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Question 1. For the system of linear equations

x + 3y + 9z = 3
2x + 7y + 23z = 2
x + ay + a2z = a

a) determine the values of a for which the system has

(i) no solution,

(ii) infinitely many solutions,

(iii) a unique solution.

The augmented matrix of the system is

A =

 1 3 9 3
2 7 23 2
1 a a2 a


We perform the following operations, where Ri is row i: R2  R2−2R1, R3  R3−R1,
R3  R3 − (a− 3)R2, and obtain

A ∼

 1 3 9 3
0 1 5 −4
0 a− 3 a2 − 9 a− 3

 ∼
 1 2 3 3

0 1 5 −4
0 0 a2 − 9− 5a+ 15 5(a− 3)

 .
Since a2 − 9− 5a+ 15 = (a− 3)(a− 2) we get : 1 3 9 3

0 1 5 −4
0 0 (a− 3)(a− 2) 5(a− 3)


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• If a = 2, then the last row of the matrix is is
[

0 0 0 −5
]
. Hence the system

is inconsistent.

• If a = 3 then

M =

 1 2 4 2
0 1 5 −4
0 0 0 0

 ∼
 1 0 −6 10

0 1 5 −4
0 0 0 0


Hence the system has infinitely many solutions.

• If a /∈ {3, 2}, then (a− 3)(a− 2) 6= 0 and so the system is uniquely solvable

The answer to question (a) is therefore :

(i) The system in inconsistent if a = 2.[1]

(ii) The system has infinitely many solutions if a = 3.[1]

(iii) The system is uniquely solvable if a /∈ {2, 3}.[1]

b) In case (ii) above describe all solutions.

The RREF of the matrix is  1 0 −6 15
0 1 5 −4
0 0 0 0


The corresponding linear system is

x − 6z = 15
y + 5z = −4

Thus z is a free variable. Putting z = t, the general solution is

(15 + 6t,−4− 5t, t) (t a free parameter)

c) If a = 1 find the inverse of the matrix

A =

 1 3 9
2 7 23
1 a a2


We set up the 3 by 6 matrix for the inverse.[2]  1 3 9 1 0 0

2 7 23 0 1 0
1 1 1 0 0 1

 .
(0.5 points for the correct approach) We use Gauss–Jordan elimination on this matrix

R2  R2 − 2R1, R3  R3 −R1

 1 3 9 1 0 0
0 1 5 −2 1 0
0 −2 −8 −1 0 1

 .
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Next: R3  R3 + 2R2 and then R3  0.5R3:

 1 3 9 1 0 0
0 1 5 −2 1 0
0 0 1 −2.5 1 0.5

 . The next step

is R1  R1−3R2

 1 0 −6 7 −3 0
0 1 5 −2 1 0
0 0 1 −2.5 1 0.5

 and finally R1  R1 + 6R3, R2  R2−5R3 1 0 0 −8 3 3
0 1 0 −2 −4 −2.5
0 0 1 −2.5 1 0.5

 . (1 point for row operations, no points if the left hand

side is not reduced to RREF.) So the inverse is −8 3 3
−10.5 −4 −2.5
−2.5 1 0.5

 .
(0.5 for the correct answer or consistent with previous work.)

Question 2. Given the following matrices and vectors

A =

 1 −7 −9
6 0 8
4 4 0

 , B =

 3 −7
6 4
0 1

 , u =

 1
2
3

 , v =

 1
7/4
0

 , w =

 0
1/2
3/4

 .
Compute the following if possible. If not possible, explain in one sentence why.

a) 3v + 2BTw.

3v + 2BTw is not defined since BTw is 2× 1 and v is 3× 1.

b) wvT

wvT =

 0 0 0
1/2 7/8 0
3/4 21/6 0

 .[1]

c) vTw

vTw = 1× 0 + 7/4× 1/2 + 0× 3/4 = 7/8.

d) ATB + 2vTw

ATB + 2vTw is not defined since ATB is a 3× 2 matrix and vTw is 1× 1.

e) AB

AB =

 −39 44
0 8
36 −12

 .[1]

f) Bu

Bu is not defined since B has 2 columns and u has 3 rows.
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g) BA

BA is not defined since B has 2 columns and A has 3 rows.[1]

h) A2

A2 =

 −77 −43 −65
38 −10 −54
28 −28 −4

 .
Question 3. Determine the matrix A such that:(

3AT −
[

1 3 −2
−4 5 1

])T
=

−4 3
2 4
−2 6

+ 3

[
7 −5 4
9 12 3

]T
.

