
Assignment 4 - Solutions

20th November, 2017

5.2 The Moment Generating Function (MGF) of the Uniform distribution is given as

MX(t) = E[etX ] =
k∑
x=1

etx
1

k
=

1

k

k∑
x=1

etx =
1

k
et

k−1∑
x=0

etx

Recall the geometric series

Sn =
n∑
i=0

rn =
1− rn+1

1− r
for |r| < −1

hence

MX(t) =
1

k
et

1− (et)k−1+1

1− et
=

1

k
et

1− ekt

1− et
=
et − e(k+1)t

k(1− et)
Note that in this MGF we must have −∞ < t < 0.

To obtain mean we can use µX = M ′
X

∣∣∣
t=0

; However, the nominator and denominator

become zero if we evaluate them at zero thus we use the limit and Hospital’s Rule as
follows:

µ = lim
t→0

M ′
X(t) = lim

t→0

[
et − (k + 1)e(k+1)t

]
[k(1− et)] + ket

[
et − e(k+1)t)

]
k2(1− et)2

= lim
t→0

et − (k + 1)e(k+1)t + ke(k+2)t

k(1− et)2
[simplifying]

= lim
t→0

et − (k + 1)2e(k+1)t + k(k + 2)e(k+2)t

−2ket(1− et)
[Hospital’s Rule]

= lim
t→0

et − (k + 1)3e(k+1)t + k(k + 2)2e(k+2)t

−2ket(1− et) + 2ketet
[Hospital’s Rule]

=
1− (k + 1)3 + k(k + 2)2

0 + 2k
[applying limit]

=
k + 1

2
[simplifying]

The result is the same as that of Exercise 5.1.
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5.4 First note that α3 =
µ3

σ3
and α4 =

µ4

σ4
based on the exercises 4.26 and 4.27, respectively.

Also for Bernoulli distribution we have

µ = µ′1 = θ, µ′2 = θ, µ′3 = θ µ′4 = θ, σ2 = θ(1− θ)

Using what we learnt in Exercise 4.25 we have

µ3 = µ
′

3 − 3µµ
′

2 + 2µ3

µ4 = µ
′

4 − 4µµ
′

3 + 6µ2µ
′

2 − 3µ4

(a) For skewness we have

µ3 = θ − 3θθ + 2θ3 = θ(1− 3θ + 2θ2) = θ(1− 2θ)(1− θ)

Therefore, we have

α3 =
θ(1− θ)(1− 2θ)

θ(1− θ)
√
θ(1− θ)

=
1− 2θ√
θ(1− θ)

(b) For peakedness we have

µ4 = θ − 4θ2 + 6θ3 − 3θ4 = θ(1− 4θ + 6θ2 − 3θ2) = θ(1− θ)[1− 3θ(1− θ)]

hence,

α4 =
θ(1− θ)[1− 3θ(1− θ)]

θ2(1− θ)2
=

1− 3θ(1− θ)
θ(1− θ)

5.12 Based on Exercise 5.11, the rth factorial moment is defined as

µ′(r) = E[X(X − 1) · · · (X − r + 1)]

We now verify that the rth derivative of factorial moment-generating function of a
discrete random variable produces the rthe factorial moment. We try for different
values of r as follows:

F ′(x) =
∑

xtt−1f(x) ⇒ F ′(t)
∣∣∣
t=1

=
∑

xf(x) = E[X] = µ′(1)

F ′′(x) =
∑

x(x−1)tt−2f(x) ⇒ F ′′(t)
∣∣∣
t=1

=
∑

x(x−1)f(x) = E[X(X−1)] = µ′(2)

F ′′′(x) =
∑

x(x−1)(x−1)tt−3f(x)⇒ F ′′′(t)
∣∣∣
t=1

=
∑

x(x−1)(x−2)f(x) = E[X(X−1)(X−2)] = µ′(3)

and so on.

5.20 The Geometric distribution is given by

g(x; θ) = θ(1− θ)x−1 x = 1, 2, 3, . . .
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We then have

MX(t) =
∞∑
x=1

etxθ(1− θ)x−1

=
∞∑
x=1

θ
[et(1− θ)]x

1− θ

=
θ

1− θ

∞∑
x=1

[
et(1− θ)

]x
=

θ

1− θ
et(1− θ)

1− et(1− θ)

=
θet

1− et(1− θ)

5.21 The first derivative of the MGF is

M ′(t) =
θet[1− et(1− θ)] + [et(1− θ)]θet

[1− et(1− θ)]2
=
θet − θe2t(1− θ) + θe2t − θ2e2t

[1− et(1− θ)]2
=

θet

[1− et(1− θ)]2

Therefore we obtain

E[X] = M ′(t)
∣∣∣
t=0

=
θ

θ2
=

1

θ
The second derivative of MGF is

M ′′(t) =
θet [1− et(1− θ)]2 + 2et(1− θ) [1− et(1− θ)] θet

[1− et(1− θ)]4

Hence, we get

E[X2] = M ′′(t)
∣∣∣
t=0

=
θ2 − 2θθ(1− θ)

θ4
=

2− θ
θ2

Using the above results we find the variance as follows:

σ2 = E[X2]− (E[X])2 =
2− θ
θ2
−

1

θ2
=

1− θ
θ2

6.6 For µ′1 we have

µ′1 = E[X] =

∫ ∞
−∞

x
1

π

β

(x− α)2 + β2
dx

=
1

βπ

∫ ∞
−∞

x(
x− α
β

)2

+ 1

dx

Now using the transformation y =
x− α
β

and dx = βdy we have

µ′1 =
1

βπ

∫ ∞
−∞

βy + α

y2 + 1
β dy

=
β

π

∫ ∞
−∞

y

y2 + 1
dy + α

∫ ∞
−∞

1

π

1

y2 + 1
dy
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The second integral on the left side is simply the integral over the pdf of a Cauchy
distribution with α = 0 and β = 1, hence it is equal to 1. The first integral on the left
side is as follows: ∫ ∞

−∞

y

y2 + 1
dy =

1

2
ln(y2 + 1)

]∞
−∞

=∞

Therefore the integral does not exists. Hence µ′1 does not exist.

