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e You have 3 hours to complete this test. Do not detach the pages of this examination.
Read each question carefully. For rough work you may use the back pages.

e This is a closed book exam, and no notes of any kind are allowed. The use or possession
at your exam desk of programmable calculators, cell phones, laptops, pagers or any text
storage or communication device is not permitted. By signing the attendance sheet
you acknowledge that you will comply with these conditions. :

e Questions 1 to 10 are multiple choice. These questions are worth 1 point each and no
part marks will be given.

e Questions 11 — 1&-require a complete solution. Answer these questions in the space
provided. Remember that the correct answer requires justification written
legibly and logically.

THIS SPACE IS RESERVED FOR THE MARKER:

Question | 1 [ 2 | 3 | 4|5 |6 |7 |8]|9]|10|11|12]13]|14] 15| Total
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1. Let U = {(z,y, 2) € R®* | z+y+ 2 = 0}. Which one of the following statements is true? (1)

mark (X) the correct answer:
U is not a subspace of R3
U is a subspace of R3 and dim(U) = 3
@\U is a subspace of R?® and {(1,0,—1),(0,1,—1)} is a basis of U
[D] U is a line in R® with direction vector (1,1, 1)
U is a subspace of R® and {(1,0,—1),(—1,0,1)} is a basis of U
U is a plane in R3 with normal vector (—1,2, —1)

U: %'(X)\//%)&’Rg 'X‘%\(—rzro % =) %:_)(,_\/

U= %(x,v,—x»/) (X, yeR ¢

U= g)(()/o/ »\)*Y(O/l,,—]\ (X; \/é((’( L(
U= ‘SRW\Z(‘/O/AL (0,1, 1) b6 asubsput

2. Which two of the following statements are true? (1)

L {1,sin’z, cos? z} is a linearly independent set of Vectozrs in'thg vector space of all real- s
valued functions F[R] = {f | f: R — R}. | = X+ Cos X =D \€ g{h}n zé-{ﬂz)(,éﬂﬁ)( ‘
II. A homogeneous system of linear equations is always consistent.’M\);A\ 20) ch i

v

‘/III. If A and B are 3 x 3 matrices, and both A and B are invertible, then their product AB

is also an invertible matrix. je AL % AL in\)@(‘H ble =» ﬁB iS \IAUU‘H ]DLE,"’?&
X IV. If u and v are linearly dependent vectors in R3, then dim(Span{u, v}) = 2.

- -
mark (X) the correct answer: V=all
[A]L and IL : ¢~ ) =\
’)dxm SPAn 2 W,A R e
[B]L and III. - (5P )
[C]1. and IV.

II. and IIL.
IL. and IV.
III. and IV.
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3. Let A be a square n X n matrix (n > 2). Which of the following statements are true? (1)

x I. If rank(A) = 1, there is just one parameter in the general solution of the system Ax = 0.
‘/ II. If rank(A) = 1, there are n — 1 parameters in the general solution of the system Ax = 0.
)( III. If A is invertible, the homogeneous system Ax = 0 has infinitely many solutions.

/ IV. If the system Ax = 0 has infinitely many solutions, then rank(A) < n.

mark (X) the correct answer:

[A] 1. only Ram k_— nallily fheomm -

II. only

[C] 1. and IIL. fank (&) + # pxmmdus — & Co(Umn$ = N

[D]11. and III. . :

[E]I. and 1V. r@ k) =1 => :J.‘{:memd‘ﬂfé =N-1

B ead IV #A (s \'V\U(/ﬁbu,_}hbj\ A‘)Tf:g’ Mwucmgm
Solution (=0 )

A = -6 has Puamders in s qenerad Sofibon, Then. fank (f) <{n -

4. Find the polar form of the complex number 1 \/_l ¢D)

(You can find the table of trigonometric functzons in the last page.)

mark (X) the correct answer:

[A] V2(cos(—7r/12) + isin(~7n/12))  Z :a,—(b,l = L.jg \
V2(cos(5m/12) + 13111(57;/12))
[C] V2(cos(—/12) + isin(—m/12)) Y‘; (%\\ = J +8 =2
@ﬁ(cos(w/l2)+zsm(7r/12)) .. B b, - —_‘/—;
.\/_COS( 5m/12) + isin(—57/12)) 5(”(6'\ o~ T = Ty . CQ i
|X|\/_cos(117r/12 ) +dsin(117/12)) Cdg.(gl\ 3__&_‘#_ _ __é_ I

!

