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Q1 1/1.0

Question

Letf (x) =tan(x / 10)forr < x < 3z We wish to estimate

3z
/ Jf () dx
z

by the Midpoint Rule.

In (a), (b) and (c), you must provide the exact values (as formulas). The approximate decimal values

are not accepted.
a) Divide the domain of f into 5 sub-intervals of equal length. Calculate their common length Ax.

Your response Correct response
(2/5)*pi

(v] Grade: 1/1.0

b) What are the midpoints 11, m,, ms, my and ms ? List below their values, in ascending order,
separating them by commas.

Your response Correct response
1.2*pi, 1.6"pi,2"pi,2.4*pi,2.8*pi

(] Grade: 1/1.0

c) List below the corresponding values f (mq ), f (my), f (m3), f (m4) and f (ms ), separating them

by commas.

Your response Correct response

tan(.12*pi),tan(.16*pi),tan(.2*pi),tan(.24*pi),tan(.28*pi)

(v] Grade: 1/1.0

d) Using the information found in (a), (b) and (c), find the approximation of

3r
/ f &) dx
V1

that is produced by the Midpoint Rule with 5 sub-intervals. Give the answer with 3 decimal places.

Your response Correct response

4.800

o Grade: 1/1.0

0 Total grade: 1.0x1/4 + 1.0x1/4 + 1.0x1/4 + 1.0x1/4 = 25% + 25% + 25% + 25%
Comment:
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3 —
T~ _Qodstion

(a) We have Ax = 5

(b) The 5 intervals have as endpoints 7, (7/5) z, (9/5) =, (11/5) z, (13/5) z and 37. Their midpoints are thus
+ (15 =

1=T=1.2ﬂ,

5z + 5«
my = R — = 1.6z,

O r+ (15 x 2
m= ————=

3 2 s

_ (15 x+ (357

=24rn
2

et

(13/5)n + 37
= ———— =287.
ms 5 V.4

(c) We have
f (mp) =tan(0.127) ,
f (mp) =tan(0.16x) ,
f (m3) =tan(0.27) ,
f (my) = tan (0.247)
et
f (mg) =1tan (0.287) .

(d) Finally, we obtain
5

3
/ F)dx =~ 2 f(my) Ax
i k=1
= (tan (0.127) + tan (0.167) + tan (0.27)
+ tan (0.247) + tan (0.287)) (2/5) =
=~ 4.8005 .
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Question
Letf (x) = \/x2 +xforl < x < 7.We wish to estimate

/17f(X)dx

by the Trapezoidal Rule.

a) Divide the domain of f into 4 sub-intervals of equal length. Calculate their common length Ax (exact
value).

Your response Correct response
3/2

(] Grade: 1/1.0

b) Find the approximation of

7
/lf(x)dx

that the Trapezoidal Rule produces with 4 sub-intervals. Give the answer with 4 decimal places.

Your response Correct response

26.7871

o Grade: 3/3.0

o Total grade: 1.0x1/4 + 1.0x3/4 = 25% + 75%
Comment:

7-1
(a) We have Ax = - = 3/2.

(b) The endpoints of the 4 intervals are

xp=1, x =1+432=52 x=1+203/2)=4
x3=143G2) =112 ad x4=1+432 =7

Hence, the Trapezoidal Rule gives

3
/17 f@dx = % [f(xo)+2 D F () +f () | Ax
=1

1
= 5 (1414214 + 2 (.95804) + (4.472136) + (5.97913)) + 7.483315) (3/2)

~ 26.7871.
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Question

Q3 1/1 0 Letf (x) = x2 — dxford < x < 13. We wish to estimate

13
/ f () dx
4

by Simpson’s Rule.

a) Divide the domain of f into 6 sub-intervals of equal length. Calculate their common length Ax (exact
value).

Your response Correct response
3/2

(] Grade: 1/1.0

b) Find the approximation of

13
/ f () dx
4

that Simpson’s Rule produces with 6 sub-intervals. Give the answer with 3 decimal places.

Your response Correct response

54.425

(V] Grade: 3/3.0

0 Total grade: 1.0x1/4 + 1.0x3/4 = 25% + 75%
Comment:

13 -
(a) We have Ax = —< = 3/2.
(b) The endpoints of the 6 intervals are
X0 =4 x=4+32=112, x=4+232)=7,
x3 =4+33/2) =172, x4 =4+4(3/2)=10,
X5 = 44+ 5(3/2) = 23/2, X = 44+ 6(3/2) =13.
Hence, Simpson’s Rule gives

13 1
A f)de = 3 (f xg) +4f (x1) +2f (xp) +4f (x3) +2f (g) +4f (x5) +f (xé)) Ax

= ;— (0 + 4+/825 + 24/2T + 44/3825 + 2+/60 + 41/86.25 + +/117) (3/2)
> 54.4249

https://place32.placementtester.com/uottawa/gradebook/Details.do?userld=uottawa2017fa0617 &trld=207009 4/10


javascript:sort('sort.position.desc')

