COMP474/6741

Fuzzy logic and fuzzy
inference

Negnevitsky: Chap4




Today

d Introduction
d Fuzzy sets
d How to represent a fuzzy set in a computer?
[ Operations on fuzzy sets
d Fuzzy inference

d  Mamdani inference Model
1 Appendix : example 2




Introduction
what is fuzzy thinking?

B Experts rely on common sense when they solve
problems.

B How can we represent expert knowledge that
uses vague and ambiguous terms in a computer?

m(Fuzzy logic is not logic that is fuzzy, M

s used to describe fuzziness./Fuzzy logic is the
theory of fuzzy sets, sets that calibrate vagueness.

B Fuzzy logic 1s based on the 1dea that all things
admit of degrees. Temperature, height, speed,
distance, beauty — all come on a sliding scale. The
motor 1s running really hot. Tom 1s a very tall guy.




Introduction cont.

B Boolean logic uses sharp distinctions. It forces us
to draw lines between members of a class and non-
members. For instance, we may say, Tom 1s tall
because his height 1s 181 cm. If we drew a line at
180 cm, we would find that David, who 1s 179 cm,

1s small. Is David really a small man or we have
just drawn an arbitrary line in the sand?

B Fuzzy logic reflects how people think. It attempts
to model our sense of words, our decision making
and our common scnsc. As a result, 1t 1s leading to
new, more human, imtelligent systems.




Introduction cont.

B Why fuzzy?

As Zadeh said, the term 1S concrete, immediate and
descriptive; we all know what 1t means. However,
many people in the West were repelled by the word

fuzzy, because 1t 1s usually used in a negative sense.
B Why logic?

Fuzziness rests on fuzzy set theory, and fuzzy logic

1s Just a small part of that theory.




Fuzzy logic 1s a set of mathematical principles
for knowledge representation based on degrees
of membership.

Unlike two-valued Boolcan logic, fuzzy logic i1s
multi-valued. It dcals with degrees of
membership and degrees of truth. Fuzzy logic
uscs the continuum of logical values between O
(completely false) and 1 (completely true). Instead
of just black and white, it employs the spectrum of
colours, accepting that things can be partly truc and
partly false at the same time.

Range of logical values in Boolean and fuzzy logic

0 01 1 | 0 0 02 04 06 08 1 1
(a) Boolean Logic. (b) Multi-valued Logic.
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Fuzzy sets

B The concept of a set 1s fundamental to
mathematics.

B However, our own language 1s also the supreme
expression of sets. For example, car indicates the
sef of cars. When we say a car, we mean one out of
the set of cars.




The classical example 1in fuzzy sets 1s tall men.
The clements of the fuzzy set “tall men™ arc all
men, but their degrees of membership depend on
their height.

Degree of Membership
Name Height, cm —
= Fuzzy

Chris
Mark
John
Tom
David
Mike
Bob
Steven
Bill

Peter

o o O O D D = = =




Crisp and fuzzy sets of ““zall rnaerz’

Degree af . L
Adernbersiip Crisp Sets

150 70 180 200 210
Fleighr, cm

Adernbersirip Fuzzy Sets

200 210

FHeighr, cmm

B The x-axis represents the universe of discourse —
the range of all possible values applicable to a
chosen variable. In our casc, the variable 1s the man
height. According to this representation, the
universe of men’s heights consists of all tall men.

The y-axis represents the membership value of the
fuzzy set. In our case, the fuzzy set of “‘rall men™
maps height values into corresponding membership

values.




