MAT 1339 Lecture Notes Fall 2017

TOPIC 2. CURVE SKETCHING

1. FIRST DERIVATIVE ANALYSIS

Read: 883.1, 3.2.

A. Increasing / Decreasing Functions

If f'(x) > 0 at a point x = a, then function f (x) "increases at x = a". This means that function f (x)
increases in an interval around the point x = a. If f'(x) <0 at a point x = a, then function f (x)
"decreases at x = a". This means that function f (x) decreases in an interval around the point
X=a.

To determine the intervals where function y = f (x) increases / decreases, we need to know the
intervals where f '(X) is positive / negative.

The domain of a function consists of a number of intervals. Suppose function y = f (x) is defined
and has a continuous derivative in an interval (a, b). Let ¢ be a point in this interval, a<c <b.
If f*(x) changes its sign when x goes from one side of c to the other side of c, then we must have
one of the following two cases:

a. f'(c) =0.

b. f'(c) is not defined.

This observation leads to an important definition:

A number x = c is called a critical number of a function y = f (x) if

a. Value c is in the domain of f (x), (in other words, f (c) is defined), and

b. The derivative f'(c) =0, or f '(x) does not exist.

Critical numbers subdivide the domain of f (x) into a number of subintervals. In each of these

subintervals, the derivative f '(x) does not change its sign. Then we may choose an arbitrary
value in each subinterval and plug it into f *(x) to find out the sign of f *(x) in this subinterval.
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Use Critical Numbers to Determine the Intervals where Function y = f (x) Increases /
Decreases

a. Find the derivative of f (x), and find the critical numbers.
b. The critical numbers subdivide the domain of f (x) into a number of subintervals.

c. Choose a particular value c in each of the subintervals. Plug this number into the first
derivative f'(x). The signs of f '(x) for all x in this subinterval are the same as f *(c).

d. Use the sign of f '(x) to determine the interval(s) where f () is increasing / decreasing.

Example 2.1.1. Consider function y = x® + 2x* — 4x + 2, -4 < x < 1. Find the interval(s) where
this function is increasing / decreasing.

Solution. The derivative isy' = 3x* + 4x — 4 = (x + 2)(3x — 2). The derivative is defined

everywhere in the domain of this function, so we don't have a value of x where y' is not defined.

To find the critical numbers, lety' = (x + 2)(3x — 2) = 0. We have critical numbers x = -2, % .

The domain of this function is the interval [—4, 1]. These two critical numbers subdivide the
domain of the function into three subintervals:

4 (o2 2
(-4, 2),( 2, 3j,and (3,1}.

In the first interval, choose x =—3. Since y'(-3)=11>0,y' >0 in (-4, —2). In the second

interval, choose x = 0. Sincey'(0)=-4<0,y'<0in (—2, %) . In the third interval, let x be a

value less than but close to 1, then y"iscloseto (1 +3)(3—-1)=4x1=4>0. Hence,y' >0in
5
3

Therefore, this function increases in intervals (—4, —2) and (% 1), and it decrease in interval

B. Local Maxima / Minima
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Local extrema: If there exists an interval (a, b) in the domain of a functiony =f(x) anda<c<b
such that f (c) > f (x) for every value x in (a, b), then this function attains a local (or relative)
maximum f (c) at x = c; if f (c) < f (x) for every value x in (a, b), then this function attains a local
(or relative) minimum f (c) at x =c. A local (or relative) extremum is either a local maximum or
a local minimum.

If y = f () is continuous in an interval (a, b) around the value x = c, f (x) attains a local maximum
at x = c if and only if this function is increasing when a < x <c, and it is decreasing when ¢ < x <
b, f (x) attains a local minimum at x = c if and only if this function is decreasing when a < x <c,
and it is increasing when ¢ < x <b. This means that, in either case, f '(x) changes its sign when x
goes from one side of c to the other side of ¢. In other words, x = c is a critical number.

If function f (x) attains a local extremum at x = ¢, then x = c is a critical number.

The converse is not necessarily true. If x = c is a critical number of f (x), function f (x) may not
attain a local extremum at x = ¢ because f '(x) may have the same sign on both sides of c.

First Derivative Test:
Let f (X) be a function defined and has a continuous derivative in an interval (a, b). Suppose c is
a critical number of f (x),a<c<b. Iff'(x) >0whena<x<c,andf'(x) <0Owhenc<x<bh,

then f (x) attains a local maximumatx =c. Iff'(xX) <Owhena<x<c, and f'(x) >0 when c <x
< b, then f (x) attains a local minimum at x = c.