A ) )
Llowé,uci/, WL Know —M B, = Oy2n Wo m work fos => 9,:§V/3

12, [ = el ={2 , Sn(d, ym (05 (9, ) = _.ﬁ__ >3 8,= 31,
_ —0, (s, 31 WAL
(= 6t(1.>f\ ) o é/l,() /3 q): . ( /,L)

Z, = = e
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5. Let B = l(l) _01] and consider the subset U = {A € Myyo(R) | BA = —AB}.

Which one of the following statements is true? Y A \o'"\ ¢D)

mark (X) the correct answer:
U is not a subspace of the vector space of 2 X 2 real matrices May2(R)
U is a subspace of Myy3(R), and dim(U) = 0 ‘
@ U is a subspace of Ma«2(R), and dim(U) =
@ U is a subspace of Msy, (
. U is a subspace of May«2(R), and dim(U
. 'F| U is a subspace of Mays (R), and dim

HRCERERIRE: g
[ “\3(“ [ ) e

— U = % ro bcxéi\/\u,_(““ { e % : Swospace O den(0)=1.

—~

A

6. If A= [(1) } (1)] , then the third row of A1 is: (1)
1 0 2 \ ' - A
mark (X) the correct answer: CA \ 13'-3 [ O l o | o
01 0] 2 lo o |
10 2]
10 —1] M\J 1 { | © <
[D]0 0 1] “Rp‘(’&g"’&?) O \ O o |\ Ov}
[1 0 1] e -\ o \
X [-11 1 ~ S L e o
P\'Lﬁ'ﬁ R3 o 2 1\ | o \
© \ o o |\ 5
~ ' ' ‘ \ e 0 othes oPUoOHOV\S o lg\lm) Aq
- v\ e

RZ”"RS”RB O o \ —\ (| on V\o—\ Cl/\W\ﬂQ e 3rd oQ .
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7. For a non-homogeneous system of 13 equations in 15 unknowns, answer the following three
questions (Yes/No): (1)

\5
\
@ e Can the system be inconsistent? \{é,.S ! \3’ i O \ o ]nCof\S'( S_\‘LV\{»

@ e Can the system have a unique solution? ¢/ 0,

o)

@ e Can the system have infinitely many solutions? * ')

mark (X) the correct answer:

Yes, Yes, Yes @T‘f\l on lé \'S 0\’{ \‘Y\OS% (Q, %0 thefe ace

Yes, Yes, No éd' WS*’ :): P@{A}V\(j&@/ { }Y\ "HILQ/ a wnexa |
RS 9 D .

io’ T\?S’ ies Soluhon xé Ax =b (yank - mﬂhﬂ T esvem )

No, No, Yes . f \ ‘W\M (O

o (@ M actordid o aaknatoly

the &Y &‘}Qm 1’-‘?)(:% CH\ WAL A+ Ln’_é\gt n_
PWMW\Q,‘(US AN e %WUA‘ Sele\'\or\

8. Let A be a square n X n matrix.

Which one of the statements below is not equivalent to the statement ¢D)

N

“The columns of A are linearly independent”.

mark (X) the correct answer:

The rows of A are linearly independent. \/

rank(A) =n \/
D& det(A) #1 N ‘.{ jank () =n &> A/ el b E) St #0

@ The rows of A form a basis of R™. \/ / CAL+(A) éOl/\lA'bQ, i )

The homogeneous system Ax = 0 has a unique solution.

