Exercise Problems for the Midterm

MATH 265 , Winter 2013

Problem 1: Evaluate the integral
/ / e V24 A ,
Q
where €2 is the region bounded by y-axis and the lines 2y =z, y = 1.

Problem 2: Find the volume of the solid bounded above by the plane z = 2x + 2
and below by the disk (z — 1)?> 4+ y? < 1 in the plane z = 0.

Problem 3: Find the volume of the solid bounded above by the cone z = 2 —
V1?2 + y? and below by the disk (x — 1)? + y? < 1. Hint: use polar coordinates.

Problem 4: Evaluate the integral

1/2 pI—a2
/ / xy\/ 2% + y? dydx .
0 0
Problem 5: Find the center of mass of the cardioid » = 1 + cos 6 if the density
is the distance to the origin.
Problem 6: Evaluate the integral
/// o2y 2dV
T
where T is the solid bounded by the planes z =y+ 1, y+z2=1,2=0,z =1, 2 =0.

Problem 7: Find the volume of the solid bounded above by the plane z = y and

below by the paraboloid z = 22 + y?. Hint: use cylindrical coordinates.
Problem 8: Find the centroid of the solid in Problem 7.

Problem 9: Find the volume of the solid bounded above by the cone z? = % +12,
below by the zy-plane and on the sides by the hemisphere z = /4 — 22 — y2. Hint:

use spherical coordinates.



Problem 10: Evaluate the integral

// sin(x — y) cos(z + 2y)dA ,

Q

where (2 is the parallelogram bounded by linesx —y =0, x —y =7, x + 2y = 0,
x4 2y =m7/2.

Problem 11: Evaluate the integral

// z°dA |
Q

where  is bounded by lines y = 23, y =1+ 2%, y =2 — 23, y = 3 — 23,
Problem 12: Find the centroid of the hemisphere of radius r if the density is

equal to the distance from the axis of symmetry of the hemisphere.

Problem 13: Evaluate:

/// 2/ x? + y2 4 22dV
H

where H is the solid hemisphere that lies above zy-plane and has center at the origin

and radius 1.
Problem 14: Find the center of mass of the solid bounded by the spheres z? +
y? + 22 = y and 2% + y? + 2% = 2y, if the density at a point is proportional to its

distance from the origin.
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Solutions:

Problem 1: The region of integrations is

with(plots):
pll:=plot([1,x/2],x=0..2,color=red,thickness=2):
pl2:=pointplot([[0,0],[0,1]],color=red,thickness=2,
connect=true):
pl3:=pointplot([[0,0.6],[1-2,0.6]],color=blue,thickness=1,
connect=true):

display(pll,pl2,pl3,title="Region of integration™);

VVVVYVYVYV

Region of integration
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We have to integrate in dx first since e is not explicitelly integrable in dy. We have




s N oy 2 1
HNe 2dA=H e 2dxdsz 2ye2cw=[—2e 2L—2e2-+22(1——i—]
Q 070 0

Problem 2: The floor of the solid is the disk (x — 1 )2 + y2 < 1 in the xy-plane (z = 0). The region of
integration is

> with(plots):

> pll:=plot([0,sqgrt(1-(x-1)"2),-sqrt(1-(x-1)"2)],x=0..2,color=red,
thickness=2):

> pl3:=pointplot([[0.5,0],[0.5,sqrt(1-(0.5-1)"2)]],color=blue,
thickness=1,

> connect=true):

> display(pll,pl3,title=""Region of integration');

Region of integration
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_1_

" The "roof" is the plane z=2 x + 2 . The solid is symmetric with respect to the x-axis so we can
calculate the volume as




2 J1—(x—1)2 2

V=2JJ (2x+2) dde=2J 1 — (X—l)2 (2 X+ 2) dx = | by substitution :
00 0
X—1=sinu,dx=cosudu)=
I I
2 2
ZZJ NE! — sin’u (2sinu +4) cosu du=4J cos’ U ( sinu + 2)du = (since sin u is odd
T T
2 2

and cos u even) =

I i
2 2

Y]