Exmaple 2.1.1. (Continued) Consider functiony =3+ 2x* = 4x +2, -4 <x < 1.

Since this function increases in intervals (-4, —2) and @ 1} , and it decrease in interval

(—2, gj , It attains a local maximum at x = -2, y(-2) = 10, and it attains a local minimum at

X = E,y(gj =14 o5
3'\3) 27

C. Absolute Maximum / Minimum

If, for every x in the domain of this function f (c) > f (x), then this function attains an absolute (or
global) maximum f (c) at x = c. If, for every x in the domain of this function f (c) < f (x), then this
function attains an absolute (or global) minimum f (c) at x = c. An absolute maximum or an
absolute minimum is an absolute (or global) extremum.
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After all local extrema are found, we can find the absolute extrema by looking at the behaviour
of the function on the ends of its domain:

Suppose function y = f (x) is defined in a closed interval [a, b]. Find the values f (a) and f (b).
Comparing f (a) and f (b) with the local maxima, if any, of f (x), the greatest value is the absolute
maximum of this function in [a, b]. Comparing f (a) and f (b) with the local minima, if any, of

f (x), and the smallest value is the absolute minimum of this function in [a, b].

In this way, if a function is defined in a closed interval, there always exist an absolute maximum
and an absolution minimum of this function in this interval.

If an end of an interval in the domain of this function is open, then we have to look at the
behaviour of this function when the variable approaches this end. In this case absolute maximum
and / or absolute minimum may not exist.

If function y = f () that is continuous in its domain has only one local maximum, then this local
maximum is the global maximum; if it has only one local minimum, then this local minimum is
also the global minimum.

Example 2.1.1. (Continued) Consider functiony =x3 + 2x* = 4x +2, -4 <x < 1.
This function attains a local maximum at x = -2, y(—2) = 10, and it attains a local minimum at

ng,y E :ﬂzO.SZ.
3 3 27

Since y(—4) = —14, y(1) = 1, this function attains the absolute maximum at x = -2, y(-2) = 10,
and it attains the absolute minimum at x = —4, y(-4) = -14.

Example 2.1.2. Consider function f (x) = 1 x> 0.
X

. .1 . e
Since lim = =00, f (x) does not have an absolute maximum. When x approaches infinity,
x—0" X

.1 o .
lim==0. However, f (x) can be arbitrarily close to zero, but it never takes the value zero.

X—00 X

Therefore, this function does not have an absolute minimum either.

2. SECOND DERIVATIVE ANALYSIS
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Read: §3.3.

A. Concavity of the Graph of a Function

We have seen that the sign of the second derivative determines the concavity of the graph of a
function. We can use the same method as the first derivative analysis to determine the intervals
where the second derivative is positives or negative:

a. Find the second derivative and find the numbers in the domain of the function where the
second derivative is zero, or the second derivative does not exist. (Unfortunately, we don't have
a name of such numbers. They are NOT critical numbers).

b. The numbers found in step b subdivide the domain of this function into a number of
subintervals.

c. Choose a particular value c in each of the subintervals. Plug this number into the second
derivative. The signs of f "(x) for all x in this subinterval are the same as f "(c).

d. Use the sign of the second derivative to determine the interval(s) where the graph of this
function is concave up or concave down.

If the second derivative f "(x) is defined in an interval around a number x = ¢, and the graph of
the function f (x) changes its concavity when x goes from one side of c to the other side of c, then

the graph of the function has an inflection point at x = c.

Finding the concavity and inflection points of a function by its second derivative is called the
Second Derivative Analysis.

Example 2.1.1. (Continued) Consider functiony =x* + 2x* — 4x +2, -4 <x < 1.

The second derivative is y" = 6x + 4, which is defined everywhere in the domain of this function.

Lety" = 0. We have x=—2=. When—4<X<—§,Y"<0, and, When—g <x<1,y">0. Hence,

3
the graph of this function is concave down when —4 < x < —% , and it is concave up when —% <
x < 1. Thereis an inflection point at x = —% , y(-%) = % ~ 5.26.

B. Second Derivative Test
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We may also use the second derivative of a function y = f (x) at a critical number x = c to
determine whether this function attains a local maximum or a local minimum at x = c.

