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7.2 Limits, infinity and continuity — lecture
GOAL: Extend the material from the previous class to infinity; introduce continuity.
Definition: Infinite limits. We say that the limit of a function f as x approaches a is

infinity (or negative infinity) if we can make f(z) as large (negative and large) as we wish by
choosing x very close to a. We write

lim f(z) = oo or lim f(z) = —o0.
r—a r—a

This definition applies also to one-sided limits. Geometrically, an infinite limit at a finite value
a corresponds to a vertical asymptote of the graph at = = a.

Examples:

1. f(z) = ;lg and a = 0. The function is not defined at 0, and as z — 0 we have a
fixed positive number divided by smaller and smaller numbers. As a result, the limit is
infinite. For example, if we want to make f(x) larger than 10,000 then we have to make

|z| < 0.01. A
INCE sz_ (oo~ :(x) :‘/x

-~

4

0,000

e P,

{

{

{

L

) —> — = —d
-o8t | o.ot x ' 000t

L —\ooo

2. f(z) = % and a = 0. Again, the function is not defined at 0, but we need to be careful
with signs. When z > 0 the fraction is positive and gets arbitrarily large, when z < 0
it is negative and large in absolute value. Hence we have one-sided limits only. For
example, if we want to make f(z) larger than 1000, then we have to have 0 < z < 0.001.
To make f(x) < 1000 we have to choose —0.001 < z < 0.

3. All rational functions work similarly. When the denominator approaches zero and the
numerator does not, then we need to check signs to see whether and from which side the

function approaches +oo.

sin(z) .

4. Many more functions have similar properties, for example f(z) = tan(z) = cos(z) 1S
a fraction of functions. The zeros of the denominator are not zeros of the numerator,

hence there are infinite limits at those places.

5. Another class of functions with infinite limits are logarithms, e.g., f(z) = In(z) asz — 0.

This time, only the one-sided limit exists. A
*%.V\(X) 4 ; : )’“ (X)
. \ ! '.‘T (_
A L, o
<

(
[
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Definition: Limits at infinity. We say that the limit of a function f as z approaches oo
equals L and write

mlim flz)=1L

if we can make f(z) as close to L as we wish by choosing z arbitrarily large. We can also
consider the limit £ — —oo, but obviously, these limit can only be one-sided. A limit at
infinity corresponds to a horizontal asymptote of the graph at y = L.

Examples:

1. The fraction f(z) = 1/x is an important example. As x % oo, the fraction approaches
zero. More generally, if g(x) can grow arbitrarily large, then 1/g(z) will grow arbitrarily
small. For example, to make f(z) smaller than 0,01, we have to choose z > 100.

¥y 4
C() axcaily) ? Ve oo .
. - = = = ‘
i ;
L ;
° > -~
N X
—— | _T
2

2. Given a rational function, we divide numerator and denominator by the highest power
of =, the we see what happens. For example

= lim & = lim — =
z—oo b+ 1 0 Q.i.:‘ﬁ Z—00 b/m +1

and
axr

. ar 3
lim x

. a/x

b+ 2 li b2

00 T T-—+00 _tQ__
T

oo bz +1

Note that for rational functions 7(z), if lims_,oo 7(z) = L then also limy—. o r(z) = L.
3. f(z) = e* with a > 0 has limg o f(z) = 00 but lim;—, o f(z) = 0.

4. Recall the arctan function, the inverse function of tan? Its horizontal asymptotes are
+m/2. Why? What are the vertical asymptotes of tan? And how are a function and its
inverse related?

5. We can build fractions of functions other than polynomials, and those functions may
have different limits as ¢ — +oo. The idea of dividing by the “highest power” still
works. For example

e’ —1 5 1—e¢™@
- o . e.’E — . —
Mo Sz o B B g~ /2
On the other hand, limy_, oo £5L = -1/5.
3 T o0 51 Je q" 9 ] l' .

M\uu. Vore alolk
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We have seen that the direct substitution rule often allows us to evaluate limits fairly
easily and that many functions allow us to use this rule. We now give these functions a special
name: continuous functions.

Definition: Continuity. A function f is called continuous at a point a if f(a) exists, and
if the limit lim,_., f(2) = f(a). In particular, this limit needs to exist. A function is called
continuous on an interval if it is continuous at every point in that interval. Roughly, a function
is continuous if it does not jump. If a function is continuous everywhere where it is defined,
we say that it is continuous on its domain. If the context is clear, we simply say continuous.

Note: If you know that a certain function is continuous, then limits (within the domain of
the function) are easily evaluated by the direct substitution rule.

Examples:

1. The following functions are continuous: constant, linear, exponential, logarithm, root,
absolute value, sin, cos.

2. If f, g are continuous, then so are f+ g, f-g f/g (provided g # 0) and fo g.

3. Therefore, all polynomials, rational functions (where defined), trigonometric and inverse A
trigonometric functions (where defined) are continuous.