4 2cofudu=16

%(1 +cos2 u) du=8[u+%sin2u} =41

0
_r
2

Problem 3: The base of the solid is the same as in the previous problem. The roof is z=2-+/ X+ y2 .
In polar coordinates the boundary of the base can be represented as (r cosé — 1 )2 +sin’6=1or

¥ -2rcos®=0 or r=2 cos®.
The volume is (again by symmetry)

x r r
2  2cosH 2
1 2cosO : 2 3
V=2 (2—nr)rdrd@=2 [rz_?ﬁ} de=28 (cose —?cos 6) dée
0 0 0 0 0
T
2
. 1 2 ) _
=8 [?(14-00529)—?(l—sme)cose de=8
0
r
1 1 2 2 317
[ E) Z 1n26—?sm6+351n90 =
_o|l ® _ ey 32 _
= (4 ) 27 9 2.727629752
> 8*((1/4)*Pi-2/3+2/9);
evalf(8*((1/4)*Pi-2/3+2/9));
o 32
9
2727629752 (1)

Problem 4: The integral contains expressions which may simplify in polar coordinates. The region of
integration is a part of the




unit disk:

> with(plots):
pll:=plot([0,sqrt(1-x"2)],x=0..1/2,color=red,thickness=2):
> pl2:=pointplot([[0,0],[0,1]],color=red, thickness=2,connect=true)

\

pl2a:=pointplot([[1/2,0],[1/2,sqrt(3/4)]],color=red,thickness=2,
connect=true):

> pl3:=pointplot([[0,0],[1/2,sqrt(3/74)]],color=blue, thickness=1,
connect=true):
pl3a:=pointplot([[0,0],[1/2,sqrt(3/4)/2]],color=green,thickness=
1,connect=true):
pl3b:=pointplot([[0,0],[0.4,sqrt(1-0.472)]],color=green,
thickness=1,connect=true):

> display(pll,pl2,pl2a,pl3,pl3a,pl3b,title=""Region of
integration™);

Region of integration
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( We have to consider two parts of it:



First, the part with a vertical right hand side: thr upper vertex is [ %, / % ) so the corresponding 6

has

tan 0 =/ 3 which means that 6 = g . The points on the right hand side satisfy

1
2 =cosO or r= I .
2 cosO
We have
1 n 1 n
2 J1-% 3 2
X > - cosO ' 2 1 '
Xy X —I—y2 dy dx = Psin 6 cos O rdrdé + Psin 6 cos O rdrdé
0 70 070 n 70
3
1 b1
2cos0 3
. . . 1 1 1 . 1
The first part: the inner integral is J r*fdr=— ———— Then, —J sin 0 do=
0 5 32cos0 160 cos ‘0
I
3
160 | 3 (o0 . 160 3 3-160
T
2 1
T
4 1217 1 _ 1 371
The second part is equal to | sin 6 cos6dé rdr=[3s1n6 ) ?21—0[1—2}—4—0
3
T 0
3
Answer: + L
" 3-160 40
> 7/(3*160)+1/40;
19
Ty )

480

[P roblem 5: The cardioid is shown below

> with(plots):

> pll:=polarplot(l+cos(th),th=0..2*Pi,color=red,thickness=2):
pl2:=pointplot([[21/20,0]],color=green,thickness=3):

> display(pll,pl2,title="Region of iIntegration™);




Region of integration

3
2
We have to calculate the mass m= JJ p(x,y) dA and the moments
cardioid
M, :JJ yp(x,y) dA and Myz X p(X,y) dA . Using the polar coordinates we obtain
cardioid cardioid
21 1+ cos6 1 2n 1 21 2n 2n
m=J f rrdrdez—J [1+cos9]3d0=—U 1d0+3J cosed0+3J cos?0 dO+
0 70 3 0 3 1o 0 0
2n
J cos0 dg| =
0
1 "1 1 1 " 5
=—12n4+0+6| —(1+4+cos20)do+0|=— 2n+3[6+—sin29} =—[5n]==n
3 o 2 3 2 ol 3 3
By symmetry, we have M, =0. We have