Let x = ¢ be a critical number of function y = f (x). Suppose the second derivative is defined and
continuous at x = ¢. Then f (x) attains a local maximum at x = c if f "(c) <0, and f (x) attains a

local minimum at x = c if f *(c) > 0. This is called the Second Derivative Test.

Example 2.1.1. (Continued) Consider functiony =x3+ 2x? —4x +2, -4 <x < 1.

This function has critical numbers x = -2, and x = —. The second derivative is y" = 6x + 4.

wlrN

Since y"(—2) = —8 <0, this function attains local maximum at x =—2. Since y" (%j =8> 0, this

function attains a local minimum at x =

wlN

3. GRAPH SKETCHING

Read: 8834, 3.5

A. The Shape of the Graph of a Function with Known Monotonicity and Concavity

Use the first and second derivative analysis, we can find the intervals where a function y = f (x) is
increasing or decreasing, and intervals where the graph of the function is concave up or concave
down. Putting the information together, we can find intervals where the function does not
change it monotonicity and concavity. Then we know the shape of the section of the graph of
this function in each of these intervals. The following is the chart again:

increasing decreasing

N
N

concave up

concave down /
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Then, to sketch the graph of a function, what we have to do is only to join these sections together.
In this procedure, we also need the information of the asymptotes, if any, of the graph of this
function.

Example 2.3.1. Suppose we know the following information about a function y = f (x):

(1) f'(x) >0when x<-2,and f'(x) <0 when x> -2.
(i) f"(x) >0 when x <—4, and f "(x) <0 when x > —4,
(i) lim f(x) =0, lim f(x) =—oo0.

(iv) f(0)=0,f(-2)=4,f(-4)=2.
Sketch the graph of this function.

Solution. From (i), we know that this function increases when x < -2, it decreases when x > —2,
and this function attains a local maximum at x =-2. From (iv), f (-2) = 4.

We have a diagram:

f1(x) + -
f () - - —,
l. max f

v

From (ii), we know the graph of this function is concave up when x < —4, it is concave down
when x > —4, and it has an inflection point at X =—4. From (iv), f (—4) = 2.

Use a diagram again to illustrate:

f + -

RN

i.p. f(—4)

v

Putting the information together:
f(x) i i d

VAR

i.p. f(—4) I. max f

v
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From (iii), we have a horizontal asymptote y = 0.

Finally, use the given value f (0) = 0, we have the graph of this function:

Y
2,4 1

(—4,2)

B. The Graph of a Polynomial Function

A polynomial function has the general form y = a,x" + a,-1X" ™ + ... + ax + ao, where a, # 0, and
n >0 is an integer called the degree of the polynomial. In particular, if n = 0, this is a constant
function; if n = 1, this is a linear function; if n = 2, this is a quadratic function.

The graph of a polynomial function of degree n intersects the x-axis at at most n points. If nis
even, the number of intersections is even, and, if n is odd, the number of intersections is odd.

For instance, the graph of a polynomial function of degree 5 may intersect the x-axisat 1, 3, or 5
points, and the graph of a polynomial function of degree 6 may intersect the x-axis at 0, 2, 4, or 6
points.

Because a polynomial is defined for all values X, the graph of a polynomial function does not
have vertical asymptotes.

If y = P(x) is a polynomial function of an even degree, then

: © a,>0
Jim P09 = —o a <0’

If y = P(x) is a polynomial function of an odd degree, then

) o a,>0
limP(x) = 4 <0’ and
X—> —00 n <
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] 0 a, <0
e =", 7o

Hence, the graph of a polynomial function does not have horizontal asymptotes.
Example 2.3.2. Consider function y = x® + 2x* — 4x + 2.

We have seen this polynomial in Example 2.1.1, but now the function is defined for all real
numbers X.

Similar to Example 2.1.1, the first derivative analysis finds critical numbers x = -2, and x = 2 :

w

This function is increasing when x < -2, or x > % , and it is decreasing when —2 <x < % . This

wlnN

function attains a local maximum at x = —2, y(=2) = 10, and it attains a local minimum at X =

y(EJ =14 o052
3) 27

Since limy =00, and lim y =—o0, this function does not have the absolute maximum or the

X—»00 X—>—00

absolute minimum.
The following diagram summarizes the information:

f'(x) ¥ - +

v

f () 2 —, 23 _—
I. max . min

The second derivative analysis gives the following results:

The graph of this function is concave up when x < —% , and it is concave down when x > —% .

