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Features and States 
 Instead of reasoning explicitly in terms of states, It is often 

better to describe states in terms of features then reason in terms 
of these features. 

 Often these features are not independent and they are hard 
constraints that specify legal combinations of assignments of values 
to variables. 

 Example: Planning and Scheduling 

 Agent must assign a time for each action: typically there are:  

 constraints on when actions can be carried out, 

 and constraint specifying that the action must actually 
achieve a goal. 

 There are also often preferences over values that can be 
specified in term of soft constraints. 

  Here we show how to generate assignments that satisfy a set of 
hard constraints and how to optimize a collection of soft 
constraints. 
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Features and States 
 For any practical problem, and agent cannot reason in terms of 

states, there are simply too many ! 

 Most problems do not come with an explicit list of states; the 
states are typically describe implicitly in terms of features.  

 When describing a real state space, it is usually more natural to 
describe the features that make up the state rather than explicitly 
enumerating the states. 

  States and Features: are intertwined we can describe either in 
terms of the other 

 States can be defined in terms of features: features can be 
primitive and a state corresponds to an assignment of a value to 
each feature. 

  Features can be defined in terms of states: states can be 
primitive and a feature is a function of the states. Given a state, 
the function returns the value of the feature on that state.  

 Each feature has a domain: set of values that can take. The domain 
of the feature is the range of function on the states. 
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Features and States 
 One main advantage of reasoning in terms of features is the 

computational saving! 

 Example binary feature, the domain has two, many states can be 
described by a few features: 

 

 

 

 

 Reasoning in terms of 30 features may be easier than reasoning in 
terms of more than a billion states! 

 Typically the features are not independent, in that there may be 
constraints on the value of different features. 
  one problem is to determine what states are possible given the features and the 

constraints. 
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Possible Worlds: Variables and Constraints 

 For simplified and general formalism, features are considered 
without considering time explicitly→CSP description in terms of 
possible worlds. 

 When we are not modeling change, there is a direct 1to one 
mapping between features and variables, and between states 
and possible worlds. 

 A possible world is a possible way the world(real or imaginary) 
could be. 

 Possible worlds are described by algebraic variables V: symbol 
used to denote features of possible worlds: can be discrete 
or continuous. 

 Each variable V has an associated domain, dom (V): set of 
values the variable can take on 
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Example: cross-word puzzle 
 There are two representation of crossword puzzle in terms of 

variable: 
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Representation 1:  
variables are the numbered squares with the direction of 
the word(↑or ↓) and  
the domains are the set of possible words that can be put 
in.  
A possible world correspond to an assignment of word for 
each of the variables. 
Representation 2:  
variables are the individual squares and  
the domain of each variable is the set of letters in the 
alphabet. 
 A possible word corresponds to an assignment of letters to 
each square.  
 
 
 Possible worlds can be defined in terms of variables or 

variables can be defined in terms of possible worlds. 
 Worlds can be primitive and variable is a function from 

possible worlds into the domain of variable; given a 
possible world, the function returns the value of that 
variable in that possible world 

 

Two variable A with dom {1,2,3} and B 
with dom {true, false} there are six 
possible worlds: 

Carlo
Typewriter
generic or descriptional?

Carlo
Typewriter
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Posing a Constraint Satisfaction Problem 
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Example: scheduling activities 
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 The aim is to choose a value for each variable so that the resulting 
possible world satisfies the constrains, that is we want a model of 
the constraints.  
 A model is a possible world that satisfies all the constraints. 
 A possible world w satisfies a set of constraints if, for every 

constraint the value assigned in w to the variables in the scope of 
the constraint satisfy the constraint. 



Constraint Satisfaction problems 
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 Here we consider the problem of finding a model. Some of the methods can also 
determine if there is no solution.  

 What may be more surprising is that some of the methods can find a model if one 
exists, but they cannot tell us that there is no model if none exists.  

 CSPs are very common, so it is worth trying to find relatively efficient ways to solve 
them.  

