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I. Optimization, Risk, and Risk Aversion
1. Derivatives and Optimization

Derivatives:

Derivative of a power function

where a is a number

Chain rule

Practice problem
fl@) =V, gla)=1+2 —
(V1+a2) =

Product rule
[f(z) x g(x)] = f'(z) x g(z) + f(z) x ¢'(v)

Example:

[2(3 + 22 — 42%)] = 3+ 22 — 42* + 2(2 — 8x) = 3 + 4o — 1227

Derivative of a ratio of two functions

(@)' _ y'() x g(x) — g'(x) x y(x)
9(x) lg(x)]?

Example:

(3+x+x2)/_ B+z+2)1+z)— (1+2)3+x+2?)
1+ B (1+ )2

(1+22)(14+2)—@B+x+a?) 2°+20-3
(1+2)2 (1)




Small changes in a function. Consider a function f that depends on variable z.
Suppose that variable z changes by a small increment Az. What the resulting
change of the function will be? The change of the function is

Af =~ f'(z) Ax

Example: Suppose that f(z) = %, © = 1 so that f = 1. Let « changes by

Az = 0.01. What is a resulting change in f7

1
Af = f'(x) Ar = ——Ar = —0.01
T

Extremum of a function is its maximum or/and minimum

— To find extremum of a function f(z) we have to find its derivative, f'(z),
and then find the point x* which makes the derivative equal to zero
(f'(z*) = 0). If the second derivative of f at z* is negative (positive)
then f(z) reaches the maximum (minimum) at z*.

Example. Find the extremum of the function y(z) = 32 — 4z + 6
Y (z) = (322 — 42 +6) =62 — 4
Y(@)=0 — 62"—4=0 — z2*=4/6=2/3
Second derivative of y(x) at *:
y'(z) = (6 —4) =6>0

Therefore, we conclude that * = 2/3 is a point at which y(z) reaches its
minimum which is equal to 3(z*)? — 42* + 6 = 4.67

2. Expected Return, Variance and Covariance

We discuss statistical characteristics of returns by using the following example:
Example. Suppose that you have two risky assets: the stock X and gold G
and face the following three scenarios:

Recession | Normal | Boom

Probability 0.20 0.50 0.30
Return of Stock X, ry | —14% 12% 38%
Return of Gold, r¢g 45% 10% | —25%




e Expected return is average or mean return you can expect to earn on your
investment:

E(r) = p(s)r(s),

where p(s) is the probability of the scenario s, r(s) is the return under scenario
s.
E(ry) = 0.20 x (—14%) + 0.5 x (12%) + 0.30 x (38%) = 14.6%

E(r¢) = 0.20 x (45%) + 0.5 x (10%) + 0.30 x (—25%) = 6.5%

e Variance measures the average of squared deviation from the average return:

o® =) p(s)lr(s) — B(r))°

0% =0.20x (—14—14.6)+0.5 x (12— 14.6)*+0.30 x (38 — 14.6)? = 331.24(%)?

e Standard deviation is a square root of variance:

ox =\/0% = V331.24 = 18.2%.

Asset risk is often measured by the standard deviation of the asset’s returns.

Practice Problem
What are the variance and standard deviation of the return on gold?

oG

og —

e We are also interested in the co-movement of returns on different assets. The
co—movement is described by covariance

Cov(rx,r¢) = oxa = Y p(s)(rx — E(rx))(ra — E(r¢))

e Covariance measures how much returns move together. In the above example

Cov(rx,rg) = 0.20 x (=14 — 14.6) x (45 — 6.5) + 0.5 x (12 — 14.6) x (10 — 6.5)
+ 0.30 x (38 — 14.6) x (=25 — 6.5) = —445.9(%)?

e Question: What does the negative covariance tells us about the movement of
returns of stock X and gold relative to each other?



e Questions: In what units covariance (and variance) could be measured? What
is the relation between covariances measured in different units?

e Note that covariance of returns of stock X and Gold is the same as covariance
of returns of Gold and stock X.

e The magnitude of the covariance is difficult to interpret. Therefore, it is more
common to express co-variability using the correlation coefficient, p, which is a
covariance divided by the product of the two standard deviations:

Cov(rx,rq)

PXG =
ox0qG
In our example:
4459
PXC =189 %245

e The correlation coefficient is always between -1 and +1.

