
June 8, 2017 
 

ENGR311/1/AA     Quiz Five                 June 8, 2017 

𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 𝑡𝑡ℎ𝑒𝑒 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒    
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝜕𝜕2𝑢𝑢
𝜕𝜕𝑥𝑥2

   𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒  𝑢𝑢(0, 𝑡𝑡) = 0,𝑢𝑢(1, 𝑡𝑡) = 0, 𝑢𝑢(𝑥𝑥, 0) = 1         [7]    
Solution 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝜕𝜕2𝑢𝑢
𝜕𝜕𝑥𝑥2

   ℎ𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜                    0 < 𝑥𝑥 < 1,   𝑡𝑡 ≥ 0 

𝑢𝑢(0, 𝑡𝑡) = 0,   𝑢𝑢(1, 𝑡𝑡) = 0, 𝑏𝑏𝑏𝑏𝑏𝑏ℎ 𝑎𝑎𝑎𝑎𝑎𝑎 ℎ𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜   𝑢𝑢(𝑥𝑥, 0) = 1   𝑛𝑛𝑛𝑛𝑛𝑛ℎ𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜   

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = 𝑇𝑇(𝑡𝑡)𝑋𝑋(𝑥𝑥)    𝑇𝑇𝑡𝑡
𝑇𝑇

= 𝑋𝑋𝑥𝑥𝑥𝑥
𝑋𝑋

= −𝜆𝜆         𝑢𝑢(0, 𝑡𝑡) = 0,   𝑢𝑢(1, 𝑡𝑡) = 0,     

𝑋𝑋𝑥𝑥𝑥𝑥 + 𝜆𝜆𝜆𝜆 = 0,       𝑋𝑋(0) = 0,    𝑋𝑋(1) = 0     𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸   𝜆𝜆𝑛𝑛 = (𝑛𝑛𝑛𝑛)2   𝑛𝑛 = 1,2,3 … 

𝑋𝑋𝑛𝑛(𝑥𝑥) = 𝑐𝑐𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠(𝑛𝑛𝑛𝑛𝑛𝑛) 

𝑇𝑇ℎ𝑒𝑒 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑜𝑜𝑜𝑜 𝑇𝑇𝑡𝑡 + 𝜆𝜆𝜆𝜆 = 0 𝑖𝑖𝑖𝑖 𝑇𝑇(𝑡𝑡) = 𝑎𝑎1𝑒𝑒−𝜆𝜆𝜆𝜆, 𝑇𝑇𝑛𝑛 = 𝑎𝑎𝑛𝑛𝑒𝑒−𝑛𝑛
2𝜋𝜋2𝑡𝑡 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) = ∑ 𝑘𝑘𝑛𝑛𝑒𝑒−𝑛𝑛
2𝜋𝜋2𝑡𝑡𝑠𝑠𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛𝑛𝑛∞

𝑛𝑛−1                𝑢𝑢(𝑥𝑥, 0) = ∑ 𝑘𝑘𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛𝑛𝑛∞
𝑛𝑛−1 = 1   

𝑘𝑘𝑛𝑛 =
2
𝑝𝑝
� 𝑓𝑓(𝑥𝑥) 𝑠𝑠𝑠𝑠𝑠𝑠

𝑛𝑛𝑛𝑛𝑛𝑛
𝑝𝑝

𝑑𝑑𝑑𝑑
𝑝𝑝

0
 

𝑘𝑘𝑛𝑛 = 2� 1.  𝑠𝑠𝑠𝑠𝑠𝑠𝑛𝑛𝑛𝑛𝑛𝑛𝑑𝑑𝑑𝑑
1

0
= −

2
𝑛𝑛𝑛𝑛

{𝑐𝑐𝑐𝑐𝑐𝑐𝑛𝑛𝑛𝑛 − 1} 

𝑢𝑢(𝑥𝑥, 𝑡𝑡) =
2
𝑛𝑛𝑛𝑛

�{1 − 𝑐𝑐𝑐𝑐𝑐𝑐𝑛𝑛𝑛𝑛}𝑒𝑒−𝑛𝑛2𝜋𝜋2𝑡𝑡𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
∞

𝑛𝑛−1

 

 

 