 Determining whether there is a model for a CSP with finite domains is NP-hard and 
no known algorithms exist to solve such problems that do not use exponential time in 
the worst case.  ►just because a problem is NP-hard does not mean that all 
instances are difficult to  solve. Many instances have structure that can be 
exploited.  
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Generate-and-Test Algorithm 
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Solving CSPs Using Search 
 Generate-and-test algorithms assign values to all variables 

before checking the constraints.  

 Because individual constraints only involve a subset of the 
variables, some constraints can be tested before all of the 
variables have been assigned values.  

 If a partial assignment is inconsistent with a constraint, any 
complete assignment that extends the partial assignment will 
also be inconsistent. 

 In the  previous  scheduling problem: 

   A=1 and B=1 are inconsistent with the constraint A≠B 
regardless of the values of the other variables.  

 If the variables A and B are assigned values first, this 
inconsistency can be discovered before any values are 
assigned to C, D, or E, thus saving a large amount of work.  
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Backtracking Algorithms 
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 Searching with a depth-first search, typically called backtracking, can 
be much more efficient than generate and test. 

  Generate and test is equivalent to not checking constraints until 
reaching the leaves.  

 Checking constraints higher in the tree can prune large subtrees that 
do not have to be searched.  



CSP as Graph Searching 
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Example 
 CSP Problem: Suppose you have a CSP with the variables A, B, and C, each 

with domain {1,2,3,4}.  

Suppose the constraints are A<B and B<C. A possible search tree is:  
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 This CSP has four solutions. The leftmost one is A=1, B=2, C=3.  
 The size of the search tree, and thus the efficiency of the algorithm, depends on 

which variable is selected at each time.  
 A static ordering, such as always splitting on A then B then C, is less efficient than 

the dynamic ordering used here. The set of answers is the same regardless of the 
variable ordering.  
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Consistency Algorithms 
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 Solution delete 3 from the domain 

 Although depth-first search over the search space of assignments 
is usually a substantial improvement over generate and test, it still 
has various inefficiencies that can be overcome.  



Constraint Network 
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The consistency algorithms are best thought of as operating over the 
network of constraints formed by the CSP:  

Example 1:  we have three variables A, B, and C, each with domain {1,2,3,4}. The 
constraints are A<B and B<C. The constraint network shows that there are four 
arcs:  

None of the arcs are arc consistent:  
1st arc: is not arc consistent: A=4 there is no corresponding value for B for which A<B. 
If 4 were removed from the domain of A, then it would be arc consistent.  
2nd arc:  is not arc consistent: there is no corresponding value for A when B=1.  
 
 If an arc ⟨X,c⟩ is not arc consistent, there are some values of X for which there are 

no values for Y1,...,Yk for which the constraint holds. In this case, all values of X in DX 
for which there are no corresponding values for the other variables can be deleted 
from DX to make the arc ⟨X,c⟩ consistent.  

 



Constraint Network for  
Example: scheduling activities (Slide 9) 
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Arc Consistency 
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Arc Consistency Algorithm 
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Example (arc with no solution) 
It is possible for a network to be arc consistent even though there 
is no solution.  

 Suppose there are three variables, A, B and C, each with the 
domain {1,2,3}. Consider the constraints A=B, B=C, and A≠C.  

 This is arc consistent: no domain can be pruned using any single 
constraint. However, there are no solutions. There is no 
assignment to the three variables that satisfies the constraints.  
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Finding solutions when AC finishes 
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Domain Splitting -Case Analysis(1/2) 
 Split a problem into a number of disjoint cases and solve each case separately. The 

set of all solutions to the initial problem is the union of the solutions to each  case. 

 Simple  Case: a binary variable X , dom {t,f}, so solutions :X=t or X=f.  

 One way: set X=t, find all of the solutions, and then X=f and find all solutions. 
Assigning a value to a variable gives a smaller reduced problem to solve.  

 Domain of variable with more elements:  A with dom{1,2,3,4} different way to split 
it: 

 Split the domain into a case for each value. For example, split A into the four 
cases A=1, A=2, A=3, and A=4.  

 Always split the domain into two disjoint subsets. For example, split A into the 
two cases A∈{1,2} and the case A∈{3,4}. 

 Notice: The first approach makes more progress with one split, but the second may 
allow for more pruning with fewer steps. For example, if the same values for B can 
be pruned whether A is 1 or 2, the second case allows this fact to be discovered 
once and not have to be rediscovered for each element of A. This saving depends 
on how the domains are split.  

