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CHAPTER 7, 8. LINEAR DEPENDENCE AND INDEPENDENCE,
SPANNING SETS OF A SUBSPACE

1. INTRODUCTION

I. Motivation

We see that a subspace W of a vector space V may have different spanning sets, and these
spanning sets may consist of different number of vectors. Now we want to see if all vectors in a
spanning set of a subspace are necessary. In other words, can we remove some of the vectors in
this set without changing the span?

Consider a set of vectors vy, Vo, ..., Vy in @ vector space V. If one of the vectors in this set is a
linear combination of the others, then this vector can be removed from this set, and the span of
this set remains unchanged. In particular, the zero vector can always be removed from a set
without changing the span.

For instance, suppose that v; is a linear combination of the other vectors vy, vs, ..., V. Then
every vector in the set {vi, vo, ..., vV} isin span {v,, vs, ..., Vin}, and, trivially, every vector in
the set {V, vs, ..., vV} isin span {vy, Vo, ..., Vmn}. This means

span {vz, Vs, ..., Vm} =span {vi, Vo, ..., Vm}.

Therefore, removing v, from the spanning set does not change the subspace.

Hence, if we want to "generate" a subspace using a set of vectors, it would better to check if any
vector in this set is a linear combination of the others. If there is one, we can remove it from the
set without changing the result.

The next problem is how to check, in a set of vectors, whether there is one vector that is a linear
combination of the others. Suppose, vector v; is a linear combination of the vectors vs, vs, ..., Vm,
then

Vi=ayVy +azvs+ ... + amVvm, Or
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Vi —axVy —asvs — ... —amVm = 0. (Note that the right-hand side is the zero vector).

The coefficients ay, as, ..., an are real numbers, which may or may not be zero. The coefficient
of vy is 1, which is not zero. We may multiply this equation by any non-zero number c. The
equation becomes

CV1 — CayVy — CasVz — ... — CamVm = 0, C £ 0.

This means that v, is a linear combination of vy, vs, ..., v, if and only if there is a linear
combination of vy, v, ..., Vi, that equals the zero vector and the coefficient of v, is not zero.

Because we don't actually know which vector is a linear combination of the others, we know that,
one of the vectors in the set {vi, Vo, ..., v} is a linear combination of the others if and only if we
have the identity

CiV1 +CoVo + ... + CnVim = 0,

where ¢y, Cy, ..., Cm are not all zero.

IL. Definitions

A set of vectors {vi, Vo, ..., Vin} is linearly dependent if there exists coefficients ¢y, Co, ..., Cm,
which are not all zero, and

CiVi+ CoVo + ... + CppVin = 0.

This identity is called the dependence relation of the vectors.

A set is linear dependent means that one of the vectors can be expressed as a linear
combination of the others, and, removing this vector from this set does not change the span
of this set.

Note that, in a linearly dependent set of vectors, ONE of the vectors can be expressed as a linear
combination of the others. This does not mean EVERY vector can be expressed as a linear

combination of the others!

Vector v; IS a linear combination of the others if the coefficient c; in a dependence relation is not
zero.
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Note that the converse of this statement is not true: If we a dependence relation in which the
coefficient of a vector v is zero, this does not mean that this vector cannot be expressed as a
linear combination of the others. For example, in the set {(1, 1), (2, 2), (3,3)}, we have a
dependence relation 2(1, 1) + (—1)(2, 2) + 0(3, 3)= (0, 0). But (3, 3)=3(1, 1) +0(2, 2) is a linear
combination of (1, 1) and (2, 2).

If a set of vectors is not linearly dependent, then it is linearly independent.

By definition, a set of vectors {vi, Vo, ..., Vm} is linearly independent if

CiVi+CVo + ... + CpV = 0

impliesc;=c;=...=¢cn=0.

In other words, if a set of vectors {va, vy, ..., vm} is linearly independent, then none of the
vectors in this set can be expressed as a linear combination of the other.

Obviously, two vectors u and v in a vector space V are linearly dependent if and only if one is a

multiple of the other.

2. EXAMPLES

1. Let S be a set of vectors that contains the zero vector. Since we may choose a nonzero
coefficient for the zero vector and let the other coefficients be the zero, then the result is the zero
vector. Hence, a set containing the zero vector is linearly dependent.