Ais invertible./ “”(\‘Ui&\ é@\i\'\D‘OV\ <)(<_):Z )
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a b c
d e f] for some numbers a, b,c,d, e, f, g, h,j be such that det(A) = 2.

g hj
Using the elementary row/column operations compute the determinant of the matrix (1)

9. Let A =

3a 3d 3g

b+5c e+5f h+5j
—2c —2f =2j

mark (X) the correct answer:

LS 2014 h+55\

RIG—’RL

[A]-64 bas<C  ex3f hasy -
i 24 30 ¥ P a4 4
@12 -2C ,L{ ,Zé) C e '/)
-[E] 18 d
[F] 64 (6 () a 4 9 ‘ A K
—6) b 43¢ ¢+3€ \n+>/) - b o W
o f

£ ¢
O~ C
- —\n
=61 a £ =6(2)=\
taspse | 3
10. The vectors u; = (1,—1,2), uy ,2), and uz = (0,2, 1) form an orthogonal basis of
R3. We know that any vector v € R3 can be expressed in a unique way as a linear combination

V = aju; + aguy + agug, where a1, as, a3 € R are the coordinates (or the Fourier coefficients) of
v with respect to the basis {uy, us, us}. Find the coordinate ay for v = (1,0, 1). (1)

mark (X) the correct answer: 4

[A]-02 VU (o) (=5, 2,2
¥] 0.1 % = =
[C] -1 I
[D]1

[E]o.1 —3+t2 _3 \ —_0.\
0.2 /30 | O \O




MAT 1341E, Final Exam, Fall 2017

7
11. Let U = Span{(~1,1,1,0),(1,0,1,1), (2,1,4,3), (0,1,2,2)} in R,
(a) Find a basis for U which is a subset of the given spanning'set above. (1)
ANSWER: Dd\g = §<“‘/‘/\/0)/ (Lo, 1), (0,12, 2) &
e Use The Cojumn SPAcL a(@\ﬂ’f‘l-ﬁ\w\;
-1 2 o0 N
A ) o\ ~ -\ 2 0
I A B2 Rye=R, Lz,
-0 2
S L 3y I3
4 Cay Cq Cq '
~o | L o o O © {‘/ ]
3 (NI 5 @ 3
RieR, R, | O |‘ . | - Rk, R, |
O o |o
Riy4Rs [0, & 2 )RRy R, o Q)
(Ry e Rs) °l°
Do A : |
Se, {C’;’CﬂCL' ((lg a basis ’65( U no IMAMZ] 1

(b) Extend the basis found in part (a) to a basis of R*. (1)

: L
ANSWER: ©451 a( IR - § (0 0), (e, 1), (o), 2,2),(0,0/\,&}

From P@f+ (&) de @nclndetad Hhare s no \Mi&\? 1 mthe 37d
Column  and \"( We Add (O/D/‘/D) %{om‘ﬂu SMV\K’M{A boAs ¢ “’4 HQZ{

HHom Qe MW RGC A uwléﬂﬁi ' evury Golumn and honce the

' e
colwvng  clon\d —(gfm A s aé R -
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12. Let W ={(z,y,2,w) €eR* |y — 2 —w = 0}

(a) Find a basis for W.

(1)

ANSWER: ?(‘/ 0,00, (o \,0,1), (o1, 0) %

?P(é"f{ \ A :—(—; § \(U(Eo e | _(‘1 ) |
[a13 )= o @ - - o] = (=1, y=3+t 2=%,w-1
€

~A

S 4
=y Kex (&) =W = g(f,sﬁ ;1) nste R §

= Zv(\,o,g,o)+g (2 ve)+4 (00,0 0\!’54—{;/{%
=5 3(3&0\/\?('/00 oY, (o,\,\/O) Qo,(o,\)},

W Ky\ow dvd the basic Solwfion dé Kurned “ﬁn’m A basig 1[,,( (.

(b) Use the Gram-Schmidt algorithm to find an orthogonal basis for W.

