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|3 marks]

|5 marks]

~ Student Number:

1. Let X and Y be nonempty sets.

(a) State the definition that X is equivalent to Y.

Solution. We say that X is equivalent to Y and write X = Y if there exists a
one-to-one function f from X onto Y.

(b) If X is equivalent to Y, show that £{X) is also equivalent to Z(Y'), where F(A)

is the collection of all subsets of A for a set A.

Proof. Since X is equivalent to Y, there exists a one-to-one function f from X
onto Y. Define g : 22(X) — 2(Y) by

9(A) = {f(a)lac A}  for A€ P(A). e @

We claim that g is a one-to-one and onto function and hence (X)) is equivalent
to #(Y). First, we show that g is one-to-one. Suppose g{4,) = g(As). If
A; # A,, then there exists a; € A, but ay € A, or there exists a; € A, but
as € A,. Consider the first case as the second can be dealt with similarly. Then
Fa1) € g(A1) = g(Az) and there exists ap € Az such that f(a,) = f(az). It
follows that a; = a, since f is one-to-gne, a contradiction. Therefore, A, = A,
which implies that g is one-to-one.- 'NeXt, we show g is onto. Let B € £2(Y).
Since f is onto, we have g(f~!(B)) = B. This completes the proof.
\

o
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(8 marks]

|4 marks|

2.

(a) State the definition of a Cauchy sequence of real numbers.

Solution. Let {a,} be a sequence of real numbers. We say that {a,} is Cauchy if
for any & > 0, there exists N € N such that

la, — am} < € forn, m > N.

(b) According to the definition in part (a), prove that the sequence {1 + ﬁ} is a
Cauchy sequence. (2

Proof. For any ¢ > 0, choose N € N such that N > ;55 Then for n, m > N, we

have
(043 - Lo
.

that is, {1+ =} is Cauchy.



MA350 — Midterm Test 1 February 12, 2016 Page 3 of 5

[3 marks] 3. (a) State the Bolzano-Weierstrass theorem.

Solution. The Bolzano-Weierstrass theorem says that every bounded real sequence
has a convergent subsequence.

[4 marks] (b) Let {a,} be a bounded sequence of real numbers. Use the Bolzano-Weierstrass
theorem to show that there is a subsequence {a,,} (k € N) which is convergent
and such that for every k, ny is a perfect square.

Proof. First note that the subsequence {a,2} is a bounded real sequence since

{a,} is.- Then by the Bolzano-Weierstrass theorem, there exists a convergent

_ - subsequence {an,} of {an2}, which is also a subsequence of {a,}. Obviously,
- {a.,} satisfies the requirement. .

2 le

Over
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{5 marks) 4. Show that the sequence {(1 + %)**'} is a decreasing sequence.
Proof. Let @, = (1+ 1)}"*!, Then for n € N,
1+

Dl
)(1 (n+1)2) @
)

n+l n+1
s 1) ( i) ) (here we used the binomial formula)
n

Q1 _ (1 + o n+l )ll+2

a,  (1+ 1)n+1

=|-+

14

ot

(14
(1
<
(1-
30

Or Gpy1 < an. Therefore, {a,} is a decreasing sequence.

w1 -
+1)") +

{6 marks) 5. Let {a,} be a sequence of non-negative real numbers and suppose that > -, a, di-
verges. Prove that > .- | \/a, also diverges.
[Hint: Use by way of contradiction.|

Proof. By way of contradiction, suppose that "> | a, converges. Then lim,_, /Gn =
0. It follows that there exists N € N such that

f L Van <1 when n > N.
Thus :)
a, < a, forn>N. ~

By the Comparison Test, > o, a, converges, a contradiction. - ;'j
[ 2
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|8 marks|

|7 marks}

6.

7.

Give an example of two infinite series Y - a, and 3 .- b, that satisfy all of the
following three properties. Justify your answer.

(i) Both series diverge.
(ii) a, # b, forall n € N.
(iii) Yoo ,(an — by) converges.
Solution. Let a, = 2 + Jy and b, = & for n € N. Then a, # b, for all n € N. Since

1
an, b, > ~ forallne N

and 3 0 2 dlverges both Y>> an and 3 o b, diverge by the Comparison Test.
Note that Z Han —bn) = Z:m o5 i convergent This shows that >°° , a, and

n=]

Yoo b satlsfy the three properties.

Suppose that m < @, < M for all n € N, where m and M are positive real numbers.

Use the Root Test to find the radius of convergence of the power series ), nan,z".
Justify your answer.

Solution. Note that for n € N, we have

Ynm < Yna, < VoM. - - @

Since limy oo /N = limyoe ¥Ym = limgee VA = 1, we have lim,,o /nm
limy, o VnM = 1., By the Squeeze Theorem, llmn_,c,c \/na,, 1. Then the radlus
of convergence of the power series - na,z" is R = * T Vs — 7

==} n 2-

o) >

~



