Winter Term, 2014

Name: SOLUTIONS

WILFRID LAURIER UNIVERSITY

Waterloo, Ontario

Mathematics 103 — Calculus 1

Midterm — February 26, 2014

Instructor: Dr. Yuming Chen
Time Allowed: 80 minutes

Total Value: 75 marks

Number of Pages: 6 plus cover page

Instructions:

Non-programmable, non-graphing calculators are permitted. No other aids
are allowed.

Check that your test paper has no missing, blank, or illegible pages.

Answer in the spaces provided. Please note that questions are printed
on both sides of the test pages.

Show all your work. Insufficient justification will result in a loss of marks.
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[5 marks]

(6 marks]

1.

2.

Given f(:l:) = 7% and g(:l:) = /2 + 1, calculate f o g and specify its domain of

definition.

Solution By definition,

(fog)z) = flg(x) = (glx))?=(Vz+ 2 =z+1. .2

s

Note the domains of definition for f and g are R and [—1, 00}, respectively. Hence the
domain of definition for f o g consists of all z € [—1,00) such that z? € R. It follows
that the domain of definition for f o g is [-1, c0).

[
- b

S )

Show that f(:l;‘) = z? — T,z < % is one-to-one, and find a formula for its inverse
fH(=).

Solution Suppose that z1, zo < 3 such that f(z,) = f(z2). Then
1'%—'.'131 =.’L‘%—CE2.

It follows that

!
N N N N
8

P—a) -
1o - (xl — Z3)
Ty — &) (21 + 22) — (21 — Z2)
x — :r2)(3:1 +xy—1).
Soxzy—xy=00r 1 +1y—1=0. S‘lnce T < % and z, < 2, we must have z; = z5.
This proves that f is one-to-one. The inverse f~'(z) is found by interchanging r and
y and solving y as follows: Y
Cr=yt oy

or

) y—y—xz=0 D

. » N
gives y = 1Ev1dz “’;W. Noting y < %, we have the inverse

1—+1+4x

fi @) = =

h.y

Student Number: Over
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(7 marks] 3. Is there a number ¢ such that lim 2l tertetl

m = e exists? If so, find the value of ¢ and
.T p—

the value of the limit.
Solution Note that f(z) = Z%<=+tetl i5 a rational function with (—2)%+(—2) —2 = 0._
So if 1_i+1r£12 f(z) exists then we must have \ﬂ

—~ (=22 +c(~2)+c+1=0

o

orc=5 ﬁ this case,

) o 2+ 5c+5+1
xli)n%f(x) - 11_1_>rr_12 2 4+x—2
_ lim (z + 2)(z + 3) )
A PR IS
. ox+3
= lim Y
z—=-271 — 1 : A
-2+ 3
—-2-1

1 |
3 =

(6 marks] 4. Find m o that g(z) zTomo Hz<3 for all T
ma . Fin so tha = . is continuous for all .
T g 1—mx ifx>3
Solution Note that g(z) is a piecewise-defined function and each piece is continuous.
For g(x) to be continuous for all z, it suffices that g is continuous at z = 3. Since

\ v
Lt g Loy
lim g(z) = lim (x —m)=3—m S I "
3" z—3" o \k ..
ey g v 10
and &/ :
lim g(z)= lm (1 —mz)=1—-3m =¢(3 S, i.
z—3+ g( ) w—-)3+( ) g( )’ .,\ N f“f R ;’: v if
we must have 3—m=1-3mor m = —1. i T
= e

Vo N
« ) \'}
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5. Evaluate each of the following limits:

[5 marks] (a) lim —,aH-(;—?;
z—3 I~
Solution With rationalization, we get
z—3 z—3 z—3 (:L‘ — 3)(\/m + 3) =
. z—3
= lim
a3 (2 — 3)(Vz + 6+ 3)
= lim — » g\})
-t - Q)
V3+6+3
1
T 6 -
. 02
[5 marks] (b) é]_r)% T

[Hint: cos(2a) =1 - 2sin?a for o € R
Solution The limit is evaluated as follows.

92 02 e,
im ——— = lim =
601 — cos @ 450 1 — (1—2sin® %) Y
92
= lim —
60 2 sin? g
0 2
_ 2
N %1—?(1)2 <sin g) Z’)
= 2.1°

[6 marks] 6. Use the Intermediate Value Theorem to show that the equation rd—1343z—5 =
0 has a root in the interval (1, 2).

Solution Let f(z) = z° — 2® + 3z — 5. Then f is continuous on the closed interval
(1,2]. Note that )
RO F)=1"—13+43.1-5=-2<0 = ()
and
f2)=2°-2+3.2-5=25>0. (v
By the Intermediate Value Theorem, there exists zo € (1,2) such that f(zo)
is, 2° — 2® + 3z — 5 = 0 has a root in the interval (1, 2). (U
A\

0, that

Over
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9

As f(1) = %e; an equation of the tangent line is

1 3
y—é‘e'—’—‘z@(l—l)

or

Page 4 of 6
5 marks] 7. Use the definition of a derivative to find f’(?), where f(a:) = 2% - 2z
Solution By definition,
r) = g RS0
h—0
o [(2+h> 22+ -(2"-2-2)] (%)
= n "
. 4+4h+h*—4—-2h
= lim
h—0 h
= }Llin()(2+h) ‘-‘@
= 2.
0,
T
(7 marks) 8. Determine an equation of the line tangent to f(:z:) = ;il at T = 1.
Solution First,
fiz) = ($+1)ﬁi5(33ex)—xe”f;(m+1 . ‘R%ZQZA %MZK
(x + 1)2
(@ D(e" txe”) —ze” "~ @ #ﬁén{ M&
(@ +1)* 4 z%é L(M«ZZ/?&V/M\(
Then the slope of the tangent line at z =1 1s - 04% ,ﬁ& (‘/&
.,1_(1+1)(e1+1-e1)—1-e1 3 1Vt
f)= (1+1)2 3% - @ c X il

2+
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(6 marks] 9.

(7 marks) 10.

Lety = f(z) = 2* + 2sin(x). Find y"(0).
Solution First, RO NCY
y'(z) = 22 + 2 cos z.

Then *(D ,@

y'(z) = 2 - 2sinz.

Therefore,

y"(0) = 2= 2sin0 = 2. ~ (1)

Use logarithmic differentiation to find the derivative of y = (22 + 1)%n2

Solution Take In to get
Iny = In(z® + 1)®"* = tanz In(2% + 1). - ----@

Differentiating with respect to z gives ’ ‘) er *»w dund ViR

! o
;-

Qz'tan z

% = SeC \.Th’l(l/ + 1) +\_I;2t O & %Q 0’/(7}?[@/6/1/‘(
) o 7? RS

= (2 4 1) {bcc zIn(z? + 1) + 2ztanz} ﬁl}/ ,ij/’ 04“""/‘ Wé

2+1
©

It follows that

Over
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5 marks] 11. Suppose that £ € (7r, %’/T) and tan(x) = 3. Find the value of COS(:C).
Solution Let 6 € [0, 5] such that tan# = 3. From the reference right triangle belaw,

we see that cos = ﬁ = Q Since z € (, 1), we have
v 10
cosx——cos@——-—lo ~““®

(6 marks] 12. Find o/ if arctan(z?y) = v. ¢FW jz‘/é Lot ﬂ! M@%/z ansl

Solution Differentiating implicitly produccs d& M{wfh VZ'LC\

— _(Quy+x J
\1+uy)(J J)

%y+fy=yﬂ+ry)

or

It follows that
, 2y

ay —_- 7 ,Jhr}
y~1+z4y2—232'