A fuzzy set is a set with fuzzy boundaries.

m I ct X be the universe of discoursec and its elements
be denoted as x. In the classical set theory, crisp
set 4 of X is defined as function f ,(x) called the
characteristic function of 4

X 0.1 h £ (X0 l.if xe 4
: A X ) =—
J 4 (): —> {0, 1}, where NJIEs OLif x = A

This set maps universe X to a set of two elements.
For any element x of universe X, characteristic
function f ,(x) 1s equal to 1 if x 1s an element of set
A, and 1s equal to O if x 1s not an clement of 4.

m In the fuzzy thecory, fuzzy sct 4 of universe X 1s
defined by function v ,(x) called the mrembershiip
Juncriorzr of set A

L, (x): X — |0, 1], where p () — 1 if x 1is totally 1im A4
L, () — O 1if x 1s not 1 A4

O < P, (x) <1 if x 1s partly 1n 4.
This set allows a contimnuum of possible choices.
For any element x of universe X, membership
function P, (x) equals the degree to which x 1s an
clement of set 4. This degree, a value between O
and 1, represents the degree of mmembership., also
called membership value, of clement x 1n sct 4.
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How to represent a fuzzy set imn a computer?

m First, we determine the membership functions. In
our “‘rall mernn”” example, we can obtain fuzzy sets of
rall, shortr and average men.

The universe of discourse — the men’s heights —
consists of three sets: shor?, average and rall men.
As you will see, a man who 1s 184 cm tall 1s a
member of the average mern set with a degree of
membership of O.1, and at the same time, he i1s also
a member of the ral/l men set with a degree of 0.4.

Crisp and fuzzy sets of short, average and tall men

Degiree of
Membership
1.0

0.6

Crisp Sets

0.4
0.2

0.0
180 200 210
) Heighr, cm
Degree of
Membership
1.0

Fuzzy Sets

0.8
0.6 Average

0.4




Representation of crisp and fuzzy subsets

X Fuzzy Subset 4

/

7 |

Crisp Subset 4 Fuzziness Fuzziness

Typical functions that can be used to represent a fuzzy
set are sigmoid, gaussian and pi. However, these
functions increase the time of computation. Therefore,
in practice, most applications use linear fit functions.




Linguistic variables and hedges

m At the root of fuzzy set theory lies the idea of
linguistic variables.

B A linguistic variable is a fuzzy variable. For
cxample, the statement “John 1s tall” implies that
the linguistic variable Jo/An takes the linguistic
value rall.

In fuzzy expert systems, linguistic variables arc uscd
1n fuzzy rules. For example:

1K wind is strong
THEN sailing is good

IF project _duration is long
THEN completion_risk is high

1K speed is slow
THEN stopping_ distance is short




m The range of possible values of a linguistic variable

represents the universe of discourse of that variable.
For example., the universe of discourse of the
Iinguistic variable speed might have the range

between O and 220 km/h and may include such
furzzy subsets as very slow, slow, medium, fas?z, and

very fast.

A Iinmguistic variable carries with it the concept of
fuzzy set qualifiers, called AfZedgoes.

Hedges are terms that modify the shape of fuzzy
sets. They include adverbs such as very,
somewhat, gquirte, more or less and slighzrly.

Fuzzy sets with the hedge very

Degree of
Membership

1.C
0.8
0.

0.<
(0

0.C

Very Tall

200 210

Height, cm
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Operations of fuzzy sets

The classical set theory developed m the late 19th
century by Georg Cantor describes how crisp sets can
interact. These interactions are called operations.

Cantor?’s sets

Vs

C <>

Complement Containment

Intersection




H Complement

Crisp Sets: Who does not belong to.the sei’
Fuzzy Sets: How much do elements not belong (o

the set?
H Containment

Crisp Sets: Which sets belong to which other sets?
Fuzzy Seis: Which sels belong to other sels?

N Intersection
Crisp Sets: Which element belongs fo both seis?

Fuzzy Sels: How much of ihe element is in boify seis?

N Union
Crisp Sels: Which element belongs, io either set?

Fuzzy Seis: How much of ihe element is in eiiher sei?




Operations of fuzzy sets

Complement Containment

L(x)
Fs

1
PN

T

Intersection Union




What is a fuzzy rule?

A fuzzy rule can be defined as a conditional
statement 1n the form:

IF xis4
THEN y1s B

where x and y are linguistic variables; and 4 and B
are linguistic values determined by fuzzy sets on the
universe of discourses X and Y, respectively.




What 1s the difference between classical and
fuzzy rules?