 Recursively solving the cases using domain splitting, recognizing when there is no 
solution based on the assignments, is equivalent to the search algorithm  (Slide 14) 
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Domain Splitting -Case Analysis(2/2) 
 Effective way to solve a CSP is to use arc consistency to simplify the 

network before each step of domain splitting:  

 simplify the problem using arc consistency; and,  

 if the problem is not solved, select a variable whose domain has more 
than one element, split it, and recursively solve each case.  
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Hard and Soft Constraints 
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Local Search  
  So far we considered algorithms that systematically search the 

space. If the space is finite, they will either find a solution or 
report that no solution exists.  

 Many search spaces are too big for systematic search and are 
possibly even infinite.  

 In any reasonable time, systematic search will have failed.  

 Methods for very large spaces.  
 The methods do not systematically search the whole search 

space but they are designed to find solutions quickly on 
average.  

 They do not guarantee that a solution will be found even if 
one exists, and so they are not able to prove that no solution 
exists.  

 They are often the method of choice for applications where 
solutions are known to exist or are very likely to exist.  
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Local Search  

33 



Local Search 
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 Local search methods start with a complete assignment of a value 
to each variable and try to iteratively improve this assignment by 
improving steps, by taking random steps, or by restarting with 
another complete assignment.  

 A wide variety of local search techniques has been proposed. 
Understanding when these techniques work for different 
problems forms the focus of a number of research communities, 
including those from both operations research and AI.  

 



Local Search 
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Local Search 
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2 
1 

1. loop: is call the try 
2. loop does the Local search or 
walk through the assignment space  
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Hill Climbing 
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Hill climbing 
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Local Search 
 This walk through assignments continues until either a satisfying 

assignment is found and returned or some stopping criterion is 
satisfied. 

  The stopping criterion decides when to stop the current local search 
and do a random restart, starting again with a new assignment.  
 A stopping criterion could be: stopping after a certain number of steps.  

 This algorithm is not guaranteed to halt. In particular, it goes on 
forever if there is no solution, and it is possible to get trapped in some 
region of the search space.  

 An algorithm is complete if it finds an answer whenever there is one.  

 Random sampling: here the stopping criterion is always true so that the 
while loop is never executed. Random sampling keeps picking random 
assignments until it finds one that satisfies the constraints, and 
otherwise it does not halt.  

 Random sampling is complete: given enough time, it guarantees that a 
solution will be found if one exists, but there is no upper bound on the 
time it may take. It is very slow. The efficiency depends only on the 
product of the domain sizes and how many solutions exist.  
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Local Search 

 Random walk: here the while loop is only exited when it has found a 
satisfying assignment (i.e., the stopping criterion is always false and 
there are no random restarts). In the while loop it selects a variable 
and a value at random. 

  Random walk is also complete in the same sense as random sampling. 
Each step takes less time than resampling all variables, but it can take 
more steps than random sampling, depending on how the solutions are 
distributed.  
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Iterative Best Improvement (IBI) 
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In iterative best improvement, the neighbor of the current 
selected node is one that optimizes some evaluation function.  

In greedy descent, a neighbor is chosen to minimize an evaluation 
function (hill climbing or greedy ascent) when the aim is to 
maximize. We only consider minimization; if you want to maximize a 
quantity, you can minimize its negation.  
IBI requires a way to evaluate each total assignment. For CSPs, a 

common evaluation function is the number of constraints that 
are violated by the total assignment that is to be minimized.  
 A violated constraint is called a conflict.  
 The evaluation function : #conflicts,  
 A solution is a total assignment with an evaluation of zero.  
 Sometimes the evaluation function is refined by weighting 

some constraints more than others.  



Iterative Best Improvement (IBI) 
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A local optimum is an assignment such that no neighbor improves 
the evaluation function. This is also called a local minimum in greedy 
descent, or a local maximum in greedy ascent.  
 



Iterative Best Improvement (IBI) 
 If the variables have small finite domains, a local search 

algorithm can consider all other values of the variable when 
considering a neighbor.  