4. The sign function is not continuous at z = 0. (There is nothing wrong about discontinu-
ous functions. Many processes in real life are best desctibed by discontinuous functions.
For example: harvesting, drug levels in body...)

Note: Look out for when checking continuity: division by zero, log or zero, piecewise defined .
functions at places where the function definition changes.

Example: Find ¢ such that the following function is continuous at = = 0.

(z) = z+ec, z<0
~ | cos(z), z>0.

Theorem: Continuity and exchanging limits. If f is continuous and g is a function so
that limy_.,q g(z) = b exists, then we can take the limit of the composition

lim f(g(z)) = f(Jim g(z)) = f(b).
Example: Find the limit lim, ell/z,

. Fue &
oo (s (325)

: Fx S
X—>00 = (o ( D Mx el})

x->3

Sivce.

s
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8.2 Differentiability - lecture
GOAL: Define the slope of a function at a point.

Idea: We know what the slope of a line is. Given two points, x # y in the domain of function
f, we write the slope of the secant line though the two points as ! (y; /@) Now we take the
limit as y — = and define this limit to be the slope of the tangent line.

Example: If f(z) = z° and z = 1, then Q("\ 0
the slope of the secant line between y and
T is L’“"— L——- . If we now take the limit
as y —-> 1 we get
3
lim vy —
y—1 Yy —

1_ lim(y® +y+1) =3,
1 y—1

by simplifying, using the limit laws and
direct substitution. Hence, the slope of

QW

Secaut

iCau%

the function f(z) = z® at = = 1 equals 3. A S
Y

Definition: A function f is called differentiable at a point z if ,ﬁfé limit

y—r Y — h—0 h

exists. (Note that f has to be defined and continuous at x.) A function is called differentiable
on an open interval, if it is differentiable at each point of the interval. We also write df /dx
for the derivative.

Example: When f is a straight line, then this definition of a slope should agree with the
slope of the function as we know it. The calculation below shows that this is indeed the case.
Let f(z) = ma + b then

fla+h) = f@) _ . mth)+b—(ma+b) . mh

! I — —
fz) = lim 3 0 h = fm = = m

Example: For a more complicated example, let’s choose f(z) = \/z and let’s calculate the
derivative in general for any z > 0 and not for a particular value of z. According to the

definition
fle+h)=f@) _ o VaTh-JE
- .

y) BT
f (l’) - }lll—ir%) h h—0

Now we rationalize the numerator and continue.

where the last equality results from direct substitution.

i \/a?i_+\/‘ S A (VaThtvE) A VarhivE  2VE
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How a function can fail to be differentiable: There are many ways in which a function
may fail to be differentiable at a point, corresponding to the ways in which a limit may fail to
exist. The following examples stand for various ways in which the failure to be differentiable
at a point corresponds to properties of the graph of the function.

1. If the left and right limits ex- Ix|
ist and are finite but differ-
ent, then the slope of the func-
tion is different, depending on
the side form which one ap-
proaches the point. We have a
corner. An example is f(z) = 5
|z| at z = 0. Note that f(0) =

0 is defined.

(x\

(v\

2. If the limit is infinite, then the \)Ei
derivative does not exist. A
tangent line must be vertical,
and we have a cusp. An exam- :
ple function is f(z) = /]z| at
z = 0. Note that f(0) = 0 is
defined.

3. If only one limit (left or
right) exists, then the deriva- r 3
tive does not exist. For exam-
ple, the function f(z) = V3,
which is defined only for x >
0.

4. If the function is discontinu- p

ous at = then it cannot be E

S‘%u(xj
differentiable at z. Example,
the function f(z) =sign(z) at
z=0.

5. If the function has a vertical
asymptote, then the function

is not differentiable there Ex- P 2
ample function f(z) =1 /x at
z=0.
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Example: Let’s do one more abstract example to practice the definition of derivative. Let’s
find the derivative of a general quadratic polynomial f(z) = az?+ bz + c.

g’(nk) - 26‘) = a (x'+2xh W\z) rbhiieW)e e - [&XL-(*‘O\(&-(‘.]
= Zayh + akt+ bl = h (Zax + alh Uo)

. (xea) -L(x h (Lox taltlo
go &“M &_\_‘___:_‘__Q_) = L‘M ( xl: ) = L'\M (Zax vah Ha') = ZCLX&—‘O
k-0 W0 h—o -

Derivatives and Graphs: Since we defined derivatives as slopes of tangent lines, there is a

nice correspondence between the properties of the derivative and the graph of a function.

f'(z) > 0 < f increasing at z
f'(z) = 0 & f has horizontal tangent at z
f(z) <0< f decreasing at z