A classical IF-THEN rule uses bimary logic, for
cxample,

Rule: 1 Rule: 2
IF speed 1s = 100 IF speed is <= 40
THEN stopping distance is long THEN stopping distance is short

The variable speed can have any numerical value
between O and 220 km/h. but the linguistic variable
stopping distance can take either value /orng or shortr.
In other words, classical rules are expressed 1n the
black-and-white language of Boolean logic.

We can also represent the stopping distance rules 1in a
fuzzy form:
Rule: 1 Rule: 2

IF speed 1s fast I1F speed 1s slow
THEN stopping distance 1s long THEN stopping distance 1s short

In fuzzy rules, the linguistic variable speed also has
the range (the universe of discourse) between O and
220 km/h, but this range includes fuzzy scts, such as
slow, medium and fastz. The unmiverse of discourse of
thec linguistic variable sropping distarnce can bce
between O and 300 m and may include such fuzzy
sets as short, medium and /long.




Fuzzy sets of zall and A~eayy men

Degree of Deoree of
Adernbersitip Aderrrbersiip
1.0 1.0

Tall e Heawvy 1men
0.8 — 0.8 —

0.6 — 0.6 —
O. .4 — O .4 —

0.2 — 0.2 —

0.0 T 0.0

T T
190 200 100 120
Feighr, crz Weighr, o

These fuzzy sets provide the basis for a weight estimation
model. The model 1s based on a relationship between a
man’s height and his weight:

1 8 height is 7al7
THEN weight is fzeavy

The value of the output or a truth mcecmbership gradec of

the rule consequent can be estimated directly [rom a
corresponding truth membership grade in the
antecedent. This form of fuzzy inference uses a
method called monotonic selection.

Degree aof Degree of
Aembership Adembership
1.0 1.0
Tall men -

0.8 — 0.8 Heavy men

0.6 — 0.6 —

0.4 — 0.4 —

0.2 — 0.2 —

0.0 T T ] 0.0 T 1
160 190 200 7O 100 120

Heighir, cr Weighr, ke




A fuzzy rule can have multiple antecedents, for
example:

I'E project duration is long
AND project staffing 1s large
AND project funding is inadequate
THEN risk 1s high

IF service 1s excellent
OR food 1s delicious
THEN tip 1s generous

The consequent of a fuzzy rule can also include
multiple parts, for instance:

[E temperature 15 hot
THEN hot water 1s reduced:
cold water 1s increased
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Fuzzy expert systems:
Fuzzy inference

Two models are the most used

o Mamdani inference model: The consequent of a rule is a fuzzy
fact, the inference consists in to apply the possibility value of the
antecedent to the consequent

o Sugeno inference model: The consequent of a rule is a linear
function of the possibility values of the antecedent, the value of this
function is the result of the inference

26



Fuzzy inference

The most commonly used fuzzy mierence technique
1S the so-called Mamdani method. In 1975,
Professor Ebrahim Mamdani of London University
built one of the first fuzzy systems to control a
steam engine and boiler combination. He applied a
set of fuzzy rules supplied by experienced human
operators.




Mamdani inference model

fuzzification

o "Antecedent evaluation: Computation for each rule of the possibility
value of the crisp values using the antecedent facts and their
combination

o Consequent evaluation: Each consequent is weighted using the
possibility value of its antecedent

@ Conclusion combination: The conclusions are combined in a fuzzy

set that represents the joint conclusion

Nitidification: The crisp value corresponding to the conclusion is

computed from the fuzzy (for example computing the center of mass
f the fuzzy set)

defuzzification

b
[ f(x) - xdx
CDG(f(x)) =2

b
| f(x)dx

28



Fuzzy inference: example (1/8)

Assume that we have two input variables /1 and /2 and an output variable
O that have the values defined by the following linguistic labels:

o [1={low,medium,high}
o /2 ={nothing,some,normal,lots}

o O={close,open}

29



Fuzzy inference: example (2/8)

