Q1: A system is composed of four components, each of which is either working or failed.
Consider an experiment that consists of observing the status of each component, and let
the outcome of the experiment be given by the vector (x1; x2; x3; x4) where xi is equal to
1 if component i is working and is equal to 0 if component i is failed.

a) How many outcomes are in the sample space of this experiment?

b) Suppose that the system will work if components 1 and 2 are both working, or if
components 3 and 4 are both working. Specify all the outcomes in the event that
the system works.

c) Let E be the event that components 1 and 3 are both failed. How many outcomes
are contained in event E?

(b) E= { (f,l,o,a); (I,f,o,l)s (’)’;’;0) ’ (’1’;’)’))

Closo o, 1) 5 €90t 3 1) 2 (o,o,i,l)}

(c) CaMFonIJ\rj 2 omd 4 could be wo;-Kt'né or Failed,
So each of them (meonUth hay two possible  situations
# outcomer in E - 2.2 =4

E:{ (o’o,o’o),(D"’o’c')’(o)o)")l) ) (O)I)U’])}
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Q2: Each of 2 balls is painted black or gold and then placed in an urn. Suppose that each
ball is colored black with probability 0.5, and that these events are independent.



a) Suppose that you obtain information that the gold paint has been used (and thus
at least one of the balls is painted gold). Compute the conditional probability that
both balls are painted gold.

b) Suppose, now, that the urn tips over and 1 ball falls out. It is painted gold. What
is the probability that both balls are gold in this case?
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Q3: While at Manchester United Football Club in England, Cristiano Ronaldo had about
an 80% success rate of scoring penalty goals from his penalty kick attempts from the
penalty spot. Assuming he kept scoring penalties at the same rate, and that all penalty
kicks are independent, answer the following questions:



a) What is the probability that his first missed penalty kick will happen on his 4th
penalty kick attempted?

b) What is the probability that Ronaldo would have to take more than 8 penalty
kicks before missing his first attempt?

c) What is the probability that his second missed penalty kick will happen on his
8th penalty kick taken?

d) What is the expected number of penalty kicks that Ronaldo would have to take
before missing his second penalty kick?

Solution:
The random variable n  tHw querhon has
a binomiad distribution -
(@) P= 0.2)°(0-8) =
(b) P= (0.9)8 (1f we onaider at least § Ki(,}q)

(¢) P-= (:f) (0.8)6 (0.2)2
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Q4

EXERCISE : For the random variable X with density function

r+1, —1<xr<0
fle) = l—z, O<zxz<1
0, otherwise

e Draw the graph of f(x)

o Verify that [~ f(z)dr=1

e Determine the distribution function F'(z)
e Draw the graph of F/(x)

o Determine E[X]

e Compute Var(X) and a(X)

e Determine P(X > 1)

X

1
<4

e Determine P(

Solution:

SOLUTION : (the graphs of f(x) and F(x) ---)
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SOLUTION : ( continued --- )

z+1 307+ 1+
flr) = , F(xr) = o
L—a 52+
i E[};]:O
o Var(X)=3 . o(X)=2.
e P(X>4 = F1) — F&) =1 -
e PIX|<d) =1-22 =2

[Seg
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—1<x <0

, for

0<ax <1
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Q5:

EXERCISE :

For the random variables X | Y with jownt density funcltion

flxy) =
0,

e Verify that fol fol flr,y) dy doe =1 .

{ 452 (L —a)(1—y?) . 0<x <1,

otherwise

e Determine the marginal density functions fx(a)

e Are X and Y independent?

e What is the value of Cov(X.,Y) 7

and  fy(y) .



Solution:

SOLUTION :
. fo fo (z,y) dy dx = f01f0145;ry2(1—;r)(1—y2) dy dx
= 45 fo{ lfrfoy l—y)dy}dr
= -y de - R0 dy
22 3 3 5
= S5k &E-%5)
= 4512 = 1.
o Jxlw)=fy fley)dy = [y 450yP(1—x)(1—y?) dy

= u(l—2) [y v*(1—17) dy

= 45z(l—2)- 2 = 6x(l—1x).

SOLUTION : ( continued ---)

o Ay =fy flay)de = [{450y>(1 - x)(1 —3?) da

= 45y%(1 — y?) fol;r(l—;z?) dx

e X and Y are independent, since by the above

floyy) = fx(x)- fy(y) -

e DBy independence Cov(X,Y) =
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Qe6:
EXERCISE :

The score of students taking an examination is a random variable
with mean ¢ = 65 and standard deviation o =5 .

e What is the probability a student scores between 55 and 75 7

e How many students would have to take the examination so that
the probability that their average grade is between 60 and 70
is at least 80% 7
HINT : Defining

- 1
X = —(Xi+Xo+ -+ +X,), ( the average grade )
n

we have o 1
Hy = EIX] = —np = p = 65,
n
and, assuming independence,
9 2 o -
. - a o 25 5
Var(X) = n— = — = —. and ox = :
n n n v
Solution:
SOLUTIOIN :
e By Chebyshev’s inequality, with g = 65 and o = 5,

, 3 B : ) - 1 .
P{|X —65] = 10} = P{|X ~65] = 20} = 55 — 025,
so that P{ | X — 65| < 10} > 1—0.25 = 0.75.

e With ux = p = 65, and (by independence) ox = 5/72 .
we can write
P{|X —65 = 5} = P{|X —65] = k-ox },
provided we let -
5
k-ogx =5, die ., k—=——=\n,
Ix
Then, by Chebyshev’s inequality,
I , 1 1
P{|X*b5| = 5} Sﬁ — ;,
which is less than or equal to 1/5 (20%) if n > 5.
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Q7 Suppose the probability that a randomly selected person is left-handed is 0.10. In a
class of 250 students just how many left-handed seats should we have to be 95% sure that
no left-handed person goes without a seat?