(1)

ANSWER: %(\/O/ 0,0), (o V0, \ N, (o V2, 1) l]
Let M‘

(1/0,00), Uy=(0,101) ,Uy=(o.1,,0) betue
Y\M\~OY’H\°@DM\_ s § ’f{bm P&UﬁL (A). Then,

)

W, = Uy :<\,Q,0,0 )

7
ef —> ¢ ) i N ( E;7 7 3 é / G 2 i
Wy = U, - 1’&&’; W, = (o.\,0,1) - (Vioyo,s”

i 2

N s\
pienid ( O/ \, D/. \ ‘
" U E T '52 o (o/"‘fd}(‘)/‘/"fﬁ"‘
W = u‘B . 2 Lo 3 0\')'2:(0’\"‘/0)’ —
R e
A @ N @)

2

—,—l—;\,';;:) or (0,1,2,~1)
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(c) Find the best approximation of v = (0,1,1,1) by a vector in W. (1)
. 4 2 2
ANSWER: | (0, 555 )
) - —
) —) A >
: - -
Preg (V) = V& gy, VB W
V\, e 9 ! ~ 9 * A 2 3
\ o, I @, (7 RN
0 ya
24 . \
(0, '\
_ (O/\Mo,o,o\ O,O,O/O) " ch,\,\/ﬂ (o, - <O,\/o,1\
~ _\ 2
2
—
+To/\/\/|>’<ol\/2/"\ CO/'IQ‘I"\\
) +4 < |

- 7
>'>?6‘°9w(“ - (0. 0,1) (0N

':-(O ;%,%/%,}
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-1 1 1
13. Let A=|1 -1 1].

1 1 -1

(a) Find the characteristic polynomial of A. (1)
2
ANSWER: | — () 4o ()4 )
A-A !
CAGO = det (A’/I) = R U S,
! L A=
= A-h | AN
l AN \ =
’RZ*RB‘“?RS C*C’_’C \ - )‘ \
0 Moz —ze A | TR ,2—4\]

We cam now Aot @€&&(of éxFA'r\S(caﬂ A\or\ﬁ the daivd yon .

343 -} T
CA()\\: (*—l\ <~Z'—/\ )) ‘ )

2
= —(2z4A) < )\l‘vA*'Z \ = - (/\41-)<)\~\)

(b) Using the characteristic polynomial explain why the eigenvalues of A are —2 and 1.

o (1/2)
A¢ naw ‘H\A‘l"W\L rooJ(s «(‘%\Q C\/\AQ\L’{II'SJﬂC POTYV\OW\MU
Q\(/ﬂ ot e QJL%QN\UQKULLS 'oé A y Ml(v{l

(%<X3:%&*(A'AI):-—<A+LfiX4)::0
A=—1L (@it a@ebsac mqu'Ph’der 2)

> YA | ue | e
A=\ (et algebaic madtphaty 1)
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(c) Find a basis of the eigenspace E_5 = {v € R? | Av = —2v}. 1)

ANSWER: %4@ \,1,0), (—\ 0,1 g

' ‘ ‘

\
|

\
tE n = ko//‘ LA*{’ZI) P Wh¢xe AAL’_Y :[\ (
. \
. - (
=) ‘:K* 2T ' 0 j = Y \ \ \ o C:g
\ v o

| | o

~\/ o O 0

© o ol|o0
[ A
5 4

Ay = -S-X, Ao=3, XB;{

Kee(a+21 ) = géesf—t.@ﬁ) | —usc—;(&$ |
= éPang ("/ \s O \) ("l ) O ‘ \ lZ?) A‘\MCEfl)T A
bas'C Soladions ane the basi of Ker(a+21)=F_,

(d) Find a basis of the eigenspace E; = {v € R | Av = v}.

ANSWER: %VO, L) >~

1)

—2 | |
E ;"(U(A-—Iﬁ), wi'\(f(, A’I;[\ == \
)

\ 1
2 \ ) c | <2 | ©
(A1 01 e U S T U R DS I
\ | -2 \0 RyeR L i —2 |9
| 2 \ 1o YV -2 \ |0
N\ 5 q 2 o ~ o @ . o
ZR‘¢R2’7(QQ_ o
0 C 3 | o L
-—R1+R3 '_)R? - <

X,Z,\/ =-5, \/:&%«:St) E.:SPM§<‘/\/” & lQ&G\A(E'}:\
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(e) Find an invertible matrix P and a diagonal matrix D such that A= PDP~!.  (1/2)
A A -~y 0O D
ANSWER: P= | \ O | p=| © —2 o
O \ \ . QO 0 \