2. Letv=(Xy, X, ..., Xn) be a nonzero vector in R". If cv = (cxy, CXa, ..., CXy) = 0, we must have
cX;=0,cx2=0, ..., cx, = 0. Because v is not the zero vector, we have some i, 1 <i < n, such that
Xi = 0. Since cv; =0, we must have ¢ = 0. The set B = {v} with a single nonzero vector v is
linearly independent.

3. LetS={(1,-2, 3), (5,6,-1), (3, 2, 1)}. Determine whether this set of vectors is linearly
dependent or linearly independent.

Let x(1, =2, 3) +y(5, 6, —1) + z(3, 2, 1) = (0, 0, 0), or
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X+5y+3z=0,
—-2X+6y+22=0,
3X— y+ z=0.

If (x,y,2) = (0, 0, 0) is the only solution to this system, then this set is linearly independent;
otherwise, this set is linearly dependent.

Solving this system, we find that this system has infinitely many solutions. One of the solutions
isx=1,y=1,and z—2. This setis linearly dependent and we have a dependence relation

(1,-2,3)+(5,6,1)+(=2)3,2,1)=(0, 0, 0).

Since z # 0, vector (3, 2, 1) is a linear combination of (1, -2, 3) and (5, 6, —1). Vector (3, 2, 1)
can be removed from this set without changing the spanning subspace.

span {(1, -2, 3), (5, 6, -1), (3, 2, 1)} = span {(1, -2, 3), (5, 6, ~1)}.

Of course, since x and y are not zero, we may also have removed vector (1, —2, 3) or (5, 6, —1) to
have a different spanning set to span the same subspace.

Since neither of (1, =2, 3) and (5, 6, —1) is a multiple of the other, this set is linearly independent,
and any one of these two vectors cannot be removed further without changing the spanned
subspace.

1 2|0 -1(|1 1||2 2 .. .
4, LetS= : , , be a set of 2 by 2 matrices in M,,,. Determine
0 1|1 1|1 1||2 1

whether this set is linearly dependent of linearly independent.

1 2 0 1 11 2 2 00
Let a +b +C +d = )

0 -1 1 1 11 2 1 00
Then

a +c+2d=0,
2a—b+c+2d =0,
b+c+2d =0,
—-a+b+c+ d=0.
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This system has infinitely many solutions. One of the solutionsisa=b=c=1,d=-1. Hence,
this system is linearly dependent and we have a dependence relation

1 2 0 -1| |1 1 2 2 00
+ + +(-1) = :
0 -1 1 1 11 2 1 00
Since the coefficient d # 0, matrix {2 J is a linear combination of the other three matrices.

R A R
ool Jof 34 1

We have

a +c¢c=0,
2a—b+c=0,

b+c=0,
—-a+b+c=0.

This system has only the zero solution. These three vectors are linearly independent, and no
more vectors can be removed from this set without changing the spanned subset.

5. LetS={1,2x— 1, x* + x + 1, x°} be a set of four polynomials in Ps, the vector space of all
polynomials with degree at most 3. Determine whether this set is linearly dependent of linearly

independent.

Leta+b(@x—1)+c(®+x+1)+dx>=0. Then (a—b+c) + (2b+c)x + cx* + dx* = 0, or

a-b+c =0,
2b+c =0,

c =0,

d=0.

Obviously, the only solution to this system is the zero solution. Hence, set S is linearly
independent.
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ail
a.
6. LetS={uy, Uy, ..., u} be asetof vectorsin R", whereu; = | 2 |,i =1,2,...,k Ifai=1,i

a.

n

=1,2,..,kanda;=0,i=1,2,...,k j=1,2, ...,k i #], then set S is linearly independent.

Construct a linear combination

1 0 0 C,

1 0 C,

Ciup+CUuz + ... + Uk =¢,| 0 |+¢,| O |+¢c,| 1 [+..+Cc | O |= C,

_a'ln_ _a2n_ _a'ln_ _a’ln_ _Clain + CZa‘2n +..t +Ckakn_

0]
0
=10
_0_

Hence, ci=0,i=1,2, ..., k. ThissetS is linearly dependent.