21 .1 +cosO 2n

I\/IyZJ'J rcoserrdrdé?:%J' cose[1+cose]4d0=
0 Yo 0




27 27 27 27

271
=%U cosed¢9+4J c0529d9+6j cos39d9—l—4j cos49d9—l—J cos0 d@
0 0 0 0 0

Since
2

cos'0 = %(1 +cos29)) 2%(1 +2¢0s26 +cos26) :%(1 +2cos29+%(1 +cos49))

:l 34+4cos20+cos40
8

we have
g 4" 174 4
=—|—= 1 2 — 4 cos?2 4 =—| =2 —3-2
M= 2J0 (1 +cos e)d0+8J’0 (3+4cos26+cos40)do 4[2 nt+ g3 n}
1.
4
Thus, the center of mass is
o M, M 73 21 . .
(x7,y )—[?,?)—( Z?’O)_ (E’O) - green point on the picture

Problem 6: Evaluate the integral JJJ x*y’Z* dV , where T is bounded by the planes
T

z=y+1,y+z=1,x=0,x=1,z=0.

The "base" of the solid is in xy-plane and is bounded by the lines: 0=y + 1,y +0=1,x=0,x=1.

> with(plots):

> pll:=plot([1,-1],x=0..1,color=red,thickness=2):

> pl2:=pointplot([[0,-1],[0,1]],color=red, thickness=2,connect=
true):
pl2a:=pointplot([[1,-1],[1,1]],color=red,thickness=2,connect=
true):

> display(pll,pl2,pl2a,title="Region of integration in xy-plane');

Region of integration in xy-plane
1
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" To easier see the "roof" of the solid, we project it onto yz-plane: The projection is bounded by the




lines:z=y+1,y+z=1,z=0.

> with(plots):
> pll:=plot(|[y+1,1-y,0],y=-1..1,color=red,thickness=2):
> display(pll,title="Projection onto yz-plane",labels=[y,z]);

Projection onto yz-plane
2 —_

-1 -0.5 0 0.5 1

The projection is only the triangle at bottom of the picture. We see that we have to split the integral
into 2 parts

as the "roof" (which looks as a real roof) consists of two planes. We have
1.0 1+y

J”szfzzdv:H J XY’z dz dy dx +JIJIJ1_yx2yzzzdzdydx=

0°-1"0 000

1.0 11
1 1+y 1 1-y
=JJ Xy ?[23]0 dy dx +JJx2y2?[z3]0 dy dx =
07-1 0”0
0 1

:%UOIJ xzy2 (l—i—y)3 dy dx +Jjolx2y2(1—y)3dydx]:

-1 0



1 0 1 1
U xzdxj yz—i—3y3—|-3y4—|—y5 dy —|—Jx2dey2—3y3—|-3y4—y5 dylz

0 0

3

+5

1

3 0 -1
it o3 3 1y, 11 3 Iy o b
_3{3(3 PRI 6)+3(3 4 6)} 270

> (1/3)*((1/3)*(1/3-3/4+3/5-1/6)+(1/3)*(1/3-3/4+3/5-1/6));

1

270 @)

Problem 7: Find the volume of the solid bounded above by the plane z =y and
below by the paraboloid z= X + y2 Hint: use cylindrical coordinates.
The projection (on z =0 ) of the intersection of these surfaces is the curve y = X + y2 or

2
1 _» 1
4 x+(y2j

In polar coordinates this is : rsin 6 = * or r=sin @ , for,0 <0 <m.