This function has an inflection point at x = —% :

Construct another diagram as follows:
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f"(x) + -
f(x) m ~2/3 \/
I.p.
Put together:

f(x) inc. & down dec. &down dec. & up inc. & up

graph / —E \—273 \ 273 /

l. max i.p. local min

v

Join the sections together. The graph of this function is

C. The Graph of a Rational Function

Ak

A rational function has the general formy = Pl
2

, Where P1(x) and P(x) are polynomials.

The domain of this function is the set of all x such that P»(x) = 0. We assume the fraction %
X
2
is irreducible. Hence, if P,(a) = 0, then Py(a) = 0. At every number a such that P,(a) = 0, this
function approaches infinity or negative infinity when x approaches a* or a’, and the graph of

this function has a vertical asymptote at x = a.
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Let n; and n; be the degrees of P1(x) and P,(x), respectively.

If n; > ny, then the limit of y, when x approaches infinity or negative infinity, is infinity or
negative infinity. The graph of this function does not have horizontal asymptotes.

When ny =n, = n, let P(X) = anX” + an_1X" * + ... + aiX + ao, and Pa(x) = bpx" + by 1x"* + ... + bix

h(x) = % . The graph has a horizontal asymptotes y = a

+ by. then lim b—”

X—>+00 P2 (X)

n

When n; <ny, lim % = 0. The graph of this function has a horizontal asymptote y = 0.
X—>to0 X
2

Example 2.3.3. Sketch the graph of the function y = W .
X j—

Solution. The domain of this function consists of two open intervals (-0, 1) and (1, ).

First derivative analysis

_B6(x+1)
(x-1)*

The derivative of this function is y' =

The derivative does not defined at x =1, but x = 1 is NOT a critical number because it is not in
the domain of this function. Lety' = 0, we find a critical number x =—1. This critical number
subdivides the domain of this function into three intervals x <—1, -1 <x <1, and x> 1. Since
y'(=2) <0, y'(0) >0, and y'(2) < 0, the signs of the derivative are as in the following diagram:

y' - * -

v

This function decreases when x < —1 or X > 1, and it increases when —1 <x < 1. The function has

a local minimum y(—1) = —g :
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Since Iirgl y = Iiry_ y = o0, this function does not have the absolute maximum. Since x =—1 is the

only critical number when x < 1, y(-1) = —g ,and y >0 when x > 1, the local minimum of this

function y(-1) = —g is the absolute minimum.

Second derivative analysis

w_ 12(x+2)
CE

Lety" =0, x=-2. This number X = —2 subdivides the domain of this function into three

subintervals x <—2, -2 <x<1,and x> 1. Since y"(-3) <0, y"(0) > 0, and y"(2) > 0, the signs of
the second derivative are as in the following diagram:

y" - + +

_/

v

S NN

— 0O

The graph of this function is concave down when x <—2, and it is concave up when —2 <x <1 or

x> 1. It has an inflection point (—2, —%)
The shape of the graph in each interval is shown in the following diagram:
NN

Since Iirp y=Ilimy=o,x=1Iis a vertical asymptote. Since limy=Ilimy=0,y=0isa
X—. X—>0 X—>—00

x—1"

v

horizontal asymptote.

Find some particular points on the graph, say y(0) =0, y(3) = g ,Y(4) = % The graph of this

function looks like the following:
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Y 4
(0,0
(-2, —4/3) -1,

iLp. -3/2)

x3+1

Example 2.3.4. Sketch the graph of the functiony =
X

Solution. Because this is an improper rational function, i.e., the degree of the numerator is
greater than the denominator, we would prefer to re-write the this function as the sum of a

polynomial and a proper rational function: y = x* + 1
X

First derivative analysis
y' = 2x — i2= 0. Lety'=0. 23=1,x=x, =2 ~0.79.
X

Since x = 0 is not in the domain of this function, although y' does not exist at x =0, x =0 is not a
critical number. The only critical number is x = x; = 0.79. This critical number subdivides the
domain x # 0 into three intervals x < 0, 0 < x < X3, X > X3. Since y'(—1) <0, y'(0.5) <0, and y'(1) >
0, the signs of the derivative are as in the following diagram:

v

J
\
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This function decreases when x < 0 or 0 < x < Xy, and it increases when x > x;. The function has
a local minimum y(x;) =y, = 2 2% + 2 =3 x 2723~ 1.89.

Since lim y =00 and lim y = —o0, this function does not have the absolute maximum nor

X—>—00 x—0"

absolute minimum.