In general, if every vector has a non-zero component such that, in any other vectors in this set,
this component is zero, then this set of vectors is linearly independent.

For example, since a leading one is the only non-zero entry in it column, the set of nonzero rows
in a matrix of RREF is linearly independent.

7. If a, b are two linearly independent vectors in a vector space V, show that a + 2b, and 2a — b
are linearly independent.

Let x(a + 2b) +y(2a—b) =0. Then (x + 2y)a + (2x —y)b = 0. Since a and b are linearly
independent, we must have

X+2y=0,
2x— y=0.
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The only solution to this system is x =0, y =0, and a + 2b and 2a — b are linearly independent.

3. PROPERTIES OF LINEARLY DEPENDENT SETS AND LINEARLY INDEPENDENT
SETS

Let V be a vector space. S ={vi, Vo, ..., Vm} is a set of vectorsin V.

1. Sis linearly dependent if and only if there exists v;, 1 <i<m, such that
span S =span (S — {vi}).

2. If S has only one vector v, then S is linearly dependent if and only if v = 0.
3. If S contains the zero vector, then S is linearly dependent.

4. If Sis linearly dependent, and a subset T of V contains all vectors in S, then T is also
linearly dependent.

Indeed, we already have a linear combination of vectors in S that equals the zero vector with not-
all-zero coefficients. By adding vectors in T — S to this linear combination with zero coefficients,
we have a linear combination of vectors in W that equals the zero vector with not-all-zero
coefficients.

As an immediate consequence, we have the following:

5. If Sin Vs linearly independent, then any subset of S is linearly independent.

6. Ifspan S=V,andv € V-span S, then S U {v}is linearly independent.

Indeed, if we have a linear combination

av+ aivi +avo + ... Fapvm =0,

since vis notinspan S, a=0. Then we have

Vi + Vo + ... Fanvm = 0.

Since S is linearly independent, we must have a; =a; = ... =an =0.
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CHAPTER 9, 10. BASES AND THE DIMENSION OF A VECTOR
SPACE

1. BASES OF A VECTOR SPACE

L. Size of a Spanning Set

We have seen that every set of two non-collinear (i.e., linearly independent) vectors spans R |

and every set of three non-coplanar (i.e., linearly independent) vectors spans R*. Now we want
to look at the general case.

Let V be a vector space. Suppose U ={uj, Uy, ..., Un} is a spanning set of V. We want to show
that any set with more than m vectors is linearly dependent.

Let W = {wy, Wy, ..., Wi} be a set of vectors in V, k > m. Since U is a spanning set of V, every
vector in W is a linear combination of vectors in U:

Wi =anVvy tapve + ...+ amVm,
Wy = apVy +apve + ...+ amVm,

Wk = akV1 + apVo + ... T akmVim.

Suppose we have a linear combination of vectors in W that equals the zero vector. Then

CiWip + CoWo + ... + Wi = 0.

Expresswi, i =1, 2, ..., k, as linear combinations of vectors in U. We have

Ci(ayvi + appVo + ... + aimVim) + Co(az1Vvy + @V + ... + amVm) + ...

+ Ck(akVe + aeVo + ... + &mVim) = (C1a11 + Coap1 + ... + Ckdka)V1 + (C18@12 + Coaz2 + ... + Ckak2)V2
+ ...+ (Cia1m * Coaom + ... + Ck@km)Vm = (0, 0, ..., 0).

Therefore,

Cid1y + Codyg + ... + Ckai = 0,
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Cidi2 + Coap + ... + Ckake = 0,

C18@1m + Co@om + ... + Cxdym = 0.

This is a homogeneous system with m equations and k variables. Since k > m, this system has
infinitely many solutions. In other words, it has nonzero solutions. Then W is linearly

dependent.

Conclusion: Suppose that a vector space V has a spanning set with size kand Sc V is a set
of vectors with size m. Then

(1) if m >k, then S is linearly dependent; or equivalently,

(it) if Sis linearly independent, then k <m.

I1. Basis

Let B be a finite spanning set of V. By removing "redundant™ vectors from this set, we may
assume that this set is linearly independent. A linearly independent spanning set of V is called a
basis of V.

Let B; and B, be two bases of V. Because B is linear independent and B, spans V, B; cannot
have more vectors than B, does. Similarly, B, cannot have more vectors than B; does.