We calculate the both sides of the equation(
3AT −

[
1 3 −2
−4 5 1

])T
= 3(AT )T −

[
1 3 −2
−4 5 1

]T
= 3A−

 1 −4
3 5
−2 1


−4 3

2 6
−2 6

+ 3

[
7 −5 4
9 12 3

]T
=

−4 3
2 6
−2 6

+ 3

 7 9
−5 12
4 3


=

−4 3
2 6
−2 6

+

 21 27
−15 36
12 9

 =

 17 30
−13 42
10 15


Hence

3A−

 1 −4
3 5
−2 1

 =

 17 30
−13 42
10 15


Therefore

3A =

 17 30
−13 42
10 6 + 9

+

 1 −4
3 5
−2 1

 =

 18 26
−10 47

8 16


A =

1

3

 18 26
−10 47

8 16

 =

 6 26
3

1
3(−10) 1

3(47)
8
3

4
3(4)

 .
Question 4.

a) Express z1 = eiπ/2 and z2 = eiπ/6 in the form z = a+ ib.

z1 = cos
π

2
+ i sin

π

2
= 0 + i(1) = i

z2 = cos
π

6
+ i sin

π

6
=

√
3

2
+
i

2
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b) Express z1/z2 in the form z = a+ ib.

z1
z2

=
eiπ/2

eiπ/6
= ei(π/2−π/6) = eiπ/3 =

1

2
+

√
3

2
i

c) Express ω = −12 + 5i in the form ω = reiθ.

We have r =
√

(−12)2 + 52 = 13. Since the vector is in the third quadrant, we have

θ = π − arctan
5

12
= 2.7468.

Thus,

ω = 13e2.7468i

d) Find ωω̄.

We have ω̄ = 13e−2.7468i, so[1]

ωω̄ = 13e2.7468i13e−2.7468i = 169.

Alternatively, we could just have multiplied out:

ωω̄ = (−12 + 5i)(−12− 5i) = 144− 25i2 = 169.

Question 5. Draw the following complex numbers in the plane:

−1 + 2i, −3 + 2i, (−1 + i)(1 + 2i), (2 + i)2, (1 + i)−1.

Solution: (−1 + i)(1 + 2i) = −3− i (2 + i)2 = 3 + 4i, (1 + i)−1 = 1
2 −

1
2 i[6]

-1 1 2

Esquisser le graphe de la solution qui satisfait y(0) = 3.

Solution : On sait que les points d’équilibre sont donnés par -1, 1 et 2. Une équation pourrait
donc être y′ = (y + 1)(y − 1)(y − 2). Mais on voit que les flèches ne seraient alors pas dans le
bon sens et qu’une équation correcte est y′ = −(y + 1)(y − 1)(y − 2). La solution qui passe
par le point (0,3) serait de la forme suivante

y = −1

y = 1

y = 2

0 1 2 3 4−1−2−3−4−5

5. Représenter dans le plan les nombres complexes suivants :

−1 + 2i, −3 + 2i, (−1 + i)(1 + 2i), (2 + i)2, (1 + i)−1.

Solution : On commence par faire les opérations lorsque cela est nécessaire : (−1+ i)(1+2i) =
−3 + 3i, (2 + i)2 = −3 + 4i et (1 + i)−1 = 1−i

2 = 1/2 − 1/2i. Ensuite on les place sur un
graphique

−1 + 2i−3 + 2i

(−1 + i)(1 + 2i)

(2 + i)2

(1 + i)−1

0 1 2 3−1−2−3−4−5

0

1

2

3

4

5

−1

−2

−3

3

3 points for sketch, 1 point for finding the correct cartesian coordinates of each
of (−1 + i)(1 + 2i), (2 + i)2, (1 + i)−1.
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