MATHS3705A - Test 3: 17:35—18:25, July 12, Tuesday

Surname First Name Student #

Total points: 15. No partial marks for Questions 1-2.
Closed book! Non-programmer calculators are allowed!

<z <I;
1. (4.5 points = 1.5+1.5+1.5) Let f(x) = { 2, O<z<1 }

r+3, 1<z<3.
(i) What is the value of the Fourier series of f(z) at z =17

Solution: (d).

The extension f () has period 3. The series converges to w = % =

(ii) What is the value of the Fourier sine series of f(x) at z =107
(@) =5 (b) =2 (¢) =1 (d)3 (e)5

Solution: (a)

The extension f has the period 6 and is odd. Since 10 = 6(2) — 2, the Fourier sine series
converges to

f~av<_2) = _fav(2) = _f(2) = —5.

(iii) What is the value of the Fourier cosine series of f(z) at © = 2019 7

Solution: (d).
The extension f has the period 6 and is even. Since 2019 = 6(336) + 3, the Fourier cosine
series converges to

ulg) = L8086 _ 0o _ g



2. (1.5 points) Let f(z) =2 — 2,0 < z < 2, and let a,, (n > 0) be the coefficients of the
Fourier cosine series. Find as.

(@) 2 ()7 ()7 () =7 ()0

Solution: (e).

L nr 2 i
ag = %/o f(a:)cos(%)dx:/o (2—:6)(:08(27)61:1:

_ [l(g _ o) sin(mr) — — Cos(ﬂx)} o

2
™ s 0

3. (4 points) Let f(x) = mz, =1 < x < 1, and let f(x) be 2-periodic. Find the Fourier
series.

Solution: Since the function f(z) is odd, a, = 0 for n > 0.

(1 point)
Note that L =1,
! 1 1 '
b, = / mxsin(nmr)dr = {——:1: cos(nmr) + —— sin(mr:c)}
_1 n n’m .
2 2
- _ = _ _1 n—‘rl_‘
" cos(nm) = (—1) -
(2 points)
Thus, the Fourier series is:
- 2
Z(—l)"“— sin(nmz).
n=1 n
(1 point)

4. (5 points) The solution of the heat equation w; = a?w.,, 0 < x < L,t > 0, subject to the
boundary conditions w(0,t) = 0, w(L,t) = 0 has the form

w(z,t) = io:bn sin <n—zx) ()t
n=1



Find the solution u(z,t) of uy = 4u,,, subject to the boundary conditions u(0,t) = 1,
u(2,t) = 3, and the initial condition u(z,0) = = + 3.

Solution: Here a =2, L =2, A=1, B=3. Thus

v(x) =z+ 1. (1 point)
Let w(z,t) = u(x,t) — v(x). Then

Wy =AWy, 022,120

subject to
w(0,t) =w(2,t) =0; w(x,0)=u(z,0)—v(z)=2.

Thus, for n > 1,

by = %/O [7(x) — o) sin( "5 ) dr = ;/O (2)sin("2%) dr
= —%[cos(mr) —1] = 4[(_1):; i 1].

(3 points)

S~ A[(—-1) T+ 1
u(z,t) =x+1+ Z [( 217r + 1] sin <n72rx> e ()’ (1 point)
n=1



Table of Fourier Series

1. The Fourier series of a 2L periodic function f is given by

% —l—i [ancos< > + b, sin (nzxﬂ ,

n=1

with

1 [t nmw 1 [otk nmw
= — _— = — _ >
L/_Lf(:c)cos< 7 )dx L/a f(x)cos( 7 )dm, n >0,

1 [* nwx 1 [tk nwx
S i — = — ] —_— >
L/_Lf(:c)sm( 7 >dx L/a f(x)sm( 7 )dw, n>1,

where « is any real number. If f is an odd function, then
9 L
a, =0 and b, = Z/o f(z)sin <?) dr n>1.
If f is an even function, then

9 L
b, =0 and an:Z/O f(x)cos(?) dr n>0.

2. The Fourier series of a function f(z) defined on [a,b] with b — a = 2L is given by

% +g [a,mos( ) + b, sin (nzx)} ,

1 [ nmwe
— - >
L/a f(x)cos( 7 > dr, n >0,

I nmw
= = in [ —— > 1.
L/a f(x)sm( 7 )dw, n>1

with

If the 2L-periodic extension f of f to R is an odd function, then a, = 0, and if f is an
even function, then b, = 0.

3. The Fourier sine series of a function f defined on [0, L] is given by
ib sin (mrx) b, = 2 /L f(z)sin <n7rx> de, n>1
o n L ’ n — L 0 L ) — .
4. The Fourier cosine series of a function f defined on [0, L] is given by

o0 2 L
%4_;%605(?)’ anzf/o f($)cos(?> dr, n>0.