> with(plots):
> pll:=polarplot(sin(th),th=0._.Pi1,color=red,thickness=2):
> display(pll,title=""Region of integration™);

Region of integration
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T sin® b

sin©
The volume is equal to V=J J (rsinG—rz) rdrd9=J [%Fsin@—%r“} do=
070 0 0
1 1 L[ L1 S
N I O S P S _ 1 I S U _ _ 1 1
L[3sm6 4sm9 dée 12Jos1n6d¢9 T 2J (1-cos20) de 48L (

~ 2082 6 + cos2 8) do=

T T
. : - _ L 1 _ 3 40=-L
= since the middle term integrates to 0 = 13 L (1 + > (1+cos40) )d& 48J 2d9 3 "
7P roblem 8: Find the centroid of the solid in Problem 7.
Since the density is uniform the mass is proportional to the volume and we can assume that

| o
m=— 7. (assuming p=1)

We have to calculate the moments:

M, = JJLX v, M, = JJLV dv , M, = JILZ dV . By symmetry the moment M, =

T _sin® _rsingd T .sin®
WehaveMXZZJ J J (rsin@) dzrdrdBZJ J (rsin®)(rsin® —r*) rdrdé=
0’ ‘2 0“0
T T T
1 4 r5 sin© 6
—J[4rsm6—g smeo dQ—J[251n6—gs1n6 de= 20Jsm9d9

0 0 0

We have sin69=%(1 —cos2 9)32%(1 —3¢082 0+ 3 cos2 B-cos2 §). Thus,

T

1Y T
11 1 3 L (3)ge=-L
M=, 84[(1+3cos29)d9 160J’0(1-|—2(1—|—cos49))d6?— 160[0(2)(19 "

T _sin® rsing T _sin®
We have Mxy:J z dzrdr d9=J J %[rzsinze —r*] rdrde=
0% Jp 0 Jo

r

T ) T T
[ rpeag LTl LT 6 60T qam L | i dom
2J[4rsm9 6rL de 2 [4sm9 6sm6 do 2 sin©dé
0 0 0
20 15
24 64 384

N (% 5 15
The centroid is (X,y,Z)—m(I\/Iyz,MXZ,MX) . (O R 38475) (0,2, 12)

Problem 9: Find the volume of the solid bounded above by the cone Z=x"+ yz,

below by the xy-plane and on the sides by the hemispherez=+/ 4 — o y2 . Hint: use spherical
coordinates.



The intersection with zy-plane is bounded by the curves 7= y2 or z=ty and z=+ 4 — y2 or
7+ y2 =4 with z > 0. Our solid is obtained by rotating this intersection around the z-axis.

> with(plots):

> pll:=plot(ly,-y.,0],y=-2..2,z=0..2.1,color=red, thickness=2):
pl2:=plot([sqrt(4-y"*2)],y=-2..-sqrt(2),z=0..2.1,color=red,
thickness=2):
pl3:=plot([sqrt(4-y™2)],y=sqrt(2)..2,z=0..2.1,color=red,
thickness=2):

> display(pll,pl2,pl3,title=""Projection onto yz-plane", labels=]ly,
z]);

Projection onto yz-plane

2_
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The angle between the the base and the linesz=+Yy is n/4. In spherical coordinates our solid is a
rectangular box:

B=1{(p,6,0): OSpS2,0§6S2n,% s¢s§ and its volume is




Kl Kl
2w .2 2 27 2 2
T
b} 2
V= p'sin¢ dpdpde=| do | sinodg | p’ dp=2m[-coso]’ %[pﬂoz
0 w “0 0 T 0 N
3 3
o2 1, 8&/2m
27 5 38 —3

Problem 10: Evaluate the integral
JJ sin (X —Yy) cos(x +2y) dA,

Q
where Q is the parallelogram bounded by linesx —y=0,Xx —y=n,Xx+2y=0,X+2y= g
We introduce new variables u=X —Yy and V=X + 2. In these variables the region of integration
becomes

a rectangle RZ[(U,V) 0<u STC,OSVSE}.