Definition: z is called a critical point of f if z is in the domain of f and either f'(z) = 0 or

. f'(z) is not defined. :

Example: We can find qualitative aspects of a derivative of a function by looking at the
graph - and vice versa. :

Toad 0 y d L

\ o~

"

N

_Q 1
Note: Calculation of derivative from the definition/from first principles can be done in simple
cases, see above. But in general, this is a tedious and often tricky way of doing things. Instead,
we fill find general rules that we can use to calculate derivatives faster. These rules have two
aspects: there are rules of how derivatives behave with respect to function operations (adding,

subtracting, multiplying, dividing, composing functions) and there are rules for certain classes
of functions (polynomials, exponentials, logarithms, trigonometric functions). We start with

. some basic rules.
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Differentiation rules: If the derivatives exist, then the following rules hold

1. If f(z) = 2™, then f'(z) = nz"! The proof of that uses Binomial coefficients/Pascal’s
triangle.

2. (f+9)(x) = f'(z) £ 4'(2)
3. 1f h() = /() - 9(x) then K'(2) = f'(2) - 9(2) + f() - ¢(x)
4. If h(zx) = %?(% then h/(z) = o (z)v(z) —u(z)v' (z)

v*(x)

Note: Even if you have seen all these rules in high school, I strongly recommend that you
practice at least 5 differentiation exercises from the book every day for a week.
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13 Optimization
GOAL: Apply our knowledge of extreme values to find “best” values.

Almost all optimization questions include some kind of trade-off. Sometimes, this trade-off
is explict and quite obvious, sometimes it is hidden. Uncovering this trade-off is always helpful
in finding and interpreting the result.

We practice several word problems here. There is no new theory. Some of these problems
are quite simple, some are more abstract, and the last two are quite hard. Not sure that I will
get to them in class.

1. Maximization with trade-offs: The yield of crop in agriculture changes with the
amount of fertilizer (for example nitrogen) applied. When nitrogen levels in the soil are low,
then adding some nitrogen will greatly increase yield. When nitrogen levels are already very
high, however, adding more might decrease yield. Assume that yield as a function of nitrogen
is given by the equation

N
Y(N)= ——=.
(V) 1+ N2
What is the opimal level of nitrogen in the soil?
. r 2
NS -2n® \- W4

\ _ ) o L

Y (N\ - Q ‘—Nz )L - Q\"“Z]L \I (x\) =0 \’g N pe _“t_\
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2. Areas and volumes: Minimize the material used to produce a cylindrical can of a fixed
volume. Yo \

1
W
3

Approach: Denote by r the radius of the bottom of the can and by h its height. Then
the volume is V = 7r2h and the surface area is A = 2wrh + 2712, Use the constant volume
condition to replace h = V/(nr?) and minimize the function

A%

A(r) = - + 2772,

Find the critical value of r and the minimal surface area.

\
A((\ = :Z__Y + kur A =0 o= Wte = [24
\’2' &

LT
AY(x) = % 4T >0 byl eso,
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3. Distances: Find the distance of the line y = 1 + 2z from the origin and find the point on
the line that is closest to the origin. Y g= le2y

)
4 { X
Answer: The distance of any point (z,y) from the origin is d = /2% + y2. If the point is

on the line, then d = \/z2 + (1 + 2)2 = V522 + 4z + 1. We need to minimize this function.
Equivalently, we may minimize the function

f(z) = d*(z) = 522 + 4z + 1.

Since the square root is a monotone function, we will get the same location of extreme values.

g((x)?— (0 x +Y4 { §\M=0 { x=~%‘. X QN(X)4Q>0
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4. Optimize food intake by adjusting residence time. Suppose that a bee remains at
each flower for a fixed amount of time before it travels to the next flower. If that residence
time is small, then the bee might leave valuable nectar behind. If it is large, then it might
have depleted all the nectar and lost valuable time to look for the next flower. What is the
optimal residence time?

Approach: To answer this question, we need to know how much food the bee collects in ¢
time units. Let’s call this function F(¢). If the bee takes on average 7 time units to fly to the
next flower, then the rate of nectar collection is

F(t)

k() = t+71°

Typically, F should be a positive, non-decreasing function. An example is F(t) = t/(t + 0.5).
The bee wants to maximize R. The result is the marginal value theorem: the bee should leave
the lower if the instantaneous food intake falls below the average food intake.
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5. Maximize yield in a DTDS. Assume that a population grows logistically and is being
harvested according to the DTDS

