Task 1: Knowledge and Understanding
1. Determine the angle between each of the following pairs of vectors.
a.  
First we need to find the dot product of   and  by using the Cartesian formula:




Now we need to find the magnitude of each of the vectors:






Now we need to substitute these values into the formula for cos




Now to find the value of 



The angle between and  is 8
b.   
First we find the dot product of  and  using the Cartesian formula:




Now we find the magnitude of each of the vectors:








Now we can substitute these values into the formula for cos
cos
=
=
= 0.2832
Now to find the value of 
Cos


The angle between  is approximately 74

2. Find the slope of the vector that is perpendicular to the scalar equation 6x – 3y + 2 = 0.
First, the vector that is perpendicular to the given scalar equation:


And the slope of the vector:


The slope of the vector perpendicular 
3. Write an alternate vector equation for the following line. Change both the point and the direction vector:
To find another point, we need to substitute any real number for t:
If t= 1:

]


Now we need to find another vector that is parallel to the direction vector by multiplying the current direction vector by a number other than 0 or 1. We’ll choose -2. 

So our alternate vector equation is:

4. Determine whether the angle between each of the following pairs of vectors is acute, obtuse, or neither. 
a.  (10, -4, 1) 




The dot product is positive, so the angle between the vectors is acute. 

b.   (0, 4, -3) 




The dot product is negative, so the angle between the vectors is obtuse. 

5. Given the vector equation of a line in 2-space, (x, y) = (3, 2) + t(2, 4), write a scalar equation for the line.  
We know a point on the line is (3, 2). We can also find the slope of the line using the direction vector:
If the direction vector is 

Now that we know the slope and a point on the line, we can use the formula to find the equation of the line in standard form, which represents the scalar equation. 






6. Write a vector equation for the line that passes through the point P(-1, 0, 3) and is parallel to the y-axis. 
A direction vector parallel to the y-axis is This vector can have any value for y, but the x- and z- coordinates must be 0. 
A vector equation is (x, y, z) = ( -1, 0, 3)+ t(0, 1, 0). 

Task 2: Thinking 
7. Given   demonstrate that  are all perpendicular to each other. 
To prove that  are all perpendicular to each other, their dot product must be 0. 




We know for certain that  is perpendicular to 









The dot product of each of the vectors is 0, therefore proving that the vectors are all indeed perpendicular. 


8. Write vector and parametric equations for the line that goes through the points             P( -3, 5, 2) and Q(2, 7, 1). 
We need a point on the line and a direction vector in order to write the vector equation for this line. We already know 2 points on the line. To find the direction vector, we need to calculate the components of  

Now that we have a point and a direction vector, we can write the vector equation of the line. 
Using the point P(-3, 5, 2), the vector equation is:
(x,y,z) = (-3, 5, 2) +t(5, 2, -1)
Using the point Q(2, 7, 1), the vector equation is:
(x, y, z)=(2, 7, 1) +t(5, 2, -1)

The parametric equations for (x, y, z)= (-3, 5, 2) +t(5, 2, -1), are
X = -3+5t
Y = 5+2t
Z = 2-t
The parametric equations for (x, y, z)= (2, 7, 1) +t(5, 2, -1) are 
X = 2+5t
Y = 7+2t
Z = 1-t

9. Find the scalar, vector, and parametric equations of a plane that has a normal vector  and passes through the point P(9, 2, -5). 
A normal vector to the plane is provided that a scalar equation in 3-space in the form Ax+By+Cz+D=0 is given. 

So far, the scalar equation is:

To find D, we substitute point P(9, 2, -5) on the plane into the scalar equation:




Therefore, the scalar equation is 

We have one point which is P(9, 2, -5), so now we’ll solve for a second point and third point by substituting values for x and z in the scalar equation and solving for y and we’ll call these new points “Q” and “R” respectively. 
	X = 1
Z = 1
3x – 4y + 6z +11 = 0
3(1) – 4y + 6(1) + 11 = 0
3 + 6 + 11 – 4y = 0
20 – 4y = 0
20 = 4y
5 = y
	X = 0
Y = 0
3x – 4y + 6z + 11 = 0
3(0) – 4y + 6(0) + 11 = 0
-4y + 11 = 0
11 = 4y
11/4 = y


Now we have three points: P(9, 2, -5), Q(1, 5, 1), and R(0, 11/4, 0). 
In order to find the vector equation, we need to find the vector direction by calculating the components of , .