Conclusion: All bases have the same number of vectors.

2. THE DIMENSION OF A VECTOR SPACE

L. Definition

The number of vectors in any basis of V is called the dimension of V, denoted by dim (V).
The dimension of a vector space is not always finite. Some vector spaces have the infinite
dimension. The vectors space of all polynomials and the vector space of all one-variable
functions are examples of vector spaces with infinite dimension. However, in this course, we
will study only vector spaces with finite dimensions.

Examples
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1. Since the set {0} with only the zero vector is linearly dependent, the vector space {0} with
only the zero vector has dimension 0. On the other hand, if a vector space V has at least one
nonzero vector, since the set {v} with only the nonzero element is linearly independent, and the
dimension of V is greater than 0.

2. In R", the set of vectors
B=1{1,0,0,...,0),(0,1,0,...,0),(0,0,1, ...,0),...,(0,0,0, ..., 1)}
is obviously a linearly independent set, and it spans R". B is a basis of R", and dim (R") =n.

This basis is called the standard basis of R".

3. Let M be the vector space of symmetric 2 by 2 matrices. A 2 by 2 symmetric matrix has the

ab _ a b 10 01 00
form . Since =a +b +C , the set
b ¢ b ¢ 00 10 01
0 0|[0 1|1 O] . :
B= , , IS a spanning set of M.
0 1j|1 0]|0 O

10 0 1 00 a b 00 )
If a +b +C = = ,wemusthavea=b=c=0. ThensetB is
00 10 0 1 b c 00

linearly independent.

Hence, B is a basis of M, and dim M = 3.

II. Construct a Basis Starting from a Spanning Set or a Linearly Independent Set

Now assume V is a vector space with finite dimension d.

Let S be a subset of V. If we want S to be a basis, it must satisfy two conditions: S is linearly
independent and S spans V. Now we look at those sets that satisfy only one of the conditions:

Suppose S is a (finite) spanning set of V. If it is linearly independent, then it IS a basis, and its
size is dim(V); otherwise, we can construct a basis from S by removing "redundant” vectors (i.e.,
those that can be expressed as a linear combination of the remaining ones) one by one until we
have a linearly independent spanning set. Then we have a basis. This proves the following
result:
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Every spanning set of V contains a basis and the size of every spanning set of V is greater
than or equal to dim (V). If the size of a spanning set S equals the dim (V), then S is
linearly independent, and it is a basis.

On the other hand, suppose W is a linearly independent subset of V. If it spans V, it IS a basis,
and its size is dim (V); otherwise, there exists a vector v in V that is not in span W. By adding v
to W, we have a linearly independent set with one more vector. Keep doing this. We will
eventually have dim (V) vectors in an independent set, which is a basis. This proves the
following result:

Every linearly independent set is contained in a basis and the size of every linearly
independent set is less than or equal to dim (V). If the size of a linearly independent set S
equals dim (V), then S is a spanning set of V, and it is a basis.

In other words, for a set S in a vector space V, if S satisfies any two of the following conditions,
then is must satisfy the third condition, and it is a basis:

(i) Sis linearly independent;
(if) span (S) =V;

(iii) The size of Sis dim (V).
Examples

1. Consider the set of vectors S = {(1, 0, 1), (0, 1, 1), (1, 1, 1), (1, 1, 0)} in R®. We show that
span S = R®.

A general vector in R® has the form (a, b, ¢). To show that spam S = R®, we want to find x, y, z,
and w, such that

x(1,0,1)+y(0,1,1) +z(1,1,1) +w(1,1,0)=(a,b,c).
Then
X +z+w=a,

y+z+w=Dh,
X+y+z =c.
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This system has infinitely many solutions. One of themisx=c—-b,y=c—-a,z=a+b-c, and
w=0. Hence, span S = R®.

We know that dim (R*) = 3. S has four vectors, so it is linearly dependent.
We find a dependence relation: (1,0,1)+(0,1,1)—-2(1,1,1)+(1,1,0)=(0, 0, 0).

We can remove any of them to have a smaller spanning set of R*. For instance,
T={(1,0,1),(0,1,1), (11, 1)} spans R*. Since the dimension of R* is 3, T is a basis of R?,
and it is linearly independent.