T4l = 25£Et(1 e .’I?t) — hx

where h > 0 denotes the intensity of harvesting. At steady state z* the yield is Y(h) = hz*.
If we harvest very little, then the yield is small. If we harvest lots, then the steady state pop-
ulation is small and therefore the harvest. How should we choose h so that Y is maximized?
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6. Optimal age of reproduction. Semelparous organisms (what is this? look it up!)
reproduce only once in their lifetime. Typically, they can produce more female offspring as
they get older. But if they wait too long, then they might die before they reproduce. What
then is the optimal age of reproduction? If we denote by I(x) the probability that an individual
lives to age = and by m(z) the average number of female offspring of an individual at age z,
then the average annual reproduction is given by

r(x):lll(l_(m. Q\La‘c>0

x

Use l(z) = e7** and m(z) = bz and find the maximum of 7.
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7. Optimal clutch size. If an organism produces only few offspring, then each has a high
probability of survival; if there are many offspring then the survival probability individually
declines (look up: r-versus K strategy!). At how many offspring is the total number of sur-
vivors maximized?

Approach: Let R denote the total resources (per adult female) for reproduction and N
the clutch size. Then the resource per offspring is x = R/N. Denote the survival probability
of an offspring with resource z as f(z). This function should be positive and non-decreasing.
Then the expected number of surviving offspring is

w(z) = Nf@) =~ f(a)

To maximize w(z), we calculate that w'(z) = 0 exactly if zf'(z) = f(z). And if w'(Z) =0
then w”(£) < 0 exactly if f”(£) < 0. For an example, choose f(z) = ’

D W)= - Ez&(x) + %Q((x)
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13.1 Practice makes progress

I strongy recommend that you read through section 6.2 in the second edition of the book. It
contains three detailed optimization problems and lots of detailed practice problems for those
three. In the first edition, the corresponding material is scattered a little, but there is some
at the end of 5.1 For general practice problens, please go to the previous section and look at
the practice problems annotated ‘Applications’.

Question 1: A company harvests fish at some rate h > 0. The yield is Y'(h) = h(500 — h)
tons of fish, the selling price is $200 per ton. The cost for harvesting at rate h is C(h) =
1000A(1 + 0.1h) in dollars.

(a) Find the expression of the profit P (= revenue - cost) as a function of harvesting rate.
(b) Find the harvesting rate that maximizes profit.

(c) Find the maximum profit.

Question 2: Find the point on the curve y = y/z closest to the point (10,0). Hint: minimize
the square of the distance from (10,0) to (z,y).

Question 3: In a movie theatre, the screen on the wall is 20 m high and its base is 10 m
above eye level. Let # denote the viewing angle of the screen, that is, the angle ZBET from
the bottom (B) of the screen to the top (T), measured from the vertex of your eye (E). At
what distance z from the screen should you position yourself to maximize §7 (from D. Kouba)

Question 4: The size of a population of bacteria introduced to a nutrient can be described

by
30, 000t

100 + ¢2°
Find the maximum size of this population for ¢ > 0.

N(t) = 5000 +

Question 5: When a patient takes a drug, the concentration of this drug in the blood first
increases fairly quickly and then declines again. A function that describes this behaviour is
y(t) = te~*/2, where t > 0 is the time in hours after the drug is taken.

(a) How long after drug administration does the drug concentration reach its maximum value?
(b) What is the maximum concentration?

Question 6: Find the point on the parabola y = z? that is the closest to the point (1,2) in
the cartesian plane.

Question 7: Consider a population that grows according to the logistic updating function
and is harvested at a linear rate h > 0. The number of individuals of the species satisfies the
DTDS L4l = .’15'{,(4 - .’Et) - h.’llt.
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(a) Determine all equilibria of the DTDS.

(b) Determine conditions on & such that all equilibria are biologically relevant.

(c) Determine conditions on h such that the positive equilibrium is stable.

(d) Determine conditions on h such that the positive equilibrium is unstable.

(e) Determine the value of h that maximizes the yield and state the resulting maximum yield.

Question 8: A golf ball hit with an angle of § radians and initial velocity of 10m/s will fly
for a distance of d(6) = 20.41sin(8) cos(#) metres before it lands (neglecting air resistance).
Find the angle §* between 0 and m/2 radians that maximizes the distance flown, and find the
maximal distance. v

Question 9: The oxygen concentration in a lake over a single day is given by the equation
C(t) = 10t3 — 120¢2 + 210t + 12000,

where time, 0 < t < 24, is measured in hours. When is the oxygen concentration highest,
when is it lowest. What are the maximum and minimum values?

Question 10: When a disease appears in a population, health authorities record the number
of infected people. One function that describes this quantity is y(t) = 80t%e™*, where t > 0 is
the time in days and y is the number (in units of thousands of people) of infected people.

(a) At what time will there be the most infected people and how many are there at that time?
(b) When is the number of infected people increasing and when is it increasing?

(c) Identify all points of inflection of the function y(t).

(d) Find any horizontal and vertical asymptotes that may exist.

(e) Draw the graph of the number of infected people as a function of time.
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