Now that we have the point and direction vectors, we can write the vector equations. 
Using the point P(9, 2, -5), the vector equation is:
(x, y, z) = (9, 2, -5) + t(-8, 3, 6) +s(-9, 5)

Using the point Q(1, 5, 1), the vector equation is:
(x, y, z) = (1, 5, 1) +t(-8, 3, 6) +s(-9, 5)

Using the point R(0, 11/4, 0), the vector equation is:
(x, y, z) = (0, 11/4, 0) +t(-8, 3, 6) +s(-9, 5)

The parametric equations for (x, y, z) = (9, 2, -5) + t(-8, 3, 6) +s(-9, 5) are
X = 
Y = 
Z = 
The parametric equations for (x, y, z) = (1, 5, 1) +t(-8, 3, 6) +s(-9, 5) are
X = 
Y = 
Z = 
The parametric equations for (x, y, z) = (0, 11/4, 0) +t(-8, 3, 6) +s(-9, 5) are
X = 
Y = 
Z= 

10. Given two vectors   and  find the following:
a. The coordinates of the projection of 






b. The magnitude of the projection of .









Task 3: Communication
11. In your own words, describe the types of intersections that can be formed by two lines in 3-space. Define each type of intersection and provide a diagram for each. 
[bookmark: _GoBack](After I spoke with an ILC representative, I was told I only need to provide any diagram, not necessarily a sketch, unless the question specifically says to do so! ) 
There are four types of intersections that can be formed by two lines in 3-space: 
1) Coincident
2) Parallel 
3) Intersecting at one point
4) Skew 
Coincident lines are ones that share the same direction as well as an infinite number of intersection points. Ultimately, they are the same line. 
[image: ]
Parallel lines follow the same direction but will never intersect. 
[image: ]
Intersecting at one point would refer to two lines that do exactly that and that are contained on the same plane.
[image: ]
Skew lines do not share a similar direction, nor do they ever intersect. 
[image: ]



12. Given , verify the following arithmetic properties of vectors.
a.  


-3          7          2         -3          7         2
 4          5          9          4           5         9



= (53, 35, - 43)


-3	7	2	-3	7	2
 6	2	1	6	2	1



= (3, 15, - 48)

-3	7	2	-3	7	2
-2	3	8	-2	3	8




=(50, 20 ,5)




(53, 35, -43) = (53, 35, -43) ; LS=RS
Therefore 


b.   









Therefore, . 
c.  
(




||





Therefore 

13. Describe how the dot product can be used to determine whether two vectors are perpendicular. Create a question with vectors in 3-space to illustrate this property, be sure to solve the question as well.
Dot products consider magnitudes of projections of vectors that are arranged tail to tail. The dot product of two vectors is the magnitude of the first vector multiplied by the second and multiplied by the angle (using cos) between both. It can be used to determine if two vectors are perpendicular as the result of the calculation is zero, confirming that the distance between each is 90 degrees and they have been rotated by the same amount. Here is an example:
Say we are given We must use dot product to demonstrate that  are perpendicular to each other. This would mean that the result should be 0. 




Because the result is 0, this is a confirmation that  are indeed perpendicular to one another. 

Task 4: Application
14. Given   find the intersection of 
First we must see if these two lines have the same direction.
 = (3, 1, -4) is a direction vector for .
 = (-1, 1, 5) is a direction vector for 

The ratios of the components of these vectors are not equal, meaning the two lines do not have the same direction and therefore either intersect at a point or are skew. 
Now we’ll write the equations of the lines in parametric form:
	




	






For the lines to intersect at a point, there must be one common set of coordinates (x, y, z) for the two lines,  and . Therefore, we should be able to find values for s and t that satisfy all three of the following linear equations:

  represents x-coordinate
  represents y-coordinate
  represents x-coordinate
We’ll use the method of elimination to solve this linear system. Since we’re solving for two variables in this system, we can start with any 2 of the 3 equations in the system. Let’s start with [1] and [2]. 