These labels are represented by the following fuzzy sets

I1

30

Low Medium  High  Nothifgme Normal Lots

12

5 10 15 20 25 30 35 40

Close Open

I I I I I I I
25 50 75 100 125 150 175



Fuzzy inference: example (3/8)

Assume that we have the following rules:
if ([ll=medium] or [I1=high]) y [I2=lots] then [O=close]
if [I1=high] and [I2=normal] then [O=close]
if [I1=Ilow]| and not([I2=lots]) then [O=open]

if ([I1=low] or [I1=medium]) and [I2=some| then [O=open]

[ he combination functions are the minimum for the conjunction, the
maximum for the disjunction and 1 — x for the negation (and the crisp
values for variables /1 and /2 are 17.5 and 6.5 respectively

31



Fuzzy inference: example (4/8)

If we use the values on the fuzzy sets of variables /1 and /2 we obtain the
following possibility values

I1 Low  Medium High 2 Nothin§ome Normal Lots

0.75+4
0.5

0.125

| T
5 10152025 30 35 40
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Fuzzy inference: example (5/8)

If we evaluate the rule R1 we have:

[[1=medium] = 0.75, [I1=high] = 0, [I2=lots] = 0.5 = min(max(0.75,0),0.5) = 0.5
So we have 0.5 - [O=close]

If we evaluate the rule R2 we have:

[[1=high] = 0, [I2=normal] = 0.5 = min(0,0.5) =0
So we have 0 - [O=close]

If we evaluate the rule R3 we have:

[[1=low] = 0.125, [I1=lots] = 0.5, = min(0.125,1-0.5) = 0.125
So we have 0.125 - [O=open]

If we evaluate the rule R4 we have:

[[1=low] = 0.125, [I1=medium] = 0.75, [I2=some] = 0 = min(max(0.125,0.75),0) = 0
So we have 0 - [O=open]

33



Fuzzy inference: example (6/7)

The fuzzy set resulting from the combination of the conclusion is:

25 50 75 100 125 150 175
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Fuzzy inference: example (7/8)

Now we compute the center of mass of the fuzzy set, this can be described
with the function:

(0.5 x € [0 — 75]
f(x) ={ (100 —x)/50 x € (75— 93.75]
| 0.125 x € (93.75 — 100]

35



Fuzzy inference: example (8/8)

b
J f(x) - xdx
CDG(f(x)) = =

b

The CoM can be computed as: ér F )b
03.75 175
f05x dx+ [ (100—x)/50-x-dx+ [ 0.125-x-dx
75 03.75 _
75 93.75 175 -
[05-dx+ [ (100—x)/50-dx+ [ 0.125-dx
0 75 03.75

0.25-x2|?5 + (x2 = x3/150)|97® 4 0.0625 - X235
0.5 x5+ (2-x — x2/100)[937° + 0.125 - x|3{%:

(0.25 - 752 — 0) + ((93.75% — 93.753/150) — (752 — 753 /150)) + (0.0625 - 1752 — 0.0625 - 93.75?)

(0.5-75—0) + ((2 - 93.75 — 93.752/100) — (2 - 75 — 752/100)) + (0.125 - 175 — 0.125 - 93.75)

3254.39
53.53

= 60.79

This mean open at 60.79 percent
36
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THE END!
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Mamdani fuzzy inference

m The Mamdani-style fuzzy inference process 1s
performed 1n four steps:

e fuzzification of the input variables,

rule evaluation;

@
e aggregation of the rule outputs, and finally
L

defuzzification.

We examine a simple two-input one-output problem that

includes three rules:

Rule: 1

IF xis A3
OR yis B1
THEN zis C1

Rule: 2

IF xis 42
AND yis B2
THEN zis C2

Rule: 3
1F xis A1
THEN zis C3

Rule: 1

IF project _funding is adequate
OR project_staffing is small
THEN risk is low

Rule: 2

IF project funding is marginal
AND project staffing is large
THEN risk is normal

Rule: 3
IF project _funding is inadequate
THEN risk is high




Step 1: Fuzzification

The first step 1s to take the crisp mputs, x1 and y1
(project funding and project staffing), and determine
the degree to which these mputs belong to each of the
appropriate fuzzy sets.