Second derivative analysis
" 2 " 3
y'=2+ — =0, Lety"=0. x’ =-1,x=-1.
X
The signs of the second derivative are as in the following diagram:

y" + - *

U P )

v

The graph of this function is concave down when —1 < x <0, and it is concave up when x <—1 or
X > 0. It has an inflection point (-1, 0).

The shape of the graph in each interval is shown in the following diagram:

v

YR,

Since limy = oo, Iirg] y =—0, X =0 is a vertical asymptote. Since limy = lim y =0, this
Xx—0" X—>00 X—>—00

x—0*

function does not have a horizontal asymptote.

The graph of this function is
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»
»

(X1, y1) local minimum
0 > X

(=1, 0)
inflection poing  [VA.x=0

4. OPTIMIZATION PROBLEMS

Read: § 3.6.

Optimization is one of the most important applications of the derivatives.

An optimization problem is to find the absolute maximum or minimum value of a quantity.
Steps of Using Calculus to Solve Applied Optimization Problems

1. Identify the quantity to be optimized. If not given, define a symbol to represent this quantity.

2. Express this quantity as a function of one or more variables. If not given, define a symbol to
represent each of these variables.

3. If the number of variables is more than one, use a condition (or conditions), called the
constraint condition(s), given in the question to eliminate extra variable(s) and leave the function

as a one-variable function, which is called the objective function.

4. Find the domain of the objective function. This domain is usually NOT the natural domain of
the function.

5. Use calculus to find the absolute extrema of the objective function.
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Example 2.4.1. Find the maximum value of the function z = xyz, Xx>0,y>0,whenx+y=12.

Solution. The objective function is z = xy%. Since x +y = 12, we have z = (12 — y)y* = 12y* - y*.

Since x =12 —y > 0, the domain of this functionis 0 <y <12,

Letzy':24y—3y2:0. We havey =0,y =8. Sincez' >0when0<y<8,andz <0wheny> 8,

function z(y) attains a local maximum aty = 8. Then x =4, and z = 256.
Since z(0) = z(12) = 0, this local maximum is also the absolute maximum.

Example 2.4.2. An open box is made by cutting four square corners of a square cardboard of

dimensions 3 by 3 meters. Find the size of the square corners to be cut to maximize the volume.

Solution. Let x be the side length of the corner squares. Then the volume of the box is

V=B-2x)%=9x-12x>+4x3, 0<x <

N w

V'=0-24x+12x°=0,3-8x+4x*=0, X =

8i\/64—48_84_r4 31
8 8 2'2

By the first derivative test, V attains a local maximum at x = % .V (%) = 2. Since V(0)

=V [g) =0, this local maximum is also a global maximum.

Example 2.4.3. A farmer wants to use fence to enclose a rectangular region of area 800m?
against a wall. Find the dimensions of the region that minimizes the total length of fence.

Solution. Let x be the length of the side parallel to the wall and y be the length of the side
perpendicular to the wall. Then the total length of fence is L = x + 2y. Since the area of the

region is A =xy =800, x = 800 and L = @+ 2y . The domain of this function is0 <y < oo.

y y

LetL'= —@+ 2=0. Theny? =400, y = 20, and x = 40. By the first derivative test, we see
y

that function L attains a local minimum at x = 40.
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Since the objective function is defined in an open interval, we look at the behaviour of the
function when y approaches 0 and y approaches infinity: Since lim L =limL = oo, this local

x—0" X—»00

minimum is also a global minimum.

Example 2.4.4. A company wants to make an open box with a square base. The material to
make the base cost 5 cents per cm?, and the material to make the other four vertical sides cost 3
cents per cm?. The total cost is limited to $60. What is the largest capacity of the box?

Solution. Let the side length of the base be x, and the height of the box be h. Then the capacity
V = x?h. Since the total cost of the material is C = 5x* + 12xh = 6000, xh :é (6000 — 5x°).

Hence,

V = x(xh) = % (6000 — 5x%) = % (6000x — 5%3).

Since h > 0, we must have 6000 — 5x° > 0. Then x? < 1200, x < 20+/3. The domain of this
functionis0 < x < 20J§.

Let 12V' = 6000 — 15x° = 0. x* =400. x=20. Thenh = % and V = —20200 :

Since V' > 0 when x < 20, and V' < 0 when x > 20, by the first derivative test, this function has a
local maximum V (20) = &300 Since V(0) = V( 20\/§) =0, this local maximum is also a global

maximum.
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