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In the following, P
n

(R) denotes the space of polynomials in one variable of degree less
than or equal to n, with real coe�cients.

1. Let T : P3(R) ! P4(R) be the map defined by

T (p(x)) = xp(1)� p(0)�
Z

x

1

p(y)dy.

a. Prove that it is linear.[2]

b. Find a basis for the null space N(T ) and find its dimension.[4]

c. Find a basis for the range R(T ) and find its dimension.[4]

2. In R2 let L be the line y = mx where m 6= 0. Find an expression for T (x, y) where[10]

1. T is the reflection of R2 about L

2. T is the projection on L about the line perpendicular to L
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3a. Let A be an m⇥ n matrix. Prove that if � is any nonzero scalar, then[5]
rank(�A) = rank(A).

3b. Let[5]

A :=

0

BB@

1 0 1 1
1 1 �1 2
2 0 1 0
0 �1 1 �3

1

CCA .

Compute rank(A), and find a basis for the space generated by its column vectors.

4a. Let[5]

A :=

0

@
1 1 1
a b c

a

2
b

2
c

2

1

A
.

where a, b and c are distinct real numbers. Show that A is invertible and compute its
inverse.

4b. Using Cramer’s rule, solve the linear system[5]

x+ y + z = 1
ax+ by + cz = m

a

2
x+ b

2
y + c

2
z = m

2

where a, b and c are distinct real numbers and m is an arbitrary constant.

5. Let

A =

0

@
�4 3 3
0 2 0
�6 3 5

1

A
.

a. Find all the eigenvalues of A.[5]

b. Find a basis for R3 consisting of eigenvectors of A.[5]
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6. By diagonalizing the matrix of coe�cients, find the general solution (x(t), y(t), z(t)))[10]
of the system of di↵erential equations

dx

dt

= x+ 2y

dy

dt

= 2x+ y + 2z

dz

dt

= 2y + z.
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