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Y Question 1: Diophantine Equations



(10 marks)

Consider the following two equations with integer variables x and y :

(1) 9 x +225 y=18 :
(2)27 x +45y=33 :

(@) Determine which of these two equations is inconsistent, and explain why (you can use the Maple
commands ifactor and/or gcd ).

(b) Find a solution of the equation which is consistent.

(c) Find all solutions {x, y} of that equation.

(d) 1dentify now the solution {x,y} with smallest possible positive value of y > 0.

Solution:

(@)
The GCD of the pair of coefficients of each of these equations is 9.

> gcd(99, 225);
gcd(27,45);
9
9 (L.1)
9 divides 18, but it does not divide 33. Therefore the equation (1) is consistent but the equation (2) is
not.

b)

Define the function acting on two consequtive lists to help Extended Euclid's Algorithm
calculations:

> FEEA :=(r1,r2)-> rl-iquo(r1[3],r2[3])*r2;
FEEA = (rl,r2) —rl — iquo(r13, r23) 72 (1.2)
Now define the initial two lists for the EEA algorithm for Diophantine equation

99 X + 225 Y=R : starting with the list r0=[X=0,Y=1,R=225], and apply it to reduce the row lists
until either the right side element of the resulting list is 0, or until the right-side element divides 18.

>r0:=[0,1, 225]:
ril:=[1,0,99]:
r2: =FEEA(r 0, r1l);
i r2:=1[0-2,1,27] (1.3)
Continue:
> y3:=FEEA(rl, r2);
r4 := FEEA(r2, r3);
ry = FEEA(r3,1r4);




r3:=1[7, -3, 18]
r4:=[1-9,4,9]
r5:=1[25,-11,0] (1.4)
So the GCD (225,99)=9, and r4 corresponds to equation

-9-99 +4-225=9;
9=9 (1.5)
This can be multipolied by 2 to get a solution to the equation (1). Another solution, however, can be
found directly from the r3, which implies {x=7,y=-3}
Check:
> 7-99 —3-225=18;
18=18 (1.6)

(¢) To find all solutions, solve the homogeneous equation 99-x0 + 225-y0=0:
for (x0, y0) and add it to the found solution of the equation (1).
The homogenous equation, after cancelling by GCD(99,225)=9 both coefficients, gives
11x0=-25y0 =
x0=25k,y0=-11k,k € Z

Thus, the set of all solutions of the Eq.(1) is

x=74+25k:
y=-3—11k:
(d)

The solution with smalles positive y will be produced by k=-1. So {x=-18,y =28}

Check
> -18-99 4+8-225=18;
18=18 .7
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