2. Consider the set of vectors S = {(1, 2, 3), (4, 5, 6)} in R*. Since these two vectors are not
collinear, S is linearly independent. Since the size of S is 2 < dim (R®) = 3, there exists a basis
of R® that contains S. We want to find a vector that is not in span S. We know that the subspace

spanned by S is a plane in R® going through the origin. We want a vector that not in this plane.
An easy way is to find a vector that is perpendicular to this plane. This vector can be obtained
by taking the cross product of these two vectors.

(1,2,3)x (4,5, 6)=(-3,6,-3)=-3(1,-2, 1).

Vector (1, =2, 1) is not in span S. Then the set T = {(1, 2, 3), (4, 5, 6), (1, =2, 1)} is linearly
independent. Since the size of this set equals the dimension of R®, T is a basis of R®, and it
spans R®.

III. Dimension of a Subspace

Let U be a subspace of a vector space V. A basis B of U is a linearly independent set of V. If B
is also a basis of V, then dim (V) = dim (U), and span B =U = V. If B is not a basis of V, then we
have a basis A of V that contains B. Hence, the size of A is greater than the size of B. Since the
size of A is the dimension of V, and the size of B is the dimension of U, dim (V) > dim (U). We
have the following result:

If U is a subspace of a vector space V, then dim (U) > dim (V). The equality holds if and
onlyifU=V.

3. ORDERED BASIS AND COORDINATES

58



MAT1341 LECTURE NOTES Summer 2017
I. Definition
If we give an order of the vectors in a basis of a vector space, the basis is called an ordered basis.

For example, By = {(1, 2), (2, 1)} and B, = {(2, 1), (1, 2)} are two basis of R?, and there are
actually the same basis because they contain the same set of vectors. However, as ordered basis,
they are different: The first vector of B, is (1, 2), and the first vector of B, is (2, 1).

Let B = {va1, V2, ..., Vo } be an ordered basis of a vector space V. Note that V does not have to be a

subspace of R"! Since B has n vectors, dim (V) =n. As a basis, B is linearly independent, and
every vector in V can be expressed as a linear combination of vectors in B.

Let u be a vector in V. Then
U= X1V + XoVo + ... + XpVp.

The ordered n-tuple (X1, X2, ..., Xn) Of scalars is called the coordinates of u relative to the ordered
basis B.

II. Uniqueness of Coordinates

An important result of coordinates is the following:
The coordinates of any vector u relative to an ordered basis in a vector space is unique.
Assume we have

U=X1Vy+ XV + ... +XyVp, and
U=YyiVy +YaVo + ... + YV

Taking the difference,
0=(0—y)Vi+ (Xa— y2)V2 + ... + (Xqn— Yn)Vn.

Since B is linearly independent, we must have X; —y1 =Xo —Y2=... =Xp—Yn =0, Or X; =y,
X2 = YZ, cos Xn = yn-

By this result, we can establish a one-to-one correspondence between the vectors in V and their
coordinates, which are vectors in R".
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Let {v1, Vo, ..., Vo } be an ordered basis of a vector space V with dimension n, then every vector u
in V can be expressed as U = X;Vi + XoVo + ... + XmVm, Where (X1, Xz, ..., Xm) are coordinates of u.

Obviously, if u; has coordinates (xi, X, ..., Xn) and u, has coordinates (yi, Y2, ..., Yn), the cu; has
coordinates (CxXi, CXa, ..., CXn), and uy + U, has coordinates (X; + Y1, X2 + Yo, ..., Xn + Yn). We say
that the relation between the vectors in V and their coordinates preserves the addition and scalar
multiplication operations.

From this point of view, we see that a vector space of dimension n is "essentially the same" as
R", i.e., they have the same properties and behaviour as vector spaces.

For example, consider "vectors” p; = 1 + X, p2 = x — X%, p3 = X% € P, the vector space of
polynomials of degree at most 3. The set S = {ps, p.} is linearly independent. They form a basis
of a subspace U =span S of Ps.