2
_ (2u+v)
X =
u=x-—y 3
Solving the system for x and y we obtain:
V=X+2Yy _ (v—u)
y= B
x o Oox 2 1
ou 3
Thus, the Jacobian O06y). =det =det — and —&
0(u,v) oy oy 1 9 0(u,v) 3
ou o0v 3 3
We have
R I
nt.2 b4 2
JJ' sin (X —Y) cos(X+2Y) dA=J J sin U cosV % dvdu= %J sinu du J cosVv dv=
Q 070 0 0

Sola
S

%[—cosu] [sin V], 2%2-12—

'Problem 12: Evaluate the integral

JJ xdA ,
Q

| where Q is bounded by lines y=x3, y=1 +X3, y=2 —x ,y=3 —x.
> plot([x"3,1+x"3,2-x"3,3-x"3],x=0.5..1.5);



1_
0 T T T T T T T T T 1
0.6 0.8 1.0 1.2 1.4 \
i X
-1

We introduce new variables u=y — X and v=X + y . In these variables the region of integration
becomes

arectangle R={(u,v):0 <u<1,2<v<3}

u W
X 9 -3x%% 1
The Jacobian o(u, v) =det Y =det N and‘M‘:m(z
9 (X,y) N 3¢ 1 9 (X y)
ox oy
2
3 i 2
We can calculate: v —u=2x so Xz:(v—u ) = v—u)’
7 3
e
-1 3
Thus, the Jacobian (% y) ‘— 0(u, v) = ‘/Z
9 (u,Vv) 0 (XY) 2
6(v—u)3

We have J' J' xdA
Q




31 5 b 3.1 3
3 3 3
_ v—u V4 _ 127 _ D U OV U
= ( 2 ) 2dudv 5 6 (v—u)dudv 17 (v 2)dv
270 6 (v—u)’ 27 270 2
3
1 [V v 1 1
=—|———=|==-[9-3—4+2]=—
121 2 2 24[ +2] 6

Problem 12: Find the centroid of the hemisphere of radius r if the density is
equal to the distance from the axis of symmetry of the hemisphere.

We can assume that the hemisphere is the upper half of the sphere centered at the origin. The z-axis is
the axis of the symmetry.

The distance of the point (X,y,z) from the z-zxis is +/ X+ y2 .
We will use the spherical coordinates X=p cosOsin¢,y=psinOsin¢p,z=pcoso.

Then, the density is p(X,y,z) =+/ X + y2 :\/ p2 cos 20 sin’ o+ p2 sin %0 sin’ o =psinod

I
2.2 r 5
Firstwewillﬁndthemass:m=f” X 4y dV=J J Jpsinq)p sinp dpdgdo=
H 0“0 0

T
_ R I o ™ L 1 24
_2nJ 2(1 cos2 ¢) d¢ 4p]0 2n4 il

0

We have to calculate the moments:
Myz 2” J xdVv , M, =” J ydv , Mxyz J J J zdV . The moments MyZ and M, are0 by symmetry.

We have

n I
2w, 2 r
o, . 2 1L s]
Mxy: pcosh psinop sinpdpdpdd=27| coso sin ¢d¢[?p] B
0 %0 Yo 0 0
T
o 392 15 2
=21 3[s1n¢]0 5r 5 nr
N =8 (002 28 = (0.0 L6
Wehave 00,y 27) = 0 (M« Mg < My) = (o,o, = nﬁ)_(o,o, o rj

In general we can say that the center of the mass of the hemisphere of radius r with this density lies on
the axis of symmetry

at the distance r from the base.

B Sw
Problem 13: Evaluate:

”J z x2+y2+22dv ,
H

where H is the solid hemisphere that lies above xy-plane and has center at the origin and radius 1.

7We have



I R4
2 2 1 1 2
2y X2+y2+de = p3cos3¢-p~pzsin(l)dpd¢dt9=2n p6dp cos3q)sin(l)d¢=
H 0 70 0 0 0
R
an L1 P I | _n
=27 [ cos¢ =27 T [0+ 1] 14

Problem 14:

Find the center of mass of the solid bounded by the spheres X+ y2 +7= y and X+ y2 +7=2 y
if the density at a point is proportional to its distance from the origin.

