MAT1330B CALCULUS FOR THE LIFE SCIENCES I ELIZABETH MALTAIS

13. Optimization (Nov. 1)

Lec 12 mini review.

using f  find domain find z- and y-intercept(s) find asymptotes:
horizontal/vertical
using f’  find critical numbers  determine behaviour: classify extrema:
increasing/decreasing local min/max
using f” find IP candidates determine curvature: locate inflection points

concave up/concave down
using all sketch the graph of f  label: intercepts, asymptotes, extrema, and inflection points

EXTREME VALUES

A function y = f(z) has...

...an absolute/global maximum at x = c if ...an absolute/global minimum at = = cif

FE=FX £©) &)
forall X inthe Demain of ¥ Sorall X inthe Demain of ¢

The value f(c) is called the...

absolute/global maximum value of f. absolute/global minimum value of f.

¢ The max/min values of f are called extreme values.

¢ A function f can attain its max/min values at many numbers.

«—GLORAL MAX VALUE is 1
oit's atfoined boy Ininitely many #s.

\ <—GLOBAL MiN VALUE is —1
(also oftained ot infiritely many +<)

¢ Some functions do not have max and/or min values.

_E;)-(-. / %=% E_)_( \A/%___Xt_,_l
<—GLOBAL MIN VALUE is 1

P4

> atloined at only one
1\ number: X=0
V . { BUT NO GLOBAL MAX.
Chas No GLOBAL MIN oR MAX

* These notes are solely for the personal use of students registered in MAT1330; their creator does not give permission for this material to be

v

N

uploaded or shared online.
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LOCAL EXTREMA VS. GLOBAL EXTREMA

A function y = f(z) has...

...a relative/local maximum at x = cif ...a relative/local minimum at z = cif
FO=fX F) <
forall x “near’ c Jorall X “near’ C

(inanopen inter vol on eitherside of ¢) | (inan open inter voll on exthes side of )

¢ The local max/min values of f are called local extrema.

¢ Some local max/min are also global extreme points.

%=X"+l
«— | OCAL MiN VALUE 15 1.
N > T+5alsothe GLOBAL MIN VALLE .

o Not every local max/min is an absolute max/min.

=X3-3x*
EX | ocALMAX T / ¢
\

Pl
™~

X=0 —~» . Bur NEiMER OFTHESE LOCAL EXTREMA

< N\ 3 > |S A GLOBALEXTREME POINT
< LOCAL MIN@ x=2

¢ Not every global max/min is a local max/min.

Ex. 4=x
) L/KMN VALUE iSO, at y=0,
Y

"1 butitis not o LOCAL MIN BECAUSE VX is UNDEFINED FROM LEFT OF X=0

Fact. If f has a local min/max at x = ¢, and if f'(c) exists, then f'(c) = 0.

In other words, a local max at which the derivative exists is necessarily a “type 1” critical

number. il
+op ofa *hi * 1€ £6) DNE, then F could shll have
F‘T lbottom of avalley” o LOCAL MIN/MAX ab X=c... but

H+woudbe at o corer or cusp of f

EXTREME VALUE THEOREM

Theorem 13.1. (Extreme Value Theorem)
If y = f(x) is continuous on the closed interval [a, b], then, restricted to the interval [a, b], f has
an absolute maximum and an absolute minimum on [a, b|.

2



Note. If f is not continuous on [a, b], then the Extreme Value Theorem is not applicable. Even if
f is continuous, if the interval is not closed, then the Extreme Value Theorem is not applicable.

ECS 1./
[ e

tsfunction 1s NoT Continuas on Lol gy e e contimons on ()

T+ hos no GLOBAL EXTREMA onfa ol butthe interval is NOT closed.
Tthas ho GLOBAL EXTREMA O (Alb).

Strategy to find the absolute extrema of a continuous function f(x) on a closed interval [a, b]
1. Find the critical numbers of f.

2. For each critical number ¢ such that ¢ € [a, b], compute its value f(c).

3. For the endpoints = = a and = = b of [a, b], compute the values f(a) and f(b).

4. The absolute maximum value of f on [a, b] is largest value computed in steps 2 and 3.
5. The absolute minimum value of f on [, b] is smallest value computed in steps 2 and 3.