Solution:

 Dnce we _have a Emﬂfmaﬂ. _random _ varable
witth anam.t,tre.ﬂ' P -.:_j)-'l )y N= 250

e e e e S — i — e

_WL alc-le.. ramc;crn w::mq,b;g A an the number

of fp.ft hand,f.d students

ﬂ??wmi'\@,w% a_Gaumizn _ derndy ¢

;“.?_:__"U) = B ﬂt‘: L 25010 ‘1= 25

~ Varr (X)) = n]‘-"(l__f) 150*0 Haq - 22.5

P(J{{n} = "P{?({ﬂi-ﬂfi} =_ 0.95

_(x <n+a 5} | P_{ x-15 <_q5+_05-2'5‘}
- J2.5 J22.5 7/
_.__‘-L,_._Q? ( ng 0.5 = 25 = 095 =[>
\I 22 5 S
75—5*515:5””—%1.(.9_%J - 1.g5 >
474
Mo 1.65%4.74 ¢ 25-0.5 = 32.32 =Nz = 33)
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Q8:

EXERCISE : Suppose

B T S o

are identical, independent, norrmal random variables, with

mean  ge o — 7 R standard deviation 4 .

Let
X = o (X X o e X))

Use the CLT to determine at least how big 72 must be so that
- P X el = 1) = 90 90 .
Solution:
SOLUTION :
X1, Xs, -+, X, , are identical, independent, normal , on (—o0,00) .

Each X, has mean p =7, and standard deviation o =4 .

Thus X' has mean puy = 7, and standard deviation oy =

=

We have

_ 6—7 :
Pl X—p| <1) =1 — 2@(4/ {) =1 - 2‘1)(4)-
4/\/n .

so we need n so that

From the Standard Normal Table we [ind that is suflicient to take

— = 1.65, which gives n = 44 .
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Q9: In a certain chemical process, it is very important that a particular solution that is to
be used as a reactant have a pH of exactly 8.20. A method for determining the pH that is
available for solutions of this type is known to give measurements that are normally
distributed with a mean equal to the actual pH and with a standard deviation of 0.02.
Suppose 10 independent measurements yielded the following pH values:

8.18 8.17 8.16 8.158.17 8.21 8.22 8.16 8.19 8.18
a) What conclusion can be drawn at the 1 = 0:10 level of significance?
b) What about at the 2 = 0:05 level of significance?

(c) What is the p-value?
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Q10: The lifetime of a certain type of emergency batteries is normally distributed. A
sample of 64 batteries has produced a sample mean of 756.4 hours and a sample
standard deviation of 33.9 hours.

(a) Test the null hypothesis Hy : p
significance level of a; = 0.05.

(AN

747.5 versus alternate hypothesis Hy : p > 7475 at the

(b) Test the null hypothesis Hy @ p
significance level of ay = 0.01.

(VAN

747.5 versus alternate hypothesis Hy : p > T47.5 at the

(c) Find the p-value of the test, and use the p-value to verify your answers.
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Q11: All pacemakers generate a pulse of current to depolarize a bit of the heart, the
wave then spontaneously spreads to the rest of that part of the heart. Pulse duration is
programmable in all currently manufactured permanent pacemakers. The shorter the
pulse, the greater the necessary current. The length of the pulse for a particular setting
will vary due to random fluctuations such that the actual pulse length is normally
distributed with a mean equal to the setting and with an unknown variance. A type of
pacemaker is claimed to be reliable since its standard deviation standard deviation is
less than 0.10. If a random sample of 20 pacemakers of that type resulted in a sample
standard deviation of 0.08, should this claim be accepted? Suppose the level of
significance is alpha = 0:05.

a) State the appropriate choice of the null hypothesis, and the alternate hypothesis.

b) Compute the value of the test statistic, X219

c) Determine its p-value.

d) Based on this evidence, should the claim be accepted? Also, comment on the
appropriate choice of a significance level for this problem.

|
!
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Q12: Give a method for generating random numbers with a distribution function
2 :
Flr)==(zx+2%), 0<xz<l.
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Q13: Give a method for generating a random variable having density function

[
r)=—0<x<l
fle) = —,0<za

Using 10000 simulated values from this distribution, estimate its mean and variance.

Solution:

Using 10000 simulated values from this distribution, estimate its mean and vari-
ance. Use mverse transform. In this case F(x) = (¢ = 1)/(e — 1) and

F7HU) = In(1+U(e=1)). x=log(1+rand(1,10000)*(exp(1)-1)); mean(x)=0.58

and var(x)=.0792. The true values are [Ul .rﬁn’.a‘ = ().58198 and the variance
is [ 22 £=dx — (0.58198)? := 0.079323.
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Q14: Give a method for generating a random variable having density function

_9 . _
f(x) = == if 2<x<3
| -2 if 3<2<6
Using 10000 simulated values from this distribution, estimate its mean and variance.

Apply the inverse transform method.

Solution:



Using 10000 simulated values from this distribution, estimate its mean and vari-
ance. Apply the mverse transform method. In this case

2 i< <3

F{l'}={ +(2=3)(3-%)if3<z<6

1
1

[nverting this c.d.f. gives

—"”/E_ if0<U<1/4

249
1ty
FU) {5_23 Ui > 1/4
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