Polynomial g1 = 2p; + p2 — ps = 2 + 3x — X* — X° has coordinates v; = (1, 2, —1), polynomial g, =
—p1 + 2P, + p3 =—1 + x + x* — 2x® has coordinates v, = (-1, 2, 1), and polynomial gz = 2p; — 2ps

=2 + 2x — 2x? has coordinates vs = (2, 0, —2).

Since v3 = vi — vy, the set {v1, vy, v} is linearly dependent. Then we know that the set Q = {q;,
02, 3} is linearly dependent with dependence relation gz = q; — Q.
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CHAPTER 14. MATRIX MULTIPLICATION

1. DEFINITION

Let M = [ajj] be an m x n matrix and let N = [bj] be an n x p matrix. Then the product MN is
defined to be MN = [ci], where cix is the dot product of the i-th row of M and the k-th column of
N:

by
Cik = [ail, iz, ..., ain] S = aitbik + ajppkox + ... Fainbk, 1 <i<m, 1<k < p.
bnk
Example
2 0 1 1
1 2 0 0o 2 1 5
-11 0 2|= .
-1 0 1 -2 1 -2 -1
0 1 -1 0
Remarks

1. The product MN is defined only if the number of columns of M equals the number of rows of
N. Therefore, the dimension of row vectors in M equals the dimension of column vectors in N.

2. The product of an m x n matrix and an n x p matrix is an m x p matrix.
3. An n-dimensional row vector is regarded as a 1 by n matrix, and an n-dimensional column
vector is regarded as a n by 1 matrix. Therefore, the product of an n-dimensional row vector

multiplied by an n-dimensional column vector is a 1 by 1 matrix. An m-dimensional column
multiplied by an n-dimensional row vector is an m by n matrix.
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X b,

2

: _ X
In particular, let A = [a;]] be an m x n matrix, and let x = | " |, and b = be column vectors

X b

n n
in R". Then the linear system
a X +a,X, +..+a, X, =b,
Ay X + 8%, +...+ 8, X, =D,
A, X +a,,% +...+a,X, =Db,,
a1i
| . .
can be denoted by the vector form x;C; + X2C, + ... + X,Cn = b, where ¢; = is the i-th column
a

ni

of A, or the matrix form

4. If A is a square matrix, denote AA = A%, A’A = A%, In general, the n-th power of A is A" =
A"A. We also define A° = I.

Examples

-1 2| 3 -2 , |-5 6
1) A= VA= A= :

1 0 -1 2 3 2
(2) A square matrix A = [a;j] is a diagonal matrix if a;; = 0, for all i = j. If A= [a;] is a diagonal
matrix, then A = [a;{"].
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a, O 07 [a o0 0
0 a, 0| | 0 a, 0
0 0 a,, 0 O a,"

5. Matrix multiplication does not satisfy the commutative law even if both MN and NM are
defined.

Example

-1 2||-1 2| |1 O] -1 2||-1 2| |3 -2

1 0|0 1] |-1 2|0 1|1 o] |12 O]

6. Although we know that, if a product of two number xy = 0, then either x =0 ory = 0.
However, if the product of two matrices MN is the zero matrix, it is possible that neither M nor N

iS a zero matrix.

Example

11||-1 1] |00

1 1)1 -1 |0 of
7. Although we know that, if there are three numbers a, b and c, such that ac = bc, then either ¢
=0, or we can "cancel” ¢ on both sides of the equality to have a = b. However, if there are three
matrices A, B, and C such that AC = BC, we cannot conclude that either C is the zero matrix or A

= B. (The cancellation law does not hold for matrix multiplication)!

Example

2 2|[-1 1] 1 1][-1 1] [0 O

2 201 -1 |1 1||1 =1| |o o)

2. PROPERTIES OF MATRIX MULTIPLICATION

Let A, B, and C be matrices, and let k be a scalar. Assume all the products are defined. Then
(1) (AB)C = A(BC). (associativity)
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(2) A(B + C)=AC + AC. (distributivityon the right)
(3) (A+B)C=AC +BC. (ditributivity on the left)
(4) k(AB) = (kA)B.

(5) (AB)" =B'A".

(6) If M isan m x n matrix, then I,M =M I, = M, where I, is the identity matrix of dimension m,
and I, is the identity matrix of dimension n.

