CARLETON UNIVERSITY

MATH 3705 FINAL EXAMINATION
APRIL 2012

AUTHORIZED MEMORANDA
Non-programmable, non-graphic calculators

This examination consists of 25 multiple-choice questions, worth 4 marks each.

ot B s—2 s+2 s—3 5—2
1. L{e*cos(3t)} = (a) m (b) 7(5 I YEN, (c) 7(5 “aE (d) 259
(e) None of these
2. L{tcos(2t)} = (a) (542:—71)2 (b) (s;j_isél)z (c) ﬁ (d) ﬁ
(e) None of these
e R e ) eeos(an) + Gsin(an)] (b) e¥feos(3n) + 2sin(30)

(c) €*'[cos(3t) + sin(3t)] (d) e™*"[cos(2t) + 2sin(3t)] (e) None of these

L {%} = (a) u(t—2) [6_3t + Sezt} (b) u(t — 2) [6316 i 36_%}

(c) u(t —2) [63@_2) + 36_2(t_2)} (d) u(t —2) [6_3@_2) + 362“_2)} (e) None of these

5. If y(t) denotes the solution of the initial-value problem

y' =2y +5y=20(t—-2), y(0)=1, y'(0)=3,

s+3 s+ 5+ 2% S+ 1422
h Y == = - - - - o r2res
ten (S) ﬁ{y(t)} (a) (S — 1)2 +4 (b) s2—-92s+5 (C) s2—-92s+5
_ —2s
(d) % (e) None of these
2 1 1
6. If Y( ) ,C{y )} S _l' then y( ) (a) §(€t . 6—2t) (b) 6_t + €2t

(c) 2e~ 2 COS( ) (d) el + e_zt (e) None of these

7. The general solution of the differential equation 4z2y” + 8xy’ + vy = 0, valid for = # 0,

is given by

(a) ci|z|"% +ealz[2 (b) |z|"F (e +ealnlz])  (c) cr|z| TRV 4 epla|2Y3

(d) |z ey cos(2v/31n |z]) 4 ¢ sin(2v/31n |z))] (e) None of these
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11.

12.

13.

14.

The general solution of the differential equation z%y” + 5xy’ + 13y = 0, valid for x # 0,
is given by

(a) |z|

1 COS <¥ In |:E|> + ¢y sin <¥ In |a:|>] (b) e * ey cos(3x) + ¢y sin(37)]
(c) crlx] + colz|™® () 2|72 [c1 cos (31In|z|) + cpsin (3In]z])] (e) None of these

The coefficient recursion relation of the solution y; = Zan:E"H of the differential

equation z%y” + (2% — x)y' +y =0 is

(n+ Day n’a,, a,, —ay,
(b) ant1 nt1 (¢) anta nt1 (d) anta nl

(a‘) a'fH'l = n2

(e) None of these

2a, )
The solution of the coefficient recursion relation a,,; = L’ n>0,is a, =
(n+1)2
2"ag 2ag 2"ay 2"ay
b) ——= () s None of th
(a) (n!)g ( ) (n T 1)2 (C) (n T 1)! ( ) [(n T 1)!]2 (e) one o ese

One solution y; of the differential equation z%y” + (2% + 3z)y’ + y = 0 has the form

a) i apz” (b) i ane™™  (c) i a2 Z anz™ ' (e) None of these
n=0 n=0 n=0

The general solution of the differential equation z?y” + zy’ + (322 — 4)y = 0, valid for
x > 0, is given by

(a) c1Jo(V3x) + caJ_o(V3 1) (b) a1J 5(22) + coJ_ 5(27)

(¢) e1Jo(V32) + 2V (V3 ) (d) e1J 5(27) + Y 5(27) (e) None of these

2, 0<az<1

At x = 59, the Fourier sine series of f(x) = { 4, 1<z<3

} on [0, 3] converges to

Y

(a) 3 (b) =3 (c) 4 (d) —4 (e) —2
Let f(x) i: (1) i i (1) }, and f(x +2) = f(z) for all z. The Fourier series
of fis

EO Z an cos(nmwx) + by, sin(nmz)],

where
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2 . —2(—1)"
(a) ao =1, ay nzﬂz[(_l) — 1], by = nr n=>1
1 1 (—1)n!
= _ — —1)" — — >
(0) 0= 5, a0 = (-1 = 1, b= Sl 2
=2(=1)"
(¢) an=0,n2>0,b, = ( ),n>1
nm
(d) an:0,n>0,bn:2(_1) ,n>1
nm

(e) ap=1, a, = (-D)"—=1),b,=0,n2>1

n2m?