o [f correlation coefficient is equal to +1.0, the two variables are perfectly
positively correlated

e if correlation coefficient is equal to -1.0, the two variables are perfectly negatively
correlated

e A correlation coefficient of 0 means that there is no linear relationship between
the variables.

e Important formulas on variance and covariance:
Var(wyr, + wary) = wiVar(r)) + wiVar(ry) + 2wywy Cov(ry, 7o)
Cov(wyry + ware, r3) = wy Cov(ry, r3) + wy Cov(ry, 13)

Cov(ry,ry) = ,

where 7;, (j = 1,2,3) is a random return, while w; and w, are some constants
(e.g., weights of stock 1 and 2 in portfolio)

e In practice we use past observations to calculate the expected returns, standard
deviations and covariances of stocks

e Assuming that all past events were equally likely, the formulas can be rewritten
as:



— An estimate of expected (average) return

— An estimate of variance

n

n 1 B
R

t=1

2 =

(note: n/(n — 1) corrects for statistical bias)

— An estimate of covariance between returns of stock X and Y

_ 1 _ _
OXy = — ¢ rxe —Tx)(rye — 7T
XY n—1 ( Xt X)( Yt Y)
t=1
— Formula for correlation coefficient does not change: pxy = @
X0y
e Generally, an investor updates the estimates of expected returns based on the

past with his/her beliefs on future returns

e It follows that an investor could be incorrect in his/her estimation of the
expected returns, their variances and covariances. Often, investors do not have
a good idea of what the expected return of a security should be

e If portfolio has n > 1 stocks (risky securities), then covariances of all possible
pairs of stock returns can be described by a variance—covariance matrix, which
has variances as its diagonal elements and covariances as its off-diagonal
elements. For example if n = 3 then a variance—covariance matrix is

o % 012 013
021 O % 023
031 032 O §

e Covariance matrix is symmetric since o5 = 091, 093 = 032 and so on.

e If portfolio has n stocks then its variance-covariance matrix requires finding
n(n+1)/2 terms



Practice Problem

Calculate estimates of expected returns, variances and covariance of two stocks
A and B by using the following returns in the past

Year | Stock A | Stock B
2009 0.25 -0.32
2010 | -0.05 0.325
2011 0.31 0.175

A =
5 =
o5 =
OAB =
The above calculations can be easily done by using Excel or other software
package.

3. Risk Aversion

In this section we introduce the concepts of “utility function” and “risk aversion”
of an investor.

Presence of risk means that more than one outcome is possible. Let us consider
an example where there are only two outcomes.

Suppose you are offered an investment that requires an initial investment of
Wy = $100, 000 (which is exactly equal to your current wealth) and which offers
the following payoff in one year: with 60% probability you will have $150, 000,
with 40% probability you will have $80,000. See the diagram below.

How can you evaluate such an offer?

First, we summarize it using the descriptive statistics:

E(T) = pX 7’1—|—(1—p) X T9g=pX (Wl —Wo)/W0+<1—p> X (WQ—W())/WO

op = px[ri—E@)P+1—p)x[ra— E(r)]’

=0, =



Wy = $150, 000

W, = $100, 000

Wy = $80, 000

It follows that the standard deviation is larger than the expected return.
Therefore the investment is quite risky. Whether the risk is justifiable depends
on the alternative portfolios.

An alternative portfolio could be comprised of only risk—free security

— Risk—free security has zero variance

— In practice a risk—free security is approximated by a Treasury bill, which
is a bond issued by Government

— Treasury bills have negligible risk of default but they are still risky (the
standard deviation of their annual return is of the order of 3%), for
example, due to a business cycle risk

— Nonetheless, we assume from now on that the Treasury bills are
risk free with a return r;

— We also assume that T—bills can be issued and purchased by any member
of the market. So anybody can borrow and lend at rate ;.

Let us suppose that Treasury bills have return of 5%. It follows that the investor
has to compare the risky investment with E(r) = 22%, o = 34% against T-bills
with r = 5%

Because the expected return from the risky project was 22%, risk premium or
expected marginal return of the risky security over investing in risk free T-bills,
is 22% — 5% = 1T%

A risky investment that has a zero—risk premium is called a fair game
A risky investment that has a negative premium is called a gamble

Question: is the above risk premium sufficient to induce you to invest in the
risky project?



To answer this question we need to introduce utility function

Utility Function

Assume that investors can assign a welfare or utility score to competing
investment portfolios based on their expected return and risk.