(7) Denote an s x t zero matrix by Os . If M is an m x n matrix, then
0s, M = 0s,n, MO, t = O, ¢
These properties can be verified directly by calculation using the definition.

Proof of the associativity. Let A = [a;] be an m by n matrix, let B = [bjs] be an n by p matrix,
and let C = [cy] be a p by g matrix.

The (i, s)-entry of AB is dis = @j1b1s + @ibas + ... + @inbps, L <1<m, 1 <s<p.

The (i, t)-entry of (AB)C is

€t = dirC1e + diCot + ... + dipCpt

= (aj1by1 + @jobpg + ... + @inbny)Cat
+ (a1b12 + @jobzz + ... + @inbn2) Cat
+ ...

+ (ailblp + aiZpr ...t ainbnp) Cpt
= &1(b11C1e + b1aCor + ... + b1pCpr)

+ &2(021C1t + b2oCor + ... + bopCpr)

+ ...

+ @in(bn1Cat + PnaCat + ... + DnpCpt).

On the other hand,
A (, t)-entry in BC is fjt = bjiCyt + bjoCor + ... + bjpCpt, 1 <j<n, 1<t <q.

An (i, t) entry in A(BC) is
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Oit = @i 1 + @iof e + ... + &inf e

= aj1(b11C1t + b12Cot + ... + b1pCpt)

+ aip(b21C1t + D2aCot + ... + D2pCpt)

+ ...

+ ain(bn1Cat + bnaCar + ... + bppCpr) = fir.
Hence, (AB)C = A(BC).

Examples

1. (A+B)(C +D)=AC +BC+AD +BD.

2. (A+B)(A-B)=A?+BA—AB- B2

3. BLOCK MULTIPLICATION

A matrix may be separated into blocks. The following is a5 x 6 matrix separated in to four
blocks of dimensions 3 x 4, 3 x 2, 2 x 4, and 2 x 2, respectively:

102 1/10
01 -10/00
M=|1 1 111 1
. 122
20 1 010 2
01 0 110 1

If two matrices have compatible dimensions and separated into compatible blocks, then we can
multiply these two matrices block by block as if each block is a number.

Suppose matrix A is separate into pq blocks:

A A - A,
| A A A
A, A A

pl p2 Pq

and matrix B is separated into gs blocks:
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Bll BlZ Bls
A B, B, .. B,
By By By
If the number columns in A;; equals the number of rows in B forall t=1, 2, ..., g, then the
Cll C12 Cls
. _ 21 sz 2s
product consists of ps blocks, AB = , Where
C. Cp Che
Cij = AilBlj + Aingj +... +Aiquj, 1<i<p,1<j<s.
Example
_ _ 0 11-1 17
1 00 011 0 |
I 1 01 1
01 0 0'0O0 '
' 2 0: 2 0
A=|0 0 1 0}1 1(,B= | .
| 0 1,0 1
0 00 1,01 ———————=-
——————— 1———- -1 2,1 0
010 1:01 |
- - 11 010 1
10 01 -1 1
ThenA—IA—OOA—[OlOl]A—[Ol]B—lOB—11B—
11 — 14, 12 — 1 1 ) 21 — ] ] ] ] 22 — ) l 11 — 2 0) 12 — 01 21 —
01 01 1
-1 2 B = |
1 0 y D22 — 1 2.
01 10 -1 3
Then Cuy = AuBu+ AuBa = | - | +|° O] H 2=t O
11 — MN11D11 12D21 — 2 0 1 1 1 O - 2 2 ’
01 01 1 1
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Ci2 = A1Bio+ ApBo =

O B
R B, O O
N B R

Co1 = ApBui+ AxBx = [0, 1, 0, 1] } [0, 1] {_11 ﬂ =[1, 1] +[1,0] = [2, 1],

o N B O
O o K

Co = AxiBio+ ApBoyy = [0, 1,0, 1] + [0,1] = [1, 2] + [O, 1] = [1, 3]

1
1
0
1

Finally, the product

N PR

AB=|2 2!3
1

=
w

A O
If a square matrix M can be expressed in the block form as M = {0 B} , Where A and B are both

. e A> 0
square matrices, then by the formula of block multiplication, we have M? = [ 0 BZ}' In

o A" 0
general, for any positive integer r, M" = { 0 B“} :
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