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QUESTION 1. For the system of linear equations

z + 3y + 92 = 3
2 + Ty + 23z = 2
r + ay + a’z = a

a) determine the values of a for which the system has

(i) no solution,
ii) infinitely many solutions,
y y

(iii) a unique solution.

The augmented matrix of the system is
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We perform the following operations, where R; is row i: Ry ~» Ry —2Rq, R3 ~ R3— Ry,
R3 ~» R3 — (a — 3) Ry, and obtain

1 3 9 3 1 2 3 3
A~ 10 1 5 —4 | ~|0 1 5 —4
0 a—3 a’?—9|a-3 0 0 a®2—9—5a+15|5(a—3)

1 3 9 3
0 1 5 —4
0 0 (a—3)(a—2)]|5(a—3)



o If a = 2, then the last row of the matrix is is [ 0 00 ‘ -5 ] Hence the system
is inconsistent.

e If @ = 3 then
1 2 4| 2 1 0 -6/ 10
M=|015|-4|~]01 5 |—-4
00 0] O 00 O 0

Hence the system has infinitely many solutions.

o If a ¢ {3,2}, then (a — 3)(a — 2) # 0 and so the system is uniquely solvable

The answer to question (a) is therefore:

1] (i) The system in inconsistent if a = 2.
1] (ii) The system has infinitely many solutions if a = 3.
1] (iii) The system is uniquely solvable if a ¢ {2,3}.

b) In case (ii) above describe all solutions.
The RREF of the matrix is

1 0 —6]15
01 5 |—-4
00 010
The corresponding linear system is
x — 6z = 15
y + 5z = —4

Thus z is a free variable. Putting z = t, the general solution is

(15 + 6t, —4 — 5t,t) (¢ a free parameter)

c) If a =1 find the inverse of the matrix

1 3 9
A=1|2 7 23
1 a a
2] We set up the 3 by 6 matrix for the inverse.
13 91 00
2 7 23|01 0
11 10 01

(0.5 points for the correct approach) We use Gauss—Jordan elimination on this matrix
1 3 911 00

Ry~ Ro—2R1,R3~R3— Ry | O 1 5 |-=2 1 0
0 -2 -8|—-1 0 1



1 3 9 1 0 0
Next: R3 ~~ R3+2Rs and then R3 ~05R3: | O 1 5| =2 1 0 . The next step
00 1]-25 1 0.5
1 0 —6 7 -3 0
is Ry ~ Ry — 3Ry 01 5 —2 1 0 and finally Ry ~ R1+6R3, Ro ~~ Ry —5R3
00 1 ]-25 1 0.5

10 0] -8 3 3
0 1 0] —2 —4 —25 |.(1 point for row operations, no points if the left hand
00 1/-25 1 05
side is not reduced to RREF.) So the inverse is
-8 3 3
—-10.5 -4 —-25
-25 1 05

(0.5 for the correct answer or consistent with previous work.)

QUESTION 2. Given the following matrices and vectors

1 -7 -9 3 -7 1 1 0
A=|6 0 8 |,B=|6 4 |,u=|2|,v=|74],w=]1/2
4 4 0 0 1 3 0 3/4

Compute the following if possible. If not possible, explain in one sentence why.

a) 3v+2BTw.
3v + 2BTw is not defined since Bfw is 2 x 1 and v is 3 x 1.
b) wv’

0 0 0
wvl=|1/2 7/8 0
3/4 21/6 0
c) viw
vIiw=1x0+7/4%x1/2+0x3/4="17/8.
d) ATB +2vliw

AT B + 2vT'w is not defined since AT B is a 3 x 2 matrix and vI'w is 1 x 1.

e) AB
-39 44
AB = 0 8
36 —12

f) Bu

Bu is not defined since B has 2 columns and u has 3 rows.



g) BA
BA is not defined since B has 2 columns and A has 3 rows.

h) A?
—77 —43 —65
A= 38 —10 —-54
28 —28 —4

QUESTION 3. Determine the matrix A such that:

43
r [1 3 —2]\T 7
(3‘4_[—45 1]) - _22§+39

We calculate the both sides of the equation

-5 4
12 3

<3AT_[1 3 —2:|>T:3(AT)T_|:_14 2 —12]T:3A_

-4 5 1
—4 3 T -4 3 79
26+3[;125§}:26+3—512
-2 6 -2 6 4 3
—4 3 21 27 17 30
=12 6|+ |-15 36| =|-13 42
-2 6 12 9 10 15
Hence
1 —4 17 30
3A— |3 5| =|-13 42
-2 1 10 15
Therefore
17 30 1 —4 18 26
3A=|—-13 42 |+ |3 5| =|-10 47
10 6+9 -2 1 8 16
18 26 6 %
A=_-|-10 47| = %(—810) %4(47)
8 16 8 =10))
QUESTION 4.

a) Express z; = e™/2 and z9 = €™/ in the form z = a + ib.

zlzcosz+isinz:0+i(1)

2 2
3 .
zgzcosg+ising:\2[+;

=1



b) Express z1/z2 in the form z = a + ib.

ﬂ _ €i7r/2 _ ei(ﬂ'/Q*ﬂ/G) _ e’iﬂ'/3 _ 1 + ﬁz
Z22 ein/6 2 2
c) Express w = —12 + 5i in the form w = re®.

We have r = /(—12)? + 52 = 13. Since the vector is in the third quadrant, we have

5)
0 = m — arctan — = 2.7468.
T — arctan 12
Thus,

W= 1362.74681

d) Find wo.
1] We have @ = 13e=27468¢ 5o

ww = 13> 09137271680 — 169,

Alternatively, we could just have multiplied out:

ww = (=12 + 5i)(—12 — 5i) = 144 — 25i* = 169.

QUESTION 5. Draw the following complex numbers in the plane:
142, —342i, (-14+9(142i), (2+9)?% @+i) L

6] Solution: (—1+i)(1+2i)=-3—1 (2+i)?=3+4i, (1+i)'=3-14
5*
-\ 2
(2+1) . Al
(—1+z)(1+2z); .l
342 —14+2i
. o2
1*
% % i % —0 % % %
-5 -4 -3 -2 -1 Oe 1 2 3
14 (407t
21
-3+

3 points for sketch, 1 point for finding the correct cartesian coordinates of each
of (=1 +i)(1+2i), (2+4)2, (1+4)"%



