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4z
1) Solve the differential equation 3y = Z
Ty +y
Solution:
The equation is homogeneous, so u = Yy =
x
p , 14w 1 , 1 1—u? v o, 1
uU+ru =y = == = U =— —Uu= —u = — =
utu?  u u u 1—u? T
1
—§1n|1—u2| =nz|+c = Injl —v?|=2Inz|+c; = 1—u?=cz?
= 22 —y? =cs.

2) Solve the differential equation y” + 3y’ +2y =0, y(0) =1, ¢'(0) = 2.

y=¢€* = r+3r+2=0= (r+2)r+1)=0 = r=-2,-1 =
y = cre % 4 cpe ",

y(0)=1 = i+ =1, y(z) = -2 —ce®, y(0) =2 =
—2c1—cp=2 = ¢, =—-3and c; = 4. Thus, y = —3e 2 + 4e 7.

3) Solve the Bernoulli equation 3y’ + ¥ _ 3x1°.
T
Solution:
u=y ! = y=utl = ¢y=—vwW = v+t lu!=3w? =
W —z "\ = 3z, I(z) = e] 7' = ¢=llal — |z|-! and we may take
I(z) = z7'. The equation then becomes x~ v/ — z72u = -3, i.e.,
(z7'u) = —=3. Thus, 27 'u = -3z 4+¢ = u= 32> +cx =
1
-1
Y cx — 3x?

4.a) Verify that the differential equation

(e siny + 2x)dx + (e” cosy + 2y)dy = 0
is exact and solve it.

Solution:
P =e"siny + 2z,Q = e cosy + 2y, P, = e cos(y) = @, = the equation
is exact.
fo =P =¢"sin(y) +2z = f(z,y) = e“sin(y) +2* +g(y), f, =Q =
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e“cos(y) + ¢'(y) = e*cos(y) +2y = ¢y) =2y = gly) =y *+c =
f(z,y) = e®sin(y) + 2 + y* + ¢, and the general solution is
e”sin(y) + 22 + y* = k.

[ 5] 4.b) Show that the differential equation (4z + 3y?) dz + (2zy) dy = 0 is not
exact. Find an integrating factor of the form I = I(z) that makes it exact.
Write down the new exact differential equation.

(DO NOT SOLVE THE NEW DIFFERENTIAL EQUATION.)

Solution:
P =4z + 3y*, Q = 2zy, P, = 6y, Q. = 2y, P, # Q., so the equation is

P,—Q, 4 2 . ) )
not exact. —~ ¢ - Y _z is a function of = only, so there exists an
Q 2ry  «x
. . . I'(x) 2 L )
integrating factor I(z) given by = —, which gives I(z) = x*. Thus, the
x

I(x)

new equation is (4z3 + 3z2y?) + 2z3yy’ = 0, and is exact.

[ 7] 5) Solve the differential equation zy’ + (2 + 3z)y = ze .

Solution: )

The equation is linear, 1’ + (— + 3> y = e 3% with the integrating factor
x

I(z) = o (3+3)dr _ 2mlal+32 _ 12,3 Then (2263%y) = 12 =

3
2 _3x & & c ) —3x
T —_ = — | — - .
€y 3 ¢ Y (3 .’132 €

[ 7] 6) Solve the differential equation 9z%y” + 15zy’ + 5y = 0, = > 0.
Solution:

The equation is Euler, soy =2" = 9r(r—1)4+15r+5=0 =

—6 £+ /36 — 180 1 2

9T2+6T+5:O:>7’: :—gig’bi

18
rcos (ns) + casin (10
C1 COS 3n:£ Cs sin 3n:r .

[ 15] 7) Determine whether the following series converges absolutely, converges con-
ditionally, or diverges. Justify your answer.

Yy=x

W=
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-

n=1 ne n=1
1 2n 2 .
(a) |an|" = = =——0<1as n — oo, hence the series converges by the
n?
root test.
Apt1 et ne n \¢ o
(b) = —=e (—) — e > 1 as n — 00, so the series di-
an, (n+1)cen n+1

verges by the ratio test.

