as . But the sums
in (2) are Riemann sums for the function , so

It therefore appears plausible (and can in fact be proved) that the formula for the area of
the polar region is

Formula 3 is often written as

with the understanding that . Note the similarity between Formulas 1 and 4.
When we apply Formula 3 or 4, it is helpful to think of the area as being swept out by

a rotating ray through that starts with angle and ends with angle .

EXAMPLE 1 Find the area enclosed by one loop of the four-leaved rose .

SOLUTION The curve was sketched in Example 8 in Section 10.3. Notice from
Figure 4 that the region enclosed by the right loop is swept out by a ray that rotates from
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[4] (b) Find the area of the region that lies inside the circle r = 1 and outside the curve

r = 1 + cos ✓. The two polar curves are shown below and the region between them

is shaded.

(Simplify your final answer to the form a + b⇡ where a and b are some real numbers.)
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4. in this question we consider the region shaded

in the diagram, which is enclosed by the

curves x = y

4
and y =

p
2� x, around the

x-axis.

[3] (a) Set-up, but do not evaluate, an integral that represents the area of the region.

[4] (b) Set-up, but do not evaluate, an integral that represents the volume of the solid

obtained by rotating the region about the line x = �1.

(To receive full credit you must sketch a diagram, sketch a typical washer, and label all

important quantities in your diagram. You may use the Shell method if you prefer, just

make sure you provide the relevant sketch and label all important quantities.)
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[5] 5. Show

Z b

a

x dx =

b

2 � a

2

2

by using the definition of the definite integral as a limit

of a Riemann sum.

(You may find some of the following formulae useful:

nX

i=1

i =
n(n + 1)

2
,

nX

i=1

i

2 =
n(n + 1)(2n + 1)

6
,

nX

i=1

i

3 =

n(n + 1)

2

�2

.)

(Begin by finding explicit expressions for �x and xi in terms of a, b, n and i.)

[4] 6. Are the following two areas equal? Explain your reasoning.