Example 13.2. Find the extreme values of g(t) = 2t'°(4 — ¢*)® on the closed interval [—1, 2].
5 Y '
§()=20t U1 + A°EU-r)Ca) <ome ﬁ;{i‘?i"oﬁ;@,ﬁ;“!w“‘
fype L7 0=’
0 =20t 4-t*)2-q0t" (4-t¥*

0= g0t (-8 Tu-t)-t*]
A
biggest common factors we Could gother £rom alterms.

0= Q(}t" CEk [Ll-&tﬂ

N
{-:O _t}:q 9t1"=Ll
fr=2

St=r7 £ =+{2
1 Sothecrificals#s of g are t=0,t=-qt=2,t=~a,{={a
2. valws of crifical #s on [-1,41: 9(0)=0, g(&)=a"=q0Hg , 9@)=0
3.values atendpaints of [-1,3]: g1)=486, 9@ =0.

4 g has o GLOBAL MAX on[-1)3] at x=y3 . GLOBALMAX VALUE is 9(53)=1"
5. g has a GLOBAL MINon[-1,7]ot-X=0,%=2. GLOBALMIN VALUE is 90)=9@=0



OPTIMIZATION

o In Optimization, we are looking for the “best” value of something (or “optimum” value).

o The optimum value is the absolute minimum /maximum, depending on what we're
dealing with.

o We know how to find absolute max/min values!

o If we can model our optimization problem as a function of 1 variable, then we know
how to find its extreme values.

Example 13.3. Assume that the apples in an orchard grow logistically and are harvested

according to the following DTDS: . .
5 5 updating function

Tir1 = 25.1't(1 — mt) — hxt _F
@ X)= A5X(=X) =HX
o the time step ¢ is measured in weeks ( ) d C ) ‘?‘

e the quantity z; represents the portion of the maximum possible crop size (which has
been estimated to be 100 000 kg of apples) available on week ¢

e the constant parameter i > 0 represents the harvesting intensity (fraction of available
apples harvested each week) (OF how cdreed'\\\/ we harvest Yho available appLas “ )

Assume the harvesting intensity / remains fixed throughout the harvest so that the quantity of
apples approaches its equilibrium point. Then the equilibrium yield of this crop is Y (k) = hz*,
where z* is the crop’s (positive) equilibrium point (fixed point).

(a) Find the fixed point(s) of this system and the corresponding equilibrium yield.

For fiyed points (alsoknown as equilibrio) we solve X=T).
=> X =25 (1-x)—AX
= 0= 25%-2a5X ~Hx —-X
=>0=X (35-25x —A-1)

=—>Ozx(l-‘5—@\—2.5x)
X =0 or \1'5_"‘?\—35)( =0
= QSx =15-A

= X = S-4 =O-6"0H'ﬁ/

as
Sothis DIDS has a equilibria - tDQJE in order for-tis-1o be a posihie
Y*=0 and X*=0.6-04%A equilibrium) we ned 1S-f>0 =Ah<IS

FACT forthis DTDS, the positive equilorium (fiyed point) 15 STABLE.

82 Tivthe long fexm  the equiliorium harvest willbe |YEA)=Ax* =4 (o,c,— 04R)
(What we harvest in long ferm depends on oy harvesfing ntensity_parameter 4)




(b) What is the optimal harvesting intensity for this crop? What is the maximum yield’s

value?
Now, we wantthe GLOBAL MAX of our Jongerm yield Y(A) for fe(o, 1S)
5
\{H\) = O 6% B OH“F\Q Note this isfangl%or% where

1. >0 S0 we aciuolly harvest soma applos €ach week

- V) ,e’ . .
—'> Y 'f\) = OG - O% (samedomain 0s Y —W\O'MPCQ crit. #S) Q. h<15 sothe equilibrium ¥*=0.6-044 iS>0
(whichmeans quantity oF-apples is >0 in long ferm)
which means e weren't So greedy as o harvestour orchard o death !

