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Question 1. Determine all values of x that satisfy det(A) = 0, where

A =

 1 x x
x 1 x
x x 1


We have[3]

det(A) = 1 + 2x3 − 3x2 = 1− x2 + 2x3 − 2x2.

Factoring gives us

det(A) = (1− x)(1 + x) + 2x2(x− 1) = (1− x)(1 + x− 2x2) = (1− x)(1− x)(1 + 2x)

so det(A) = 0 implies x = 1 or x = −1/2.

Question 2. Suppose A, B and C are invertible 4×4 dimensional matrices with the properties
that det(A) = 3, det(B) = 5 and det(C) = 2. Calculate the determinant of

(3A−1BCCTA3).

Using properties of determinants, we have

det(3A−1BCCTA3) = 34 × det(A−1)× det(B)× det(C)× det(CT )× det(A3)

Hence

34
1

det(A)
× det(B)× det(C)2 × det(A)3 =

34

3
× 5× 22 × 33 = 14580

Question 3. Consider the system of equations

y′1 = 10y1 − 5y2

y′2 = 8y1 − 12y2
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a) Find the general solution.
We have[4]

det(A− λI) = λ2 + 2λ− 80 = (λ− 8)(λ+ 10)

so the eigenvalues are λ1 = 8 and λ2 = −10.
Corresponding to λ1 = 8, we have[

2 −5 0
8 −20 0

]
∼
[
2 −5 0
0 0 0

]
It follows that the eigenvectors are in the form(

5
2

)
r, r ∈ R, r 6= 0

Corresponding to λ2 = −10, we have[
20 −5 0
8 −2 0

]
∼
[
4 −1 0
0 0 0

]
so eigenvectors are in the form (

1
4

)
s, s ∈ R, s 6= 0

Hence the general solution is

~Y (t) = c1e
8t

(
5
2

)
+ c2e

−10t
(

1
4

)
or y1(t) = 5c1e

8t + c2e
−10t and y2(t) = 2c1e

8t + 4c2e
−10t.

b) Find the solution satisfying y1(0) = 7 and y2(0) = −8.
We have y1(0) = 5c1 + c2 = 7 and y2(0) = 2c1 + 4c2 = −8. Solving, we have c1 = 2 and[2]

c2 = −3. Hence the particular solution is

~Y (t) = 2e8t
(

5
2

)
− 3e−10t

(
1
4

)
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Question 4. Find the general solution of the system

x′ = −x+ 5y + 4z

y′ = −x+ 5y − z
z′ = −6z

We have[6]
det(A− λI) = −λ(λ+ 6)(λ− 4) = 0

so the eigenvalues are λ1 = 0 and λ2 = −6 and λ = 4.
Corresponding to λ1 = 0, we have −1 5 4 0

−1 5 −1 0
0 0 −6 0

 ∼
 −1 5 0 0

0 0 1 0
0 0 0 0


It follows that the eigenvectors are  5

1
0

 r, r ∈ R, r 6= 0.

Corresponding to λ2 = −6, we have 5 5 4 0
−1 11 −1 0
0 0 0 0

 ∼
 1 0 49/60 0

0 1 −1/60 0
0 0 0 0


so the eigenvectors are  −491

60

 s, s ∈ R, s 6= 0

Corresponding to λ3 = 4, we have −5 5 4 0
−1 1 −1 0
0 0 −10 0

 ∼
 1 −1 0 0

0 0 1 0
0 0 0 0


so the eigenvectors are  1

1
0

w,w ∈ R, w 6= 0

It follows that the general solution is

~X(t) = c1

 5
1
0

+ c2e
−6t

 −491
60

+ c3e
4t

 1
1
0


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