 If the domains are large, the cost of considering all other values 
may be too high.  

 An alternative is to consider only a few other values, often the 
close values, for one of the variables. Sometimes quite 
sophisticated methods are used to select an alternative value.  

 Local search typically considers the best neighboring assignment 
even if it is equal to or even worse than the current assignment.  

 It is often better to make a quick choice than to spend a lot of 
time making the best choice. There are many possible variants 
of which neighbor to choose:  
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Greedy Descent Variants 
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Complex Domains 
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Problems with Greedy Descent 

47 



Randomized Greedy Descent 
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Randomized Algorithms 

49 

 IBI randomly picks one of the best neighbors of the current assignment. 
Randomness can also be used to escape local minima that are not global 
minima in two main ways:  

 Random Restart: values for all variables are chosen at random. This lets 
the search start from a completely different part of the search space.  

 Random Walk: in which some random steps are taken interleaved with the 
optimizing steps.  
  with the greedy descent: allows for upward steps that may enable 

random walk to escape a local minimum that is not a global minimum.  
 A random walk is a local random move, whereas a random restart is a 

global random move. For problems involving a large number of variables, a 
random restart can be quite expensive.  

 A mix of greedy descent with random moves is an instance of a class of 
algorithms known as stochastic local search.  



1-Dimensional Ordered Examples 
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It is very difficult to visualize the search space to understand what 
algorithms you expect to work because there are often thousands of 
dimensions, each with a discrete set of values. Some of the intuitions can 
be gleaned from lower-dimensional problems. 



 Find the global minimum in the search space  

 a) we would expect the greedy descent with random restart to find the 
optimal value quickly. Once a random choice has found a point in the 
deepest valley, greedy descent quickly leads to the global minimum. One 
would not expect a random walk to work well in this example, because 
many random steps are required to exit one of the local, but not global, 
minima.  

 b) a random restart quickly gets stuck on one of the jagged peaks and 
does not work very well.  

 A random walk combined with greedy descent enables it to escape 
these local minima. One or two random steps may be enough to escape a 
local minimum. Thus, you would expect that a random walk would work 
better in this search space.  
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1-Dimensional Ordered Examples 
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Stochastic Local Search 
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Random Walk 
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Comparing Stochastic Algorithms 
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Other local search algorithms 
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Simulated Annealing 
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Simulated Annealing 
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Annealing is a process in metallurgy where metals are slowly cooled to make them reach a state of low energy where 
they are very strong. 



Simulated Annealing - Methodology 
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Simulated annealing - canonical algorithm 
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Simulated Annealing 
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Simulated Annealing - Applications 
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Tabu lists 
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Population based methods(// Search) 
 So far the local search algorithms maintain a single current assignment. We 

can considers algorithms that maintain multiple assignments.  

 In these algorithms, a total assignment of a value to each variable is called 
an individual and the set of current individuals is a population.  

 Beam search: maintains the best k assignments.  

 Stochastic beam search: selects which assignments to propagate 
stochastically.  

 Genetic algorithms: inspired by biological evolution, the k assignments 
forming a population interact in various ways to produce the new population.  
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Parallel Search 



Beam Search 
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Stochastic Beam Search 

68 



Genetic Algorithms 
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Genetic Algorithms 

 Learning technique based on evolution 

 Also called evolutionary algorithm 

 Based on a biological metaphor (like neural networks) 

 Learning = competition among a population of evolving 
candidate solutions to a problem. 

 A fitness function evaluates each solution to decide if it 
will contribute to the next generation of solutions 

 Through genetic operators the algorithm creates a new 
population of candidate solutions from the previous 
generation 
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Genetic Algorithms 

 Let P(t) be the set of candidate solutions at time t  

 

 Set time t  0 

 Initialize the population P(t) // typically, chosen at random  

 While P(t) does not include an acceptable solution 
 Evaluate the fitness of each member of the population P(t) 

 Select pairs of solutions from P(t) based on fitness 

 Produce the offspring of these pairs using genetic operators 

 Replace the weakest candidates (based on fitness) of P(t) 
with these offspring 

 Mutation (optional) 

 Set time t  t+1 

 



Crossover 
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