Typel? o=y@)

broken domajp
0 =06-03A Gnterval | (05 0.78) | (0715,15) S+ the GLOBAL MAX. lotg-tenm
signof Y&) [Y’(65)>0 |Y (1) < O yield ocew's whan H=0175
O'g%- OG @ SS) and the maximum |ong-ferm
-—?\ =06 = 0.75 behaviowr [INCREASING | DECRERSING yiedis Y(0:75)=0235
o] 3 Y hﬂS a (inloooon's o&*&aso?applﬂs)

LOCAL MAY @ A =05

oo YHA) has ohe critical +
Forthis function,itis infack o GLOBAL MAX. Since ha funchion

(’ "ﬁ= 015 Mcreases from 04 A<07T5 thun decreases for t1>0.75,
o The function’s benaviour does nof allow +he possibility
but is i a GLOBAL MP&X? v reach g bigger Value than Y(015) = 0.9a5 “

Example 13.4. The yield of another crop changes with the amount of fertilizer (such as
Nitrogen). When nitrogen levels in the soil are low, then adding some nitrogen will greatly
increase the yield. When nitrogen levels are already very high, then adding some nitrogen
might actually decrease the crop’s yield. Assume that the crop’s yield as a function of the
amount of nitrogen in the soil is given by

N
1+ N?
What is the optimal level of nitrogen in the soil?

Now, We Want +he. GLOBAL MAX of he crop’s yleld function Y(N) for N20
Chitrogen level

Y (N) (where the nitrogen level N is measured in ug nitrogen/kg soil)

YN = @U+N)=N@N) (quotient rule) cannot be nasative.
(H—Nz) ’ broken domain ) | (
V) 1NI2Z (intervals) [o, 1) |(1,°9)
= Y (N) - _l__]\j—?- «some domain as Y so ho Hype crit #s Siﬁh of Y)(N) Y)(Ogio Y)C3) <O
(1+ N%) oh inttfvol =)
E{%ﬂv;oﬁcr | INCRERASING| DECRE ASING
oninterva
-hﬂpe,i? 0=Y(N)
= O =|-N? Jo Y(N) has a LOCAL MAX of N=1
\ Nz)?— T+ isalsoq GLOBAL MAX since
(+ Yield increases for 0% N<L, fhun
— O=|-N? decreases forall N>1
= 0=(1- N)U +N) S the maximum Vield is aftained When
4 Nitrogen levels are at l)ﬂvg Hey soil
o Y(N) has ohe critical # N: l M < not relevant for ﬂ(m}g)') level.




Example 13.5. Near her crops, a farmer wants to enclose a rectangular grazing area for sheep
alongside a (very straight) river. She has 1800 feet of fencing to use. What dimensions will
provide the maximum grazing area for the sheep?

= A = area enclosed
- }W A = length of side paralle[+o wadtrling
— W = width of area
/
wewant +he. obsolute MAX area suk{]eoHD ‘[ g?f(f 1(312?)0
WLt dw =1900

because §ormar only hos 1800 feet of-fencing.
We Know A=Lw but this is afunction of & variables.

since. +otal amount of fencing nacded is W+L+w=L+3w =1300,
we canisolate (ewther) oneof the Variables.
Letsisolafe £: L+aw=[300
= _{=1[300-adw
—~S
oo A =(1300-aw) W
Now AW) is afunction of one variable So wWeknow how+ofind its extfeme Values.

AW) =800 -aw?
A ()= 1300—Yur SE%K&:% (0, 4s6) ('45—0‘,]%0@
Sign of AW |A(@) >0 | Ao <0
O=AWw) oninterval | @) =
O =1[800Hw behaviowr [INCREASING | DECREASING
= W=H50 — T
Crit# W=450

Since AW) incfeoses for 04w<4s0 thun decreases for gll w >450,
e area atlains a GLOBAL MAX whh W=HS0 ¢, L=]300-2Hs9 =900

Sothe absolute MAX area is A(4s0)= 405000 £t when w=450 £+ and £4=900 £t

STUDY GUIDE

o extreme values: absolute/global min/max relative/local min/max values

¢ Extreme Value Theorem:
how to find absolute extrema of a continuous function over a closed interval.

o Optimization: convert optimization into a calculus problem about extreme values

Exercises Adler & Lovri¢ textbook, 2nd ed. 6.1 pg. 363 #7,9,13,15,17,19, 2143, 63, 64, 81
§6.2 pg. 375 #17-18, 21-22

Prof. Lutscher’s Notes (on Virtual Campus) §12.1 pg. 45 # 14
§13.1pg.53#1,4,5,7,9,10
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