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Question 1 
Consider the system shown in the figure below.  For the given system,  

(a) How many degrees of freedom does this system have? 
(b) Using x as your variable, find the equivalent mass and stiffness of the system. 
(c) Write the equation of motion of this system in terms of x. 
(d) Find the natural frequency. 
(e) If you were to add a damper c in parallel to the spring 2k , what value would c need to have to 

make the system critically damped? 

 
 
Solution 
Kinematics 

q ( t ) = x ( t )
b

 

x1 ( t ) = x ( t )$ a
b
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Writing the kinetic energy of the system 

KE := 1
2
$m1$0 d

d t
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subs( , , KE )  
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0 d

dt
 x ( t )1
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 0m1 a2 Cm2 b2 C Jo1

b2  

KE2 := 1
2
$ meq $ 0 d

d t
x ( t )1

2
 

1
2

 meq 0 d
dt

 x ( t )1
2
 

meq = solve ( = , meq )  

meq =
m1 a2 Cm2 b2 C Jo

b2  

Write the elastic potential energy of the system 

PE := 1
2
$ k2 $ x2 C

1
2
$ kt $ q

2 C
1
2
$ k1 $ x1

2 

subs0q = x
b

, x1 = x$ a
b

, PE1  

1
2

 
x2 0k2 b2 C ktC k1 a21

b2  

PE2 := 1
2
$ keq $ x2 

keq = solve ( = , keq )  

keq =
k2 b2 C ktC k1 a2

b2  

Equation of motion is given by 
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meq$x
..
C keq $ x = 0 

Natural frequency is given by 

un =
keq
meq

 

subs( , , )  

un =
k2 b2 C ktC k1 a2

m1 a2 Cm2 b2 C Jo
 

To make this system critically damped, need to add a damper so that an additional term Kc$x.   is 

added to the equation of motion. This can be done by adding a damper in parallel with k2 which has 

value ccrit = 2$ meq$keq  

ccrit = 2 meq keq  

subs( , , )  

ccrit = 2 
0m1 a2 Cm2 b2 C Jo1  0k2 b2 C ktC k1 a21

b4  

 
Question 2 
A device to produce vibrations consists of the two counter-rotating wheels, each carrying an eccentric 
mass  kg with centre of mass at a distance 0 1m = 12e =  mm from its axis of rotation.  The wheels are 
synchronized so that the vertical positions of the unbalanced masses are always identical.  The total 
mass of the device is 10 kg.  Neglect damping.  The equivalent spring constant for all the springs 
combined together as shown is k. 

(a) Write the equation of motion that describes the vibrations of this system. 
(b) What is the response of the system to the rotation of the unbalanced masses? 
(c) What force will be transmitted to the fixed mounting? 
(d) Determine the two possible values of the equivalent spring constant k which will permit the 

magnitude of the periodic force transmitted to the fixed mounting to be 1500 N due to the 
imbalance of the rotors at a speed of 1800 rev/min.   
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Equation of motion is 

 

Response will be of the form .   
 

 

 

 

 

 

Force will be given by  
Force magnitude is  

 

 

 

Substitute for  AND then  and solve for the corresponding 
value of  
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Question 3 
A one degree-of-freedom mass-spring-damper system has effective properties of m = 16 kg, c = 8 Ns/m 
and k = 17 N/m.  Initial conditions are given by 0 00, 16 m/sx v= = .  

(a) Write the equation of motion and find the free vibration response of this system. 
(b) Is this system underdamped, overdamped or critically damped?   
(c) What are the natural frequency and damped frequency of this system? 
(d) Suppose that the system is forced with a forcing function given by 

1 2( ) cos( ) cos(2 )F t a t a tω ω= + .  If you neglect damping, for what value(s) of the input 
frequency ω do you expect to observe excessively large vibrations? 

(e) Do you expect your answer to part (d) to change if you include the given system damping? Why 
or why not? 

 
 

A mass-spring-damper system has properties of   Initial conditions are   
 

Equation of motion is 

 

Characteristic polynomial
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From the solution, can see that  
  

 system is clearly underdamped (can see this from solution – no 
need to calculate ς. 

 

 

 

 

 

 
 

 
 

Natural frequency and damped frequency are pretty close together. 
 
If input is given by  then potential trouble spots are at  and 

 if we ignore the damping.  Since the damping is pretty small and the natural and damped 
frequencies are pretty similar, we don't expect this answer to be that much different if damping is 
included. 
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Because the damping is small, expect that actual maximum of the frequency response is not exactly the 
same as the natural frequency but probably pretty close. 
 
You weren't expected to calculate this for the exam, but FYI we can see the effect of including 
damping: 
Frequency Response 

 

 
 

 
 

 

So the actual values of frequency that cause the magnitude to be largest are 
 =  

 =  

 
These numbers are slightly different from what we got by using the natural frequency itself as the 
"worst case" but not that far off.  I.e. for low damping, can use the natural frequency as a rough 
guideline for where the maximum amplitude is. It's NOT exact, but it is quick to compute. 
 