The solution of the heat equation u,, = u;, 0 < x < 1, t > 0, which satisfies the
boundary conditions u(0,t) = u(1,¢) = 0 and the initial condition u(z,0) = x, is

2

u(z,t) = Z by sin(nmz)e ™™,
n=1

where b,, =
(2) —27(1;1)n b) 2(;)" (©) 27(;72" (d) % (e) None of these

1
The solution of the wave equation u,, = Zutt’ 0 < x < 3,t >0, which satisfies the

boundary conditions u(0,¢) = 0 and «(3,t) = 0, and the initial conditions u(x,0) = 0
and w(z,0) = 2sin(rz) — 3sin(27x), is

u(x,t) = Zsin (ngﬂ) {an cos (@) + b, sin (@)] ,

n=1

where

(a) a1 =2, ag = —3, a, = 0 otherwise, b, =0 for all n > 1
(b) az =2, ag = —3, a, = 0 otherwise, b, =0 for all n > 1
(c) by =2, by = —3, b, = 0 otherwise, a,, =0 for all n > 1
(d) bg =2, bg = —3, b, = 0 otherwise, a,, =0 for all n > 1

1 -3
= = —, b, = 0 otherwise, a,, = 0 for all n > 1

The solution u(x,y) of Laplace’s equation u,, + u,, = 0 within the rectangular region
0<x<3,0<y <2, subject to the boundary conditions u(0,y) = 0, u(3,y) = 0,
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19.

20.

u(z,0) = 3z — 22, u(z,2) = 0, has the form

(a) u(z,y) = Z a, sinh (%) sin (7132)
0t - S [ 120
(© u(e) = Y ansinn (57 sn (57

(

- , {mr(?) - I)] .
— 2
(e) u(z,y) = ax1+ By +yry + 6

1
The bounded solution of Laplace’s equation . + —u, + —ugg =0 outside the circle
r

,
r = 3, which satisfies the boundary condition u(3,6) = 3 4 2sin(260) — cos(30), is
ap > _n .
u(r,8) = ) + ; r~"[an cos(nd) + by, sin(nh)],
where

(a) ap =6, a3 = —27, by = 18, a,, = b, = 0 otherwise

(b) ap =6, ag = —1, by = 2, a,, = b, = 0 otherwise

—1 2 )
(¢) ap =6, a3 = 77 by = 9 a, = b, = 0 otherwise

2 —1 )
(d) ag =6, ay = g’ by = 77 a, = b, = 0 otherwise

(e) ag =6, ay = 18, b3 = —27, a,, = b, = 0 otherwise

The differential equation xy” + 2y’ + zy + Axy = 0, when placed in the Sturm-Liouville
form [p(z)y') — q(z)y + Ar(z)y = 0, has the weight function r(z) =

(a) 1 (b) = (c) 2? (d) ze** (e) None of these

Given the Bessel identity é% (2" J,(ax)] = 2" J—1(az), v >0, a # 0,

/ AhGndr = (a) %[3&(6) e () 164(6) (o) %JQ(G)
0

(d) 16[J2(6) — J5(6)] (e) None of these



21. The eigenvalues and corresponding eigenfunctions of the Sturm-Liouville problem

Y'+Ay=0,0<z<2 y(0)=0, y(2)=0,

are
(a) A, = T, Yn = By, sin (@)’ n>1
2 2
(b) Ap = =, 4 = A, cos (@)’ n>0
2 2
2 1)27? 2 1
I W e g | C U ) I
16 4
2,2 9 1
16 4
2 1)27? 2 1
(e) )\n = M’ yn — AnCOS {M]’ n 2 0
4 2
) 26—3i()\—2) 263i()\—2) 26—3i()\+2)
29. —2iz—|z-3|1 _ e b
263i(>\+2)
(d) (e) None of these