This utility score can then be used in ranking portfolios

Investors assign higher utility values to portfolios with more attractive risk-
return characteristics

One particular form of utility function that has been widely used in finance is
Ly
U=E(r)-— EAO'T

where U is the utility value and A is coefficient of risk aversion, r is a rate
of return and o, is the standard variation of the rate of return

The utility function above is also called mean—variance utility

We assume in this course that each investor is rational. That is, he/she chooses
a portfolio that gives him/her the highest utility

The sign of coefficient of risk aversion defines the type of an investor:

— If A > 0 then an investor is risk—averse.
« An investor is called risk—averse if he/she rejects investments that are
fair games or worse.

x Risk—averse investor would like to have higher expected return and
lower standard deviation. If risk of an investment increases then an
investor demands higher expected return

* Most of investors are risk—averse.

— If A =0 then an investor is risk-neutral.

* An investor is called risk—neutral if he/she judges risky investments
solely by their expected rate of return.

* Risk-—neutral investor does not care for risk of investment.

— If A <0 then an investor is risk—loving.

* An investor is called risk-loving if he/she is willing to engage in
gambles.



* Risk-loving investor likes to have higher both expected return and
standard deviation. If expected return of an investment falls then an
investor demands higher risk

Assumption: From now on we assume that all investors have mean—
variance utility functions and are risk—averse

e A is measured in decimals and usually lies within the range [0, 10]

Question: Which units we use for £(r) and o, to find U?

Let’s go back to the previous example. We found that E(r) = 22%, ¢ = 0.1176

— Assume that your coefficient of risk aversion, A, is 4. Then
| 1
U=E(r)-— §AO'T =0.22 — 5 x4 x0.1176 = —0.0152

— Question: will you invest in the risky project?

Answer: , because U(risk-free) Ul(risky)

Practice Problem

Will you invest in the risky project if your A is 27 Give an economic intuition.

e The shortcoming of mean—variance utility is that it does not depends on the
statistical moments of returns higher than variance ( the latter include skewness
and kurtosis). This implies that a mean—variance investor does not consider
skewness and kurtosis of returns in his/her portfolio selection

e Besides the coefficients of risk aversions, investors also differ in their beliefs.
For example, Michael expects that GM stock will grow at 12% with o, = 10%,
while Elizabeth expects these numbers to be 8% and 15%, respectively.



We will often assume that beliefs of investors on future returns are identical

Indifference Curve

Indifference curve is a line that connects all portfolios (in the expected return—
standard deviation plane) that provide the same level of utility

In other words, all portfolios that lie on the same indifference curve are equally
attractive to an investor

Indifference curve is a graphical way of describing preferences of an investor

Let’s find a typical indifference curve on the graph with axes measuring the
expected value and standard deviation of portfolio returns. Assume that the
level of expected utility is fixed at Uy. Then, Uy = E(r) — 5 Ao? implies

1
E(?“) = U() + 5140’3

which is an equation of parabola on (FE(r),o,)-plane.

The last equation gives us all possible combinations of E(r) and o, (that is,
portfolios) that provide the same level of utility Up.

Let us plot the indifference curve assuming that Uy = 0.05 and A = 4. From
the equation E(r) = 0.05 + 202 we find a few points lying on the curve:

o | E(r)
0.1 ] 0.07
0.2 0.13
0.3 0.23
0.4 | 0.37
0.5 ] 0.55

These points are shown on the graph below
e Suppose that we have to add a graph for Uy = 0.08.

— Question: where would new indifference curve lie? Above or below the one
for Uy = 0.057

— Answer:

10



The Indifference curve

0.57

0.1 7

0.1 0.2 0.3 0.4 0.5

The indiffence curves

0.6
!

0.4 0.5
L

E(r)

0.2

0.1

0.1 0.2 0.3 0.4 0.5

Practice Problem

Fill in the table below if the coefficient of risk aversion, A, is equal to 2 and the
level of expected utility function, Uy is fixed.

— Assume that coefficient A is changed to 3 while Uj is unchanged, would

the new indifference curve be steeper or flatter than the one for A = 27
Why?

11



o | E(r) Uy
0.1

0.2 0.1

0.3

— Answer:

We conclude that the higher the risk aversion coefficient A the steeper is the
indifference curve

Questions: Can indifference curves for the same investor intersect?
Can indifference curves for different investors intersect?

