
MATH2004 Tutorial 4

1. Find the domain of f(x, y) =
√

y − 2x2.

Solution: y − 2x2 ≥ 0, y ≥ 2x2.

2. Find the limit

lim
(x,y)→(1,0)

x + y

x2 + y2 + 1
.

Solution:

lim
(x,y)→(1,2)

x + y

x2 + y2 + 1
=

3

6
=

1

2
.

3. Find the limit

lim
(x,y)→(0,0)

x

sin y
.

Solution: If we take the route y = x, then

lim
(x,y)→(0,0)

x

sin y
= lim

x→0

x

sinx
= 1.

If we take the route y = 2x, then

lim
(x,y)→(0,0)

x

sin y
= lim

x→0

x

sin 2x
=

1

2
lim
x→0

2x

sin 2x
=

1

2
.

The two limits are different, the original limit does not exist.

4. Let f(x, y) = exy + x ln(1 + y2). Calculate fx(0, 1), fy(0, 1), fxy(0, 1).

Solution:

fx = yexy + ln(1 + y2), fx(0, 1) = 1 + ln 2.

fy = xexy +
2xy

1 + y2
, fy(0, 1) = 0.

fxy = (1 + xy)exy +
2y

1 + y2
, fxy(0, 1) = 2.

1



5. Find ∂z
∂x

, if z is implicitly defined by

x2 + y3 + z4 − 8xyz = z2.

Solution:

2x + 0 + 4z3zx − 8yz − 8xyzx = 2zzx,⇒ zx =
2x− 8yz

2z − 4z3 + 8xy
=

x− 4yz

z − 2z3 + 4xy
.

6. f(x, y, z) = arctan(xy2z3). Find fz(x, y, z).

Solution:

fz(x, y, z) =
(xy2z3)z

1 + (xy2z3)2
=

3xy2z2

1 + (xy2z3)2
.

7. Let f(x, y) = x2 − xy.

(1) Find the gradient of the function.

(2) Find the directional derivative of f(x, y) at the point (2, 1) in the direction of the

vector ~v = (3,−4).

(3) Find the maximum rate of change of f at (2, 1) and indicate in which direction

this maximum will occur.

Solution: (1) ∇f = (2x− y,−x).

(2) ~u = ~v
|~v| = (3

5
,−4

5
).

D~uf(2, 1) = (3,−2) · (3
5
,−4

5
) = 17

5
.

(3) The maximum rate of change of f at (2, 1) = |∇f(2, 1)| = |(3,−2)| =
√

13,

which occurs in the direction 〈3,−2〉.

8. Find the directional derivative of the function f(x, y, z) = xz2 − 2x2y + 3y2z + 9 in

the direction ~u = (3
7
,−2

7
, 6
7
) at the point (2, 1,−1).

Solution: fx = z2 − 4xy, fy = 2x2 + 6yz, fz = 2xz + 3y2. We have

fx(2, 1,−1) = −7, fy(2, 1,−1) = −14, fz(2, 1,−1) = −1.

Note that ~u is a unit vector, thus

D~uf(2, 1,−1) = (−7,−14,−1) · (3

7
,−2

7
,
6

7
) =

1

7
.
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