Crisp Input Crisp Input
x1 vl

Al\
s <

A,

xl




Step 2: Rule Evaluation

The second step 1s to take the fuzzitied mputs,
Mesny = 0.3, Meyny = 0.2, typpy = 0.1 and p —pyy =
0.7, and apply them to the antecedents of the fuzzy
rules. If'a given fuzzy rule has multiple antecedents,

the fuzzy operator (AND or OR) 1s used to obtain a
single number that represents the result of the
antecedent evaluation. This number (the truth value)
15 then applied to the consequent membership

function.




To evaluate the disjunction of the rule antecedents,
we use the OR fuzzy operation. Typically, fuzzy
expert systems make use of the classical fuzzy
operation union:

b 4Up(x) = max [p,(x), pp(x)]

Similarly, n order to evaluate the conjunction of the
rule antecedents, we apply the AND fuzzy operation
intersection:

MAﬁB(x) = min [“A(x)a ug(x)]




Mamdani-style rule evaluation

1 1 1 |
A3 B\ 1\/[C2]\/ [
00 g 01 | | or \0!

0 x1 x 0 vl r | o
Rule 1: IF xis A3 (0.0) OR yis Bl (0.1) THEN zis C1 (0.1)
: /\ : 0.7
A2 0.2 B2
E}—
\

0 x1 X 0 yl
Rule2: TF xis 42 (0.2) AND yis B2 (0.7) THEN zis C2(0.2)
1 1

Al 0.5 05 |LCl \ /L2
0 x1 X 0

Rule 3: TF x 15 A1 (0.5) THEN z1s C3(0.5)




Now the result of the antecedent evaluation can be
applicd to the membership function of the
consequent.

B The most common method of correlating the rule
consequent with the truth value of the rule
antecedent 1s to cut the consequent membership
function at the level of the antecedent truth. This

method 1s called clipping. Since the top of the
membership function is sliced, the clipped fuzzy set
loses some information. However, clipping 1s still
often preferred because 1t involves less complex and
faster mathematics, and generates an aggregated
output surface that 1s easier to defuzzify.




B While clipping i1s a frequently used method, scaling
offers a better approach for preserving the original
shape of the fuzzy set. The original membership
function of the rule consequent i1s adjusted by
multiplying all 1its membership degrees by the truth
value of the rule antecedent. This method, which
generally loses less information, can be very uscful
1n fuzzy expert systems.

Clipped and scaled membership functions

Degree of Degree of
Membership Membership

1.0 1.0




Step 3: Agoregation of the rule outputs

Aggregation 1s the process of unification of the
outputs of all rules. We take the membership
functions of all rule conscquents previously clipped or
scaled and combine them into a single fuzzy set.

The mmput of the aggregation process i1s the list of
clipped or scaled consequent membership functions,
and the output 1s one fuzzy set for each output

variable.

Aggregation of the rule outputs




Step 4: Defuzzification

The last step 1 the fuzzy imference process 1s
defuzzification. Fuzziness helps us to evaluate the
rules, but the final output of a fuzzy system has to be
a crisp number. The mmput for the defuzzification
process 1s the aggregate output fuzzy set and the
output 1s a single number.

m T'here are several defuzzification mcecthods, but
probably the most popular one is the centroid
technique. It finds the point where a vertical line
would slice the aggregate sct into two cqual masses.
Mathematically this centre of gravity (COG) can

bc cxprcsscd as:




B Centroid defuzzification method finds a point
representing the centre of gravity of the fuzzy set, A,
on the interval, ab.

B A rcasonable estimate can be obtained by calculating
1t over a sample of points.

I
180 190 200 210




Centre of gravity (COG):

(0+10+20)x0.1+(30+40+50+60)x02+(70+80+90+100)x0.5
0.1+0.1+0.1+02+024+024+02+4+05+05+05+0.5

COG = =674

Degree of
Membership

1.0

0.8

0.6

0.4

0.2

0.0

Which means the risk involved in our project is 67.4 per cent