Since M (B, V=2 ) alfth @i ol Rplaty «6 A=-%
{Q dA‘Wl( E( » = { = akﬂ(l\[)m{Q ML(\JF:P\\(X\‘\\ O‘é )‘: |
e omclude T A & WagoraliZable and ae Can anfe
T N\H({K P Whost Olamme AT T OA%@mW}nfg og A -

R T 1 e U
P;EV\iVL \/3’5 = \ O ‘ )(A)h\Cl/\ S \Y\\IM"W¥3LQ/
0

L
W\CLM W\M({)Q (\{) VAN "5 A\\a\a@;\p\\ ancl Fe dA\Aﬂ\OM\ é”f\-(ﬁ‘@g
”/c D s the ODTWSP'D:\(L‘\V\?\ Q)%‘QMVAMLS a@ A 4
7./2 O ®)

S o \
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14. State whether each of the following is (always) true, or is (possibly) false, in the respective

box. For each statement, you must give a clear explanation or an explicit counter-
example to prove your claim.

(a) If A is a b x4 matrix and if a row echelon form of A has a row of zeros, then rank(4) < 4.

ANSWER (True/False): Fa! Sa

(1/2)

Justification/counter-example:

(1/2)

AR Ef “(/ A= , bl fank(A) =%

(b) The dimension of the kernel of the 1 x 4 matrix [—10 1 2] is 3.

i —

ANSWER (True/False): | | YWU& (1/2)

Justification/counter-example:

l<e,(<'[—\ o | 23)’
(a8 = » 12 o\ [@f} 22l

Frorn Hhe fﬂmkrnu”\“}\{ Theo nem .

(1/2)

# Pgamma‘ﬁ(s = d'm U(M(&\) :L//—t _ 1\3 3
S pofunans FAnK(R)
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(c) Let 2, and 23 be two complex numbers which are not real numbers. Then, their product
21 - 29 can not be a real number.

ANSWER (True/False): | F( [¢¢ (1/2)

Justification/counter-example: . (1/2)

3‘/((\)()05(,1 Z, =1 € &€
2, Ve @

/
=5 2, %, = 2,2, = -1 =\ €

(d) The map T': R? — R? defined by T'(z,y) = (z,z + ) is a linear transformation.

ANSWER (True/False): [ | ¥ W& (1/2)

Justification/counter-example: (1/2)

A can check tie podeRes of Vinaar _Hm\s%a(mok(;or\g:
X 1 — , _L
anppoce  W=0x,Y) €W, \;:Q('/\/ YER Loyell

T O, Yy = 06, s vy ') AICENICENRY
T UK, 0y N = (FA XY ) = (0, v (kv ) )

= IOy

So, T s a Vindac MWG{ZTM‘I‘\‘OV\.
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|

a) Find the standard matrix of 7. (1)

ANSWER: A = [

The 6‘%«&5{{& mk“(fx 6('—T \e ob‘bt\'v\LA Ly

15. Define a linear transformation 7': R3 — R3 by

(Bonus Qusﬁbn) (r}) [
T| |yl | =

z

ISIINS
L
8 ww

) 77»
A- |6y T TC@%\}/ dhee Q‘:L{}/

O O |
R G TS i

— 0

(b) Find a basis for the image of T. €D)

ANSWER: ? < Vo, 1Y), (o, \,2\) %

e Know JYWd' 0 CT) :C”\U*\ f@PM’\z <\1°/ 1), (’“\z\)o)7(o,»\,\)k
’W\uq@m, i com e Hhe roc Space aforithm to ﬁéf‘“{ s G\@

e A v\ ) D o -1
A o \~| o 1 A N e @
o - l o - \ © o7

NON- Zefd YoRds Mould {@fm a bass 'f"’( QK -
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Last page (use it for rough work only). Anything written on the last page will not be
graded or taken into account while grading.

6 | sin(f) | cos(9)
0| O 1

| 1 V3

6 2 2

T | V2 V2

1 2 2

| 8B 1

3 2 2

| 1 0