Thespheresare:X2+y2—y+%+22=% or X2+(y——) +7= (%)

and X +y —2y+1+7=1 or C+(y—1)’+7=1
In spherical coordinates they are p2 =psindsin® or p=sindsin0O
and p=2sin¢sind
The density is o(p,,0) =p (We can assume that the constantis K=1). We have

T T 2sindsinO T T T T
5 2 sin ¢ sin O 1
m= p-psinddpdpdo= sin ¢ ] dgd@d=— sin $[ 16
sin¢sin 6 4
070 sin¢sin® 0-0 0°0
— 1]sin4¢ sin0 dgdo=
n T
:.%iJsﬁf¢d¢anﬁede
0 0

.4 2 2 2 4
We have sin“o.= (1 —cos” o) =1 —2 cos’o + cos’o. so we have
T

T
J sin5¢ d(z):J (sin ¢ —2 sin ¢ coszq) +sin ¢ cos4q)) dg=|-cosd + % cos3¢ — %coss(p]g: 1+1
0 0

2 2 1,1 16
37375 575
> 141-2/3-2/3+1/5+1/5:
16
15 4)

T

b L 2
1 2 1 2
and J sin49d6?:J (1 —2cos29+cos49) dHZJ [1—2%56 + (++Se) )dé?:
0 0
0

T

1 2
=J (1 -2 ++Se + %(1 +200529+005229)) dé=
0




T

B 1 1+ cos4 0 T  m_37n
—J'( c0529+4[1+2c0529+ ])d9_4+8 S
0
T T
We used the fact thatJ cos2 0 dHZJ' cos40de=0
0 0
1516 3m_3m
Thus, M=-"5 5 T2
>

plot3d( [sin(0) -sin(6), 2- sin() -sin(0) |, 6=0..w, ¢ = 0..%, coords = spherical, scaling
= constrained, axes = boxed);

> plot3d([sqrt(2*y-y"2-x"2),-sqrt(2*y-y"2-x"2) ,sqrt(y-y"2-x"2), -
sqrt(y-y"2-x"2)],x=-1..1,y=0..2,numpoints=2000) ;




"\‘\\‘\ \\
b s \\\‘\‘\

-w\um mn |
\\\ t‘ ol m,,,;,/;%///,

(// 7%
0, I,, I,/ II/////

By symmetry of the solid and of the density both moments M, =M, =0. We have to calculate

T T 2sindsind T T
MXZZHJypdVZJ J J (psin ¢ sin ©) p-pzsin(bdpdgbdQ:J J sin2¢sin6
070 sindsin® 0-0
T

1 5ZSinq)sine 1 5
[—p } dgdo= S sin” ¢ sin O[32 — 1]sin5¢ sin’0 dgdo=

sin ¢ sin O
¢ 070

T T
= %J sin7¢ d¢J sin®0 d@
0 0

: 2 33 2 4
We have s1n60c=(1 —cos o) =1 — 3 cos’o 4 3 cos'o —cos’ o so we have

T T

T
J sin7¢ d¢=J sing(1 —3 coszq) +3 cos4¢ - cos’ 0) dg=|-cos¢ + cos3¢ — %cossq) + %0057(1) =

0
0 0



6 2 _32
2+5 7 35
T

T

and J sin’0 dQZJ (1-3 cos™ + 3 cos'® -cos’ 6 ) do=
0 0

T

2 3
(1_31+cos29 +3(1+cos26] —(1+COS26)Jd9=
2 2 2
0

1Y
:J (1—% (1 4+cos20) + %(1+2c0s26+c05226) —%(1—3c0529+3cos226
0

—cos’ 2 9)) dé=

T 1Y

SinceJ cos26d9=J cos329d¢9=0, this is equal to
0 0
T T
_ 3,3 1 ,(3 3)[1tcos48 _ 0o
—J (1 5 +4 g +(4 8)( ) J)de smceJcos49d0 0
0 0
_ 3,3 _ 1, 3)\_>51
_n(l 2ty 8+16j 16
> 1-3/2+3/4-1/8+3/16;
S
i 16
_31 32 5n_ &=
Thus, Mo="3" 35 16~ 35
62T
. o M, M, M, 35 124
= - 0ol=1[0 —==
The centerof massis (x,y,z) [ ST T j 0, . , ( 105

©)



