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1.
a. Taking a linear combination ap1 + bp2 of two polynomials (p1, p2), we have

T (ap1 + bp2)(x) = xap1(1) + xbp2(1)� ap1(0)� bp2(0)�
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Therefore N(T ) = span{1}.
c.

R(T ) = span{x2 � 2x� 1, x3 � 3x� 1, x4 � 4x� 1}.

2. Let v1 be a vector spanning the line L and v2 a perpendicular vector; from elementary
geometry, a possible choice is
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The matrix of change of coordinates from the standard basis � to the basis � = {v1, v2}
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The answers to the two questions in the new basis are
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Consequently, back in the standard basis, the answers are:
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3a. We have

rank(�A) = rank(L
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3b. The reduced row echelon form of A is
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so, rank(A) = 3, which is the maximum number of its linearly independent columns; that
is, rank(A) = 3 is the dimension of the subspace generated by its columns. Since the
first, second and third columns of rref(A) are e1, e2 and e3, we have that the first, second
and third columns of A are linearly independent.

4a. det(A) = (b � a)(c � a)(c � b), which is nonzero since a, b and c are distinct. Thus,
A is invertible and
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4b. The coe�cient matrix is
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with det(A) 6= 0 (by a), and therefore, the system has a unique solution given by:
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5 a. The characteristic equation is

det(A� �I) = �(�+ 1)(�� 2)2 = 0.

The roots are therefore �1 = �1 (single) and �2 = 2 (double).

b. Solving the corresponding eigenvector equations for �1 = �1
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while solving them for �2 = 2,
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We therefore have the basis of eigenvectors {v1,v2,v3}.

6. Diagonalizing the matrix of coe�cients
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is the matrix whose columns are linearly independent eigenvectors of A. Defining the
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