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1. The scalar product of any two (column) vectors u,v 2 Rn is defined as

(u,v) = u · v :=
nX

i=1

uivi.

where {ui}i=1,...,n, {vi}i=1,...,n are the components of u and v in the standard basis. The
length |v| of a vector v is

|v| =
p
(v,v).

Two vectors are orthogonal (or perpendicular) if their scalar product vanishes.

(u,v) = 0.

A matrix A 2 Matn⇥n(R) is symmetric if it equals its transpose

A = A

T

(or, equivalently Aij = Aji for all i, j,= 1, . . . , n).

a. Prove that A is symmetric if and only if[2]

(u, Av) = (Au,v)

for all u,v 2 Rn.
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b. Prove that any two eigenvectors of a symmetric matrix A with di↵erent eigenvalues[4]
are orthogonal, and hence, that all eigenvalues are real. (Hint, take the scalar product of
one eigenvector u with A applied to the other on v, and use the above property. Then
take the complex conjugate of the eigenvector equation and show the eigenvalue must
equal its complex conjugate.)

c. Define the subspace Uv ⇢ Rn to consist of all vectors orthogonal to v[4]

Uv := {u 2 Rn
, (u,v) = 0.

Prove that:

1. dim(Uv) = n� 1 and Rn is the (orthogonal) direct sum Rn = Uv � span{v}.

2. The spaces Uv and span{v} are each invariant under A.

2. Let B 2 Matn⇥n(R) be an invertible matrix.

a. Show that � : Matn⇥n(R) ! Matn⇥n(R) defined by �(M) = BMB

�1 is a linear[5]
invertible map and find its inverse.

b. Let B =


5 2
2 1

�
. Find the matrix representation of � in the standard basis.

[5]

3. Let[10]

S =

8
>><

>>:

0

BB@

�1
�3
4
2

1

CCA ,

0

BB@

5
15
�20
�10

1

CCA ,

0

BB@

�2
�1
2
�3

1

CCA ,

0

BB@

4
16
�22
�7

1

CCA ,

0

BB@

3
8

�12
2

1

CCA

9
>>=

>>;
.

Determine whether S is linearly independent. If not, find a maximal linearly independent
subset and extend it to a basis for V = R4.

4. Consider the following system of linear equations:

x1 + x2 � 3x3 + x4 = �2
x1 + x2 + x3 � x4 = 2

x1 + x2 � x3 = 0.

a. Determine whether the system is consistent. If the system is consistent, find all[5]
solutions.

b. Find a basis for the solution set of the corresponding homogeneous system.[5]
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5. Find the characteristic polynomials of the following matrices

a.[5]

A =

0

@
1 2 3
3 0 4
6 4 5

1

A

b.[5]

B =

0

@
1 6 �2
�3 2 0
0 3 �4

1

A
.

6. Let

A =

✓
2 2
1 3

◆
.

a. Find all the eigenvalues and eigenvectors of A.[5]

b. Find a nonsingular matrix Q such that Q�1
AQ is diagonal.[5]

Bonus question.[3]

Let A 2 Matn⇥n(R) be a symmetric matrix A

T = A, as in question 1. Using the results
of question 1, prove that Rn has a basis of eigenvectors {v1, . . . ,vn} that are mutually
orthogonal

(vi,vj) = 0 if i 6= j

and of unit length: (vi,vi) = 1, and hence, that there exists an orthogonal matrix Q 2
Matn⇥n(R)

QQ

T = Q

T
Q = In

such that QT
AQ is the diagonal matrix of eigenvalues.

———————————
c�The present document and contents thereof are the property and copyright of the course examiner, Prof. J. Harnad,

who prepared this exam at Concordia University. No part of the present document may be used for any purpose other

than research or teaching purposes at Concordia University. Furthermore, no part of the present document may be sold,

reproduced, republished or re-disseminated in any manner or form without the prior written permission of its owner and

copyright holder.

3