4. Portfolio Risk

Let’s consider a portfolio that includes two assets A and B

Expected return on a portfolio is
E(ry) = waE(ra) + wgE(rp),

where wy = fraction of portfolio invested in asset A and wp = fraction of
portfolio invested in asset B
Portfolio variance is
2 2 2 2 2
0, =Wa0y +WEop + 2WAWBOACBPAB,

where pap is a correlation coefficient between assets A and B

In the special case when asset A is risky but asset B is riskless portfolio variance
becomes

Practice Problem

12



E(r)| o
Stock A | 15% | 20%
Stock B | 10% | 30%

Suppose we are given the following information on stocks A and B:

Let’s examine some portfolios that combine stocks A and B:

— Assume that psp = 0, what would be the expected return and standard
deviation on a portfolio with 80% in stock A and 20% in stock B?

E(rp) =

O'p:

Question: Is o, larger or smaller than o4 and op?
Answer:

— Assume that pap = —1, what would be the standard deviation on a
portfolio with 80% in stock A and 20% in stock B?

O'p:

Question: Is o, larger or smaller than o4 and op?

Answer:

e Risk-averse investors often seek the ways of reducing the risk. It could be
reduced by diversification and hedging

— Diversification is a strategy of investing in wide variety of assets (preferably
independent) so that the exposure to the risk of any particular security is
limited

— Hedging is investing in an asset with a payoff pattern that offsets our
exposure to a particular source of risk. For example, an insurance contract

Question: Which case in the last practice problem corresponds to hedging
(diversification)?

— Some textbooks abuse the difference between the two terms and call both
as diversification

13



Additional Practice Problems

Find the derivatives of the functions in the questions 1, 2, and 3 below

1.y(z) = 52
2.y(x) = v
3.y(x) = 27322

4. Find a small change in the function f(z) = 117 if # = 0.15 and Az = —0.01
Find the extremums of the following functions. At what points they are reached?
5.y(x) =5— (v — 3)?

6.y(z) = ax® + bx — ¢

where a, b, ¢ are fixed numbers.

Use the following to answer questions 7 and 8:

You have been given this probability distribution for the holding period return
for XYZ stock:

State of the Economy | Probability | HPR (%)
Boom 0.30 18
Normal growth 0.50 12
Recession 0.20 -

7. What is the expected holding period return for XYZ stock?
A) 11.67%
B) 8.33%
C) 10.4%
D) 12.4%
E) 7.88%

8. What is the expected standard deviation for XYZ stock?
A) 2.07%
B) 9.96%
C) 7.04%
D) 1.44%

14



E) 8.13%

9. The standard deviation of return on investment A is 40% while the standard
deviation of return on investment B is 20%. What is the correlation coefficient
between returns on A and B if the covariance of returns on A and B is 0.0507

A) 1
B) 0.5
C) 0.625
)
)

o

0

E) 0.75

10. Consider a portfolio with 70% in stock A and 30% in stock B.
Stock A: E(ra) =0.15, 04 =0.2

Stock B: E(rg) =0.1, o5 =0.5

pap = 0.05

Find the expected return and the standard deviation of the portfolio returns

11. In a return-standard deviation space, which of the following statements
is (are) true for risk-averse investors? (The vertical and horizontal lines
are referred to as the expected return-axis and the standard deviation-axis,
respectively.)

I) An investor’s own indifference curves might intersect.
IT) Indifference curves have negative slopes.
I1T) In a set of indifference curves, the highest offers the greatest utility.

IV) Indifference curves of two investors might intersect.

A) I and II only
B) II and IIT only
C) I and IV only
D) I1I and IV only
)

E) none of the above

12. Consider portfolio A that yields 12% return and has a standard deviation
of 40% and portfolio B that yields 15% return and has a standard deviation of
50%. Which portfolio is better for an investor whose coefficient of risk aversion

15



is 47 Suppose that investor John is indifferent between portfolios A and B.
What should be his coefficient of risk aversion?

13. Suppose you currently hold a portfolio that yields 15% return and has a
standard deviation of 20%. What should the minimum rate of return on a
portfolio with standard deviation of 25% be to make you indifferent between
the two portfolios? Assume your coefficient of risk aversion is 3.

14. A portfolio is comprised of two stocks, A and B. Stock A has a standard
deviation of return of 20% while stock B has a standard deviation of return of
5%. Stock A comprises 70% of the portfolio while stock B comprises 30% of
the portfolio. If the variance of the return on the portfolio is 0.023, what is the
correlation coefficient between returns on A and B?

16