12/4/2017 University of Ottawa - Gradebook

Question b
Q4 1 /1 . 0 The midpoint rule does not compute an integral / f(x) dx exactly. The error is the difference
a

between the midpoint rule estimate My, and the actual value; we cannot find the actual error unless
we can evaluate the integral exactly. We have a formula for an error bound on the midpoint rule,
depending on f, a, b and n; we can calculate the error bound without evaluating the integral exactly.
The important theorem is that the error on the estimate will always be less than or equal to the error
bound, in absolute value.

Consider f(x) = (x — l)5 on the interval [0, 3].
Computef”(x) =

Your response Correct response
20%(x-1)A3

(V] Grade: 1/1.0

What is the maximum value of |f "(x)l on the interval [0, 3] ?

Your response Correct response
160

(V] Grade: 1/1.0

The error bound on My, as a function of n, is therefore B(n) =

Your response Correct response
180/n"2

(v} Grade: 1/1.0

3
Therefore, to be sure that My, is within 10_3 of the true value of the integral / (x - l)5 dx, we
0
need B(n) < 10_3, which means we must choose n =

Your response Correct response
425

o Grade: 1/1.0

(Round up to the nearest integer.)

0 Total grade: 1.0x1/4 + 1.0x1/4 + 1.0x1/4 + 1.0x1/4 = 25% + 25% + 25% + 25%
Comment:

We have £/ (x) = 5(x — D% sof"(x) = 20(x — 1)3.

Sincef’”(x) = 60(x — 1)2, the only critical point of f Misx =1, where f (1) = 0. Therefore the maximum K of
If”(x)l on [a, b] = [0, 3] will occur at an endpoint of the interval. We findf”(O) =-20 andf”(3) = 160 so the
answer is K = 160.

Kb-a)3 1603 - 0)3 1
The error bound is B(n) = b-a = 603 -0 =180 X —.
24n2 24n2 n2
Solving B(n) < 10~3 yields 180 x Lz < 1073, Multiplying both sides by 10312 and simplifying gives
n

180 x 103 < nZ.

So we should choose our integer n > 1/ 180 X 103 ~ 424.264069. Namely, we should choose n = 425.

Q5 1 /1 O Consider the function f : R — R defined by

f (x):x6 (1—)()5 .

(a) Provide a list of all the critical numbers of f. Separate the values by a semi-colon should there be
more than one.

Input the word “none” (without quotes or capitals) should there be none.

X =

Your response Correct response
0;1;6/11

(] Grade: 1/1.0

(b) Provide a list of all the local minima of f (following the same instruction).
x

Your response Correct response
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0 Question
o Grade: 1/1.0

(c) Provide a list of all the local maxima of f (following the same instruction).
X =

Your response Correct response
6/11

(v] Grade: 1/1.0

0 Total grade: 1.0x1/3 + 1.0x1/3 + 1.0x1/3 = 33% + 33% + 33%
Comment:

As f is a polynomial, it is everywhere differentiable, and its only critical numbers are the solutions of f* (x) = 0. We
have

=622 (1—x° =59 (1 = w?
=60 =% =50 (1-0*

=6- 1> 1-0t.

The critical numbers of f are thus 0, 6/11 and 1. The table below shows the sign of each of the factors of f* (x) and
that of f* (x) on each of the sub-intervals defined by these points. On the last line, we indicate the behavior of f (“ /*
for increasing and “\;” for decreasing).

”

X - 0 6/11 1 00
6—11x + + 0 - -
x5 - 0 + + +
a —X)4 + + + 0 +
W - 0 n 0 - 0 -
;@ N / N N

We deduce that f has a local maximum at x = 6/11 and a local minimum at x = 0.

Q6 1 /1 0 Consider the function f : R — R defined by \
= \/x4+35—% .

(a) Provide a list of all the critical numbers of f. Separate the values by a semi-colon should there be
more than one.
Input the word “none” (without quotes or capitals) should there be none.

x =
Your response Correct response
0;1;sqrt(35)
o Grade: 1/1.0
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Question

(b) Provide a list of all the local minima of f (following the same instruction).
X

Your response Correct response
1

(V] Grade: 1/1.0

(c) Provide a list of all the local maxima of f* (following the same instruction).
X =

Your response Correct response

sqrt35

(] Grade: 1/1.0

O Total grade: 1.0x1/3 + 1.0x1/3 + 1.0x1/3 = 33% + 33% + 33%
Comment:

Asxt +35> Oforallix € R, the function f is defined for all R. It is even differentiable for all R, with
43 2 %2 (6x - \/xz( + 35)

pwe—t 2

2 \/xZ£ +35

The critical numbers of f* are thus the zeros of f (x), that is to say, the solutions of

x2 (6x— \/x4 +35> =0

3 4/x% +35

S x=0 ou 6x=\/x4+35

& x=0 ou <x>0 et 36x2=x4+35)

s x=0 ou (x>0 et (x2—l)(x2—35)=0)
o x=0,10u+35.

