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QUESTION 1. Suppose A is an n X n matrix. Determine whether the following are TRUE or

FALSE. If false, explain why not.

a) The characteristic equation is always an nth order polynomial. TRUE.

b) The characteristic equation an always be solved. TRUE.
c) 0 is never an eigenvalue. FALSE. See Question 3.

d) det A = det AT. TRUE.

e) If A is invertible, so is A”. TRUE.

a b

£) If A= [C d], then

FALSE. A might not be invertible.



QUESTION 2. Consider the system of equations

Y = 59y1 — 99y2
yh = 18y; + 232y

a) Find the general solution.
(0.5 marks for each eigenvalue, 1 for each eigenvector, 1 for the general solution.

Subtract 1 mark if <8
We have

) is offered as an eigenvector.)

det(A — AI) = A2 — 291\ + 15470 = (A — 70)(\ — 221)

so the eigenvalues are \; = 70 and Ay = 221.
Corresponding to A\; = 70, we have

—11 =990 1 90
18 23210 0 0|0
It follows that the eigenvectors are in the form

<_19)T,TGR,7"7$O

[You lose half a mark if you don’t specify the conditions on r.]
Corresponding to Ao = 232, we have

—-162 —99 |0 18 1110
18 11 |0 0 010

so eigenvectors are in the form

—11
( 18 )s,sER,s#O

[You lose half a mark if you don’t specify the conditions on s.]
Hence the general solution is

. -9 ~11
_ . 70t 221¢
Y(t) = cie < 1 > + e ( 18 )

or y1(t) = —9c1e™ — 11c0e??! and yo(t) = c1€™ + 18c9e??!.
b) Find the solution satisfying y;(0) = —16 and y2(0) = —15.

We have y1(0) = —9¢; —11ca = —16 and y2(0) = ¢1 + 18¢2 = —15. Solving, we have ¢; = 3
and co = —1. Hence the particular solution is

Zony oot [ 9 1o 1
Y(t) = 3e <1 e 18

(1 mark for finding each of the constants)



QUESTION 3. Find the general solution of the system

¥ = —2x+ Ty + 3z
y =22+ Ty—=z

2 =—-132
6] We have
det(A—AI) = -A(A+13)(A—=5)=0
so the eigenvalues are \; = 0 and Ao = —13 and A = 5.

Corresponding to A\; = 0, we have

-2 7 310 -2 7 010
-2 7 -1/0|~] 0 0 1]0
0 0 —610 0 0 0|0

7
It follows that the eigenvectors are | 2 | r,r € R;r #£ 0.
0

Corresponding to Ay = —13, we have

1 7 310 (11 7 3 |0
-2 20 —-1|0 |~]| -1 10 —1/2]0
0 0 010 0 0 0 |0
0 117 —5/2|0
~ | -1 10 -1/2]0
0 0 0 |0

—67
so the eigenvectors are 5 s, s R, s#0
234
Corresponding to A3 = 5, we have

-7 7 3 |0 1
-7 7 -1]0|~1]0
0 0 —-13|0 0

O = O
o O O

1
so the eigenvectors are 1 Jw,weRw#0
0
It follows that the general solution is

) 7 —67 1
Xt)y=c| 2 | + coe 6t 5 +egeft |1
0 234 0

(0.5 for each eigenvalue, 1 for each eigenvector, 1.5 for the general solution.
Subtract 0.5 if conditions on eigenvectors are not present.)



