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1.

a. Taking a linear combination ap; + bps of two polynomials (py, p2), we have

T(aps + bpa) () = zapy (1) + 2bpa(1) — ap (0) — bpa(0) — / " api(y)dy — / bpa(y)dy

— azp(1) — api(0) — a / p(y)dy + bepa(1) — bpa(0) — b / " paly))dy

= aT(pr(2)) + BT (p(2)).
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Therefore N(T') = span{1}.

c.
R(T) = span{z? — 2z — 1,2° — 30 — 1,2* — 42 — 1}.

2. Let v; be a vector spanning the line L and v, a perpendicular vector; from elementary
geometry, a possible choice is

vlz{é], 02:{7_"1] (0.1)

The matrix of change of coordinates from the standard basis o to the basis 5 = {vy, v}
is

m 1 1+m2| —m 1
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The answers to the two questions in the new basis are

wme=a=[g | @u-s=]g 0] 0.3



Consequently, back in the standard basis, the answers are:

i =gt - | [0 4|2 m]:[_ﬁ ik ]<o.4>
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3a. We have
rank(AA) = rank(Lya) = rank(AL4) = dimR(AL4) = dimR(L4) = rank(Ly) = rank(A),

where Ly : F™ — F™ is the left-multiplication linear transformation which satisfies:
Lya = AL 4.

3b. The reduced row echelon form of A is
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so, rank(A) = 3, which is the maximum number of its linearly independent columns; that
is, rank(A) = 3 is the dimension of the subspace generated by its columns. Since the
first, second and third columns of rref(A) are e;, e; and eg, we have that the first, second
and third columns of A are linearly independent.

4a. det(A) = (b — a)(c — a)(c — b), which is nonzero since a, b and c¢ are distinct. Thus,

A is invertible and _
A
A7 =
det(A)

where A is the classical adjoint of A. Therefore,

be(c—b) b*—c* c—b

1
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4b. The coefficient matrix is
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5 a. The characteristic equation is
det(A — M) = —(A+ 1)(A —2)? = 0.

The roots are therefore \; = —1 (single) and Ay = 2 (double).

b. Solving the corresponding eigenvector equations for \; = —1

1
vy = 0 s
1
while solving them for Ay = 2,
x x
Aly) =21y
z z

gives the 2-d space of eigenvectors span{vs, vs}, where
1 0
Vo = 0 s V3 = 1
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We therefore have the basis of eigenvectors {vy, va, vs}.

6. Diagonalizing the matrix of coefficients

1 20
A=12 1 2|,
0 2 1
we obtain
Q'AQ =D,

where the diagonal matrix of eigenvalues is

1 0
D=0 1+2V2 0
0 0 1—2v2

while
1 1 1
Q=10 v2 =2
-1 1 1
is the matrix whose columns are linearly independent eigenvectors of A. Defining the
X
column vector [ Y | by
A
T X
y|=Q|Y
z A
we get
dX ay az
=X, =422y, S -(1-2v2)z

which integrate to
X =ae', Y= be(IH2V2E 7 — p(1-2V2)

for arbitrary constants (a, b, ¢). Therefore the general solution is

x(t) = ae’ + be(IT2V2)E 4 po(1-2V2)t

y(t) = V202Vt /900 (1-2V2)t
2(t) = —ae' + be( T2V 4 ce(1-2V2)1