Thus the critical numbers of f are x = 0, 1 and 4/35. Moreover, as ' is continuous, the sign of f* (x) is the same for

each of the 4 intervals of R defined by these points, equivalent to the sign of 6x — v/ 4 + 35. We obtain the table
below, with the last line indicating the behavior of f (x) (" /" for increasing and ” \;” for decreasing).

x —o0 0 1 V35 ©
1 - 0 - + -
f N 5.9 N 5.9 J 12.5 \

We deduce that x = 1 is a local minimum of f and that x = 4/35 is a local maximum of f. However, x = O is not a
local extremum.
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Here to illustrate these calculat%#se,?ﬁlgrg]raph of the function f..

12

)
A I RIS SRS NS SR SIS A RS B

1
Consider the function f (x) = , defined for all x # 0.

(i) Provide a list of all the local minima of f separating the values by a semi-colon should there be
more than one.
Input the word “none” (without quotes or capitals) should there be none.

x =
Your response Correct response
1
(V] Grade: 1/1.0
(ii) Provide a list of all the local maxima of f following the same instruction.
x=
Your response Correct response
-1
(V] Grade: 1/1.0

o Total grade: 1.0x1/2 + 1.0x1/2 = 50% + 50%
Comment:

1
Asf (x) = x4+ —, ontrouve
X

21 a-Da+D

1
fo=1-—=
X2 X2 X2

Thus, excluding the point x = 0 which is not in the domain of the function, the function f is everywhere differentiable.

Therefore, the critical numbers of f are the zeros x = +1 of its derivative.

The table below shows the sign of the factors of f (x) and that of f* (x) on each of the intervals defined by these
points and the number x = 0. The last line gives the corresponding behavior of f.

x —00 -1 0 1 [

x+1 - 0 + + +
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Question
2 + + 0 + +
f + 0 - - 0 +
S ® / -2 N N\ 2 /
From the table, we observe that f has a local maximum atx = —1 and a local minimum atx = 1.
15
10
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Consider the function f : R QURS&QQn by
f=xt -3,

Find the minimum and and maximum values (absolute) of f over the interval [2, 5]. Provide the exact
values.

Minimum value =

Your response Correct response
-256
o Grade: 1/1.0
Maximum value =
Your response Correct response
-112
(V] Grade: 1/1.0

0 Total grade: 1.0x1/2 + 1.0x1/2 = 50% + 50%
Comment:

As f is continuous and differentiable everywhere on R, it attains its absolute minimum on [2, 5] at one of the
extremities of this interval, or at a point of this interval where its derivative is zero. The same phenomenon applies to
its absolute maximum. We find

() =4x3 - 64x
=dx (2 —42)
=4dx x—4dHx+4

The only zero of f* (x) over [2, 5] is x = 4. Therefore f attains its absolute minimum, just as its absolute maximum,
at one of the points 2, 4 or 5. As

F@=-112, f@=-25 et f(5)=-175,

we conclude that the minimum value of f is -256 attained at x = 4 and that its maximum value is -112 attained at
x =2

Consider the function f : R — R given by

fw=x

3

Estimate the minimum value and maximum value (absolute) of f over the interval [3, 4], with precision
+0.001.

Minimum value =

Your response Correct response
4E-4
(v] Grade: 1/1.0
Maximum value =
Your response Correct response
0.0033
o Grade: 1/1.0

O Total grade: 1.0x1/2 + 1.0x1/2 = 50% + 50%

Comment:

As f is continuous and differentiable everywhere on R, it attains its absolute minimum on [3, 4] at one of the
extremities of this interval, or at a point of this interval where its derivative is zero. The same phenomenon applies to
its absolute maximum. We find

Fo@ =32 e 403 (3¢ = 3 - 30)a2 e,

Hence the only zeros of the derivative are x = 0 and x = 1. Therefore f* (x) does not reach zero on [3, 4]. More
precisely, we have f' (x) < 0 forx > 1.

Thus, f is decreasing on (1, o0) and therefore is decreasing on [3, 4]. On this interval, its absolute maximum is

f (3) = 0.0033 and its absolute minimum is f (4) =~ 4E-4.

https://place32.placementtester.com/uottawa/gradebook/Details.do?userld=uottawa2017fa0617 &trld=207009

10/10


javascript:sort('sort.position.desc')