For µ′2 we have similar result as follows:

µ′2 = E[X2] =

∫ ∞
−∞

x2
1

π

β

(x− α)2 + β2
dx

=
1

βπ

∫ ∞
−∞

x2(
x− α
β

)2

+ 1

dx

=
1

βπ

∫ ∞
−∞

(βy + α)2

y2 + 1
β dy

=
1

π

∫ ∞
−∞

β2y2 + 2βαy + α2

y2 + 1
dy

=
1

π

∫ ∞
−∞

β2y2 + β2

y2 + 1
dy +

2βα

π

∫ ∞
−∞

y

y2 + 1
dy +

β2 + α2

π

∫ ∞
−∞

1

y2 + 1
dy

As we calculated above, the second integral on the left does not exist. Hence µ′2 does
not exist as well. Furthermore observe that the first integral is∫ ∞

−∞

β2y2 + β2

y2 + 1
dy = β2

∫ ∞
−∞

1 dy =∞

6.23 (a) Since it is a pdf then the integral over all values of X must equal to 1. We have

1 = k

∫ ∞
0

xβ−1e−αx
β

dx

Let
u = αxβ

then
du = αβxβ−1dx

hence

1 = k

∫ ∞
0

xβ−1e−αx
β

dx = k

∫ ∞
0

1

αβ
e−udu =

k

αβ

Therefore,
k = αβ

(b) Using the definition of the mean and the above transformation we have

µ = E[X] = αβ

∫ ∞
0

xβe−αx
β

dx = α−1/β
∫ ∞
0

u1/βe−udu = α−1/β Γ

(
1 +

1

β

)
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6.26 The pdf of Beta distribution is given by

f(x) = kxα−1(1− x)β−1

where k =
Γ(α + β)

Γ(α)Γ(β)
. For simplicity we use k. We then have,

df

dx
= k(α− 1)xα−2(1− x)β−1 − k(β − 1)xα−1(1− x)β−2

= kxα−2(1− x)β−2 [(α− 1)(1− x)− (β − 1)x]

= kxα−2(1− x)β−2 [x(2− α− β) + α− 1]

= 0

which gives either

[x(2− α− β) + α− 1] = 0 ⇒ x =
α− 1

α + β − 2

or x = 0 and x = 1. Checking these critical values shows that x =
α− 1

α + β − 2
is actually

the maximum value.

6.37 From the Normal distribution we have

E[X] = µ, E[X2] = σ2 + µ2, E[X3] = µ3 + 3µσ2.

Therefore we get

Cov[X,X2] = E[X3]− E[X]E[X2] = (µ3 + 3µσ2)− µ(σ2 + µ2) = 2µσ2

In the case of standard Normal distribution µ = 0, hence

Cov[X,X2] = 0

6.39 Since we have
MX−µ(t) = e−tµMX(t)

then we get
KX(t) = −tµ+ lnMX(t)

We also learnt that

MX(t) = 1 + µ′1t+ µ′2
t2

2!
+ µ′3

t3

3!
+ µ′4

t4

4!
+ · · ·

therefore we get

lnMX(t) = ln

[
1 +

(
µ′1t+ µ′2

t2

2!
+ µ′3

t3

3!
+ µ′4

t4

4!
+ · · ·

)]
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Using Macluarin’s series

ln(1 + u) = u−
1

2
u2 +

1

3
u3 −

1

4
u4 + · · ·

we obtain the followings:

KX(t) = −µt+

[
µ′1t+ µ′2

t2

2!
+ · · ·

]

−
1

2

[
µ′1t+ µ′2

t2

2!
+ · · ·

]2

+
1

3

[
µ′1t+ µ′2

t2

2!
+ · · ·

]3

−
1

4

[
µ′1t+ µ′2

t2

2!
+ · · ·

]4
+ · · ·

= t [µ′1 − µ] +
t2

2!

[
µ′2 − (µ′1)

2
]

+
t3

3!

[
µ′3 − 3µ′1µ

′
2 + 2(µ′1)

3
]

+
t4

4!

[
µ′4 − 3(µ′2)

2 − 4(µ′1)(µ
′
3) + 12(µ′1)

2(µ′2)− 6(µ′1)
4
]

+ · · ·

(a) By looking at KX(t), we can see that
t2

2!
is multiplied by µ2 because

κ2 = µ′2 − (µ′1)
2 = µ2

(b) We also observe that

κ3 = µ′3 − 3µ′1µ
′
2 + 2(µ′1)

3 = µ3

(c) By doing some calculations we obtain

κ4 = µ′4 − 3(µ′2)
2 − 2(µ′1)(µ

′
3) + 12(µ′1)

2(µ′2)− 6(µ′1)
4

=
[
µ′4 − 4(µ′1)(µ

′
3) + 6(µ′1)

2(µ′2)− 3(µ′1)
4
]
− 3

(
µ′2 − (µ′1)

2
)2

= µ4 − 3µ2
2
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