We’re going to simplify each equation so s and t are on the left-hand side and the constant is on the right.




We’ll multiply equation [5] by 3 so the coefficient of t is the same in both equation, and we’ll label it [6]. 


Now we’ll subtract [6] from [4] in order to eliminate the variable t. 




Because we now have a value for s, we can find a value for t by substituting s= -1.25 back into equation [4] or [5]. Let’s use equation [5].





Since we now have a value for both s and t for the first two equations, we can determine whether these values satisfy the third equation in the system. Equation [3] is -4t = 5+5s. If the values of s= -1.25 and t =-.25 satisfy the equation, the left and right sides will be equal.
	LS:
-4(-0.25)
=1
	RS:
5+5(-1.25)
=5-6.25
-1.25


Therefore LS=RS. 
Since the values for s and t do not produce the same answer on the left and right sides of the equation [3], they do not satisfy it. Therefore, there is no point of intersection for this system of equations and we can conclude that the lines are skew. 

15. Find the vector equation of the line of intersection of the following two planes:


The normal to and the normal to 
We’ll start by finding the ratio of the corresponding components:

Since the ratios are not equivalent, the two normals are not multiples of each other. Therefore, the planes are non-parallel and intersect in a line. 
The next step is to determine the line of intersection. In order to do this, we need to use the method of substitution:


We’ll start by multiplying equation [2] by 4 so that it becomes equation [3], and subtracting equation [3] from equation [1]. (We use subtraction because the coefficients of x are both positive). Therefore, in order to get 0x, we must subtract the two equations. 





Now, we’ll write y in terms of z. 
11y – 22z – 11 = 0



Next, we can use equation [1] or [2] to find x in terms of z. Let’s use equation [2].






Now, we’ll let z=t and we’ll write x and y in terms of t to find the parametric equations of the line of intersection of the two planes.
The parametric equations of the line are:
	


	OR…
	




The vector equation is 

16. Determine whether the following system of equations has a single point of intersection. If so, find the point of intersection. 



If the normal vectors are not coplanar, so there is a single point of intersection.
If the normal vectors are coplanar and there may or may not be points of intersection. 
None of the planes provided in the question are multiples of one another, confirming that they all either intersect at a line, or at a point.

The normal vectors to the planes are  We can determine if the three planes intersect at a single point by finding the value of       
1      2      3      1      2      3
2     -3      0      2     -3      0
(2)(0) - (3)(-3)=9
(3)(2) - (1)(0)=6
(1)(-3) - (2)(2)= - 7





Since does not equal 0, the normals are not coplanar. Therefore, the planes intersect at a single point.
Now, to solve for the point of intersection of the three planes we’ll use the method of elimination. 



We’ll eliminate the variable x in order to reduce the amount of unknowns in the system. After we multiply equation [2] by 4 and equation [3] by 2, we’ll subtract each from equation [1] and label them [4] and [5] respectively. 








  [7]
Now, we’ll sole for y and z. 


Now, we’ll multiply equation [7] by -1 in order to eliminate y in the following step, so now it becomes 
We’ll subtract equation [8] from equation [6] to solve for z. 





We’ll substitute z = 1/3 into equation [6] to solve for y.





Once we know the values for y and z, we can substitute them into equation [1] to find x:






So we have a value for z which is 1/3, y which is -1, and x which is 1. 
Therefore, the coordinate where the three planes intersect is at the point (


17. Find the shortest distance from P(-4, 2, 6) to the plane 2x - 3y + z – 8 = 0. 
The coordinates of the normal to the plane are  To find another direction vector from point P to the plane, we must find another point on the plane. Let “R” represent this point. 
To find R, we must choose any value for two of the variables in the equation and then solve for the third. Let’s choose x = 1 and y = -1. 






So, another point on the plane is R(1, -1, 3). Next, we’ll find the direction of .

Now, we’ll use the projection of  on to find the distance between P and the plane. 







The shortest distance between P and the plane is  units, or approximately 4.3 units. 
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