T+ 0 +27
23. f{Qxe_mz} = (a) z'\/7_r)\e_% (b) 2xe™* (c) \/7_T6_T2 (d) —iv/mTAe™ T

(e) None of these

94 -1 eI _ (a) 1 Q2 +3)—la+3] (b) 1 o 2i(a+3)—la+3
' 1+ (A +2)2 2 2
1 ., 1.
(c) 56_2Z(m_3)_|m_3| (d) iezl(m_s)_|m_3| (e) None of these
-1 —Al _ —1 1 —2ix
2. 7 e (a) (1 + 22)? (b) (1 + 22)? (©) (1 + 22)?

0
(d) “ (e) None of these
T



Table of Laplace Transforms

F(s) = L{f(t)} = /Ooo f)estdt, s>0

n n! . . .
L{t"} = s if n > 0 is an integer
Fip+1)
£{tp}: $p+1 ) p>_1
L{sin(at)} = ——
sin(at)} = ——
52 4 a?
L{cos(at)} = ——
cos(at)} = ——
52 + a2
L{e™} = ! s>a
s—a’

C{f(at)} = éF (2). a0

L{etf(t)} = F(s—a), s>a

Clult —a)f(t—a)} = e F(s), s>a>0

L{fM)} = s"L{f(t)} ="' f(0) = s"2f(0) — -~ = sf"=2(0) — fO"7D(0), n >0

L F()} = (—1)"F)(s) = (~1)"“F(s), n>0

e[10) - [

c {/Ot (@) d:r} _ %F(s)

L{f@) xg(t) =L {/0 St —x)g(x) dff} = F(s)G(s), where G(s) = L{g(t)}

L{6(t—a)} =€ a>0

1 T
L{f(t)} = o= /0 e "' f(t)dt if f is periodic with period T




Summary of Fourier Series

1. The Fourier series of a 2L-periodic function f is

50 + i [an cos( ) + by, sin (nzxﬂ ,

n=1

with

1 [F nwx 1 ot nwx
= — Em— = — [ >
L/_Lf(x)cos< 17 )d:v L/a f(z)cos( 7 )dz, n >0,

1 [F nwx 1 ot nwx
L/_Lf(z)sm( 7 )d:v L/a f(:v)sm( 7 )dz, n>1,

where « is any real number. If f is an odd function, then

9 (L
a, =0 and bn:z/o f(z)sin(%)dz, n> 1.

If f is an even function, then

b, =0 and a, = — /f cos )d:v n > 0.

2. The Fourier series of a function f defined on [a,b] with b —a = 2L is

EO + i [an cos( ) + by, sin (nzxﬂ ,

n=1
with ,
1 nmn
= — _ >
L/af(x)cos< 7 )dz, n >0,

1 nmn
L/a f(z)sm( 7 )dz, n>1

If the 2L-periodic extension f of f to R is an odd function, then a, = 0, and if f is an
even function, then b, = 0.

3. The Fourier sine series of a function f defined on [0, L] is
ib i (mrx) b 2 /L f(z)sin (mrx) de, n>1
psin (— ), b,=— — )dz, n>1.
~ L L J, L
4. The Fourier cosine series of a function f defined on [0, L] is

—I—Zancos (mrx / f(z cos )d:v n > 0.



Table of Fourier Transforms

F{f(x) / F(2) e da

FUFON)) = ;ﬂ/ F(A) e dA

Flu(z —a) —u(z—b)} = = (™" — ™), a < b

§/|H §/|H

— (e — ) = 2 sin(\b)

Flu(z+b) —u(z—b)} = 3

Flet} - 2>\

Fle“f(2)} = fA+a)

F{f(@—a)} =e*f(N)

F{f'(x)} = —iAf(\)

Flaf(x)} = —z—

.7:{6_“2} = ﬁe_%, t>0
/A
Flran) = 57 (5) a0

F{(f+ @)} = F { | ot —s) ds} — FNG, where §(N) = F{g(a)

F{o(x—a)} = e
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11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.

25.

o Q. on Q.

e, Q. o Q.

Answers