3
n
(c) The series is alternating, with b, = %, which is positive and de-

creasing, and b, — 0 as n — oo. Hence the series converges by the
alternating series test. The series does not converge absolutely because

In 1

and Z 5 diverges since it is a p-series
n+tn  2n23

with p < 1. Thus, the series converges condltlonally

lan| = by, >

[ 10] 8) Find the radius of convergence and the interval of convergence of the series

i x—|—2 "
1 4n+1 1
R = lim :hmu:éllimn—i_ = 4.
n—o00 Cni1 n—o00 n4n n—o00 n

> 1
-4 <zrx+2<4 = —6<x<2 Atz =2 Z—diverges, and at
n

n=1
x = —06, Z (=
n=1

[ 7] 9) Solve the differential equation y” + 4y = 3 cos(2x).

) converges. Thus, I = [—6,2).

Solution:
' +4y =0 y=€7 = r’4+4=0 = r=42 =
yn = ¢1 cos(2z) +cosin(2z). Since C cos(2x)+ D sin(2x) satisfies the homoge-
neous equation, a particular solution of the nonhomogeneous equation must
take the form y, = z[C cos(2x) + Dsin(2x)]. Then

= [C cos(2z) + Dsin(2z)] + x[—2C'sin(2z) + 2D cos(2z)],



[ 8]

[ 7]

[ 4]

11) Use the binomial series to expand the function
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yy = —4C'sin(2x) 4 4D cos(2z) + x[—4C cos(2x) — 4D sin(27)],
s0 Yy + 4y, = 3cos(2x) = —4C'sin(2z) + 4D cos(2r) = 3cos(2z) =

3 3
C=0, D:Z = yp:Z:rsin(Q:r),andy:yh+yp.

10) Find the Taylor series for the function f(z) = cosz at a = 7/3.

f(x) = cos(z), f'(z) = —sin(:rz}_f”(:c) = —cos(z), f"(z) :\s/ig(:c), etc.
Thus, f(r/3) = 3, fi(n/3) =~ f(r/3) = —5. /" (x/3) = 2. ete., 50
that &M (7/3) = (D and f*(7/3) = w k> 0.

Thus, the Taylor series of f is
0 f(n)(ﬂ/g) ( ﬂ-)n B 00 (_1)k ( 7r) 00 )k+1\/— ( 7r>2k:+1
2, T3 _,;)2(%)! T3 +,;)22k:+1 T3

= n!
1

/8 +

as a power series.

8

Solution:

()6
For n > 1, ( —1/3 ) = <_%) (_é_l) <_%_2)"'<_%_(”_1))

n n!
D) eart s
3nn!
! < (—1)"-1-4-7---(3n—2) ,
R l +Z 3lgn ! ]

2,1

12.a) Suppose that the dlfferential equation z%y” + zy’ + %y = 0 has a power

series solution of the form y = Z cpx". Find a recurrence relation that
n=0
determines ¢,, n =0,1,2,3,....

(Do not solve the differential equation)

Solution:
o0 o0

o0
y:chx", y':chn:p , Z (n—1)c,z”
n=0 n=0

n=0

2o
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Y n(n—1)cz™ + > ne,a™ + Y =0 = > nle,a™ + > =0 =
n=0 n=0 n=0 n=0 n=0
ar+ Y nfe,t"+ > 2" =0 = az+ ) [(n+ 2+ glz" =0 =
= n=0
—c
c; =0 and (n +2)2%¢c, ¢, =0foralln>0,ie., chpo = ——.
1 (n+2)cpi2 + 2 2=
[ 5] 12.b) Use the recurrence relation

c1=c =0, cpy1 = 721 forn=2,3,4,...
to solve the differential equation 3’ — 2%y = 0, by power series solution, where
Y = Z cpx”.

n=0

Solution:

¢ c c
n=2 = 03230, n=3 = 0421120, n=4 = 0523220,

C3 Co Co Cy Cs
n=95= c=—= ,n:6:>c:——0 n=7 = c =0,

66666?62!3200 7707 TR
n=8 = 09250— 9 2132 = ETRER n=29 :> ClOZCE:Q )
=10 = cn=—=0, n=11 = = 0 — 2 ete,

" e TR ‘2T T T o3 A o
SO C3pr1 = Capro = 0, and cg = k'3k for £k > 0. Thus,

23

N
y—ch:U Zc%x _Cozklgk _Cozkr'< ) = cpe3, as can

be conﬁrmed easﬂy, since the equatlon is separable!



