MAT 1341 Introduction to Linear Algebra

Midterm Answers

D. Alex McLaren

June 10th

1. Calculate using z =2 —¢and w =1+ 2¢
a) z+w

Answer: = (2 —14) + (1 —2i) = 3 — 3i.
b) zw

Answer: = (2 —i)(142i) =2 +4i — i — 2i®> = 4 + 3i.
c) =

2—4 1-2i _ 2—4i—i+2i> _ —5i

Answer: = {5:975; = ~ 134 5

2. Prove that (zw) = (z) (W) for any z,w € C. (note: an example is worth zero marks, you must prove

this statement in general.)

Answer: First, we need our variable complex numbers: z = a + bi and w = ¢+ di. First: LHS

(zw) = (ac — bd) + (ad + bc)i
= (ac — bd) — (ad + be)i.
RHS:
(@) (@) = (a = bi)(c — di)
= ac + bdi® — bei — adi
= (ac — bd) — (ad + bc)i.
LHS = RHS, so proven.

1 -1
3. a) Find b € R such that |b| is orthogonal to | 1
|2 3
Answer: _
1 -1
Orthogonal means |b| - | 1 | =—-14+b4+6=0s0b+5=0and b= —5.
2] 3
—4 1
b) Calculate the projection of | 2 | onto |—1].
3 0
Answer:
By the definition,
a1 1]
2 -[-1 ) )
3] o] | ] —4-2+0 1 _33
1 1 0 14140 0 0
1| - |=1
L 0 - L 0 -




(4]

Calculate the intersection (or confirm the lack of intersection) between the lines -4l + |[-1]a, a€eR
9 4
-1 0
and 3|1 4+|[2|b beR
3 -1
Answer:

Equating the two leads to the problem

1 0 -1
-7l =12|b+|1|a
6 -1 —4

sol=—la, —7=2b+a and 6 = —b — 4a. The first leads to a = —1, so —6 = 2b and b = —3. Now
we need to double check the last one: we need —b — 4a = 3+ 4 = 7 to be equal to 6, and it is not. As
a result, they do not intersect.

70 -2 1 -3 -1 4 0
; ?
Is[2 3]1nthespanof{[1 O]’{l 0],{0 1]}

Answer:
7 0 -2 1 -3 -1 4 0
ool =e [ ol [ el ]

7= —2a—3b+ 4c O=a-—0»5 2=a+b 3=c

leads to

So, ¢ = 3. That’s one value. Next, we get a = b from the second, so 2 = 2a and @ = 1 = b. Finally,
we check the first equation, for

LHS =17 RHS =-2-3+12=7

so it is in the span.

Using the definition, determine if the following set S is linearly independent or linearly dependent.

S={1+t+8 1+ +, t+1°}

Answer:
As usual:

a(@®+r+1)+b® +22+1) +e(z?+2)=0
SO

(a+b)a® + (b+c)x® + (a +c)x + (a +b) = 0.
So, we get

a+b=0 b+c=0 a+c=0 a+b=0

soa =—band —b+ c = 0so b = c. If we substitute that into the second equation we get 2b = 0 so

b= 0. Next, we get a = 0 and ¢ = 0 from that, so they are linearly independent.

a—3c=0

x . L2 4 _
Consider the collection of vectors in R*. U = | btctd—0

_UO o



a)

Show that U is a subspace of R%.

Answer:
This CAN be done the old fashioned way, with the subspace test, but that’s the hard way. The
general form of the vectors in the set:

a 3c 3 0
b —c—d -1 -1
el = . =1q11¢ + 0 d, c,d €R.
d d 0 1
This means that
3 0
-1 —1
U = Span 1110 )
0 1

and U must be a subspace since all spans are subspaces.

Find a basis for U. Be sure to justify that your set is a basis for U.

Answer:
Well, we have a spanning set, all we need to do is show it’s linearly independent.

3 0

o

—
o
o O O

so a = 0 and b = 0 using the last two rows. Done.

[6] 8. In each case, the given set is not a basis of the given vector space. Prove this for each one. You may
use any of the methods that we saw in class, but be sure to justify!

a)

] ] o

Answer:
The vector space is two dimensional, the set has three elements, they can not be linearly inde-
pendent, and so can’t be a basis.

R R et o

Answer:
The vector space is 4 dimensional, the set has three elements and can’t be a spanning set, and
so not a basis.

1 0 2
11, 10], |2 for R3.
0 1 3

Answer:

This one has three elements in a three dimensional space, so we need to double check indepen-
dence.

1 0 2 0
al|l]l +b|0| +c |2 = 1|0
0 1 3 0

soa+2c=0,a+2c=0and b+ 3¢c = 0. This means that a = —2¢, a = —2c¢ and b = —3c.
This makes ¢ a free variable, and so we have more than the trivial solution, the set is linearly
dependent and done.



9. Consider the following candidate for a vector space: the set [il} , T1,T2 € R and the operations
2
T g (Y| = [Tty 2 Wm 71| Z [er +2a =2
2 Y2 To+yo +4|’ T2 are +3a — 3|
[2] a) Confirm that the vector z = {:Z] operates as the zero vector for the B operation.

Answer:

This one is best done with an arbitrary vector: Bl} .
2

el -moird -

2 . .
} the zero vector in this space.

making {_ 4

Using a specific vector (i.e., an example) rather than an arbitrary one is worth fewer marks. Not
much fewer, though.

2] b) Calculate 0 X [‘Tl]
T2

Answer:
Just calculate:

0 m _ {Owl +(2)(0) - 2} B [_2] |

Ta 0x2 + (3)(0) — 3 -3

2] c) What do the previous two results tell you about our candidate for a vector space?

e -2 L .
First, if this is a vector space then { 4] = 0 (the zero vector), since it fulfills the requirement.

e s -2 . - .
Also, if it is a vector space, then 0 Xl x = 3 = 0. This is a contradiction, since the zero
vector is unique. You can’t have two of them in a vector space, so the given set, addition and

multiplication, do NOT form a vector space.

[ /38]



