MAT1322-3X Solution to Final Examination Summer 201

Solution to the Final Examination
MAT1322-3X, Summer 2014

Part I. Multiple-choice Questions (3 x 10 = 30 marks)

1. The area of the region under the graply gf11+—0;(2, and above the ling=xis

(A) 5In10 +g; (B) 51In10 —g; (C) 10 |n3+§;
9 9 9
D) 10In3 —=; E) 3In10 +=; F) 5In3—.
(D) 5 (E) 5 (F) >
10x

Solution (B) Let =X. Thenx=0o0rx=3. The area is

1+ x?

C
.[3 10X2_X dX=J‘3 10X2 dX_J.sde:5 10—1 dl:l'—9= 5In10-—.
ol 1+ x 01+ X 0 tu 2 2

2. Let R be the region ix-y plane above the parabgla x* and under the ling= 2. LetSbe
a solid obtained by revolving regiéhabout they-axis. Then the volume &is

1 4 3 12
(A) Eﬂ’ (B) 577, ©) §ﬂ’ (D) Eﬂ, (B)

1—477; (F) §n.
9 3

Solution (F) For a given value §f rinner = % androyter= ﬁ Let%: ﬁ V' =4y,y=0, 4.

, 4 y ? 8 . o
The volume ofSisV = nJ'O (ﬁ)z —(Ej dyzén. Note that the integral is with respectto

which takes thg = 0 to 4.

3. A semi-spherical tank with radius 10 meters aswshio the following figure is filled with
water of density kg / nT.

2m
y

DR
kN ) v

Let h be the depth of a layer of water in the tank. dlé the acceleration of gravity. The work,
in Joules, needed to pump the water to a heigh¢t2mabove the top of the tank is calculated by
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(") my| :"(100— h?)h+ 2)dh: (8) g :2(100— h?)(h+ 2)dh:
(C) 7py[ . (10-h}’ (h+ 2)dh; (D) 7py[ ] (10~} (h+ 2)dh;
(E) 7mg [ (100-h*)(12-h h; (F) 7pg[ . (100-h*)(12-h h.

Solution (A) At a layer of depth and thicknessh, the radius is = v10? —h* , and the
volume isdV = 7r?dh = 7£100- h®dh. The weight isiw = 709(100- h®dh. To pump the
water of this layer to 2 meters above the top eftnk, the work neededdsV= (h + 2)dw

= 7p9(100- h?)(h + 2) dh Hence, the total work needed/is= /zDgJ':O(loo— h?)(h+ 2)dh.

4. A triangular surface is submerged into water wighsity 0 kg/m? such that the top is 1 meter
deep in the water as shown in the following figure.

water leve l
——ar—  1m

Let x be the distance between a horizontal layer of tiase and the bottom of the triangle.
Denote the acceleration of gravity gy Then the integral used to find the total forceray on
this surface is

A [200x3-xd  (B) [200x(x+Ddx  (C) [ 209x(3- dx

(D) ijdx; (E) ﬁwdx; F) I§2ng(x+1)dx.

Solution (C) A slice of the surfacemeters from the bottom of the triangle with heidkhas
area Zdx The depth of this slice B = 3 —x. The pressure on this sliceAs= pgD = 0g(3 - X).
The force acting on this sliced = PA= 209x(3 —x)dx The total force acting on this sliceFs

= IOZZ,ng(B— X) dx.
5. Suppose the population of a culture of bacteriavgrexponentially. At timé= 0, the

population is 10,000, and the population reache@0B0att = 2. At timeT the population is
100,000. Thef =
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A) InlO; (B)lolnS; ©) 7In10; (D)Zlnlo; (E) 13 . (F) In3 + In10.
In3 In10 In3+1In10 In3 INn3+1In10

Solution (D) The model i®(t) = 1000@&". SinceP(2) = 1000@* = 30000 =3,k=1n 3/ 2.
1000000 = 1000&", &= 10. T=In10/k=21n 10/ In 3.

6. Supposédeuler's method with step sibe= 0.1 is used to estimayé0.3), wherey(t) is the
solution to the initial-value problegi = 2ty? -y y(0) = 1. Which one of the following values
is closest to the result that you obtained?

(A) -1.266; (B) -1.283; (C) -1.312; (D) -1.357(E) -1.402; (F) -1.431.

Solution (B) The iteration formula i1 = Yo + h(2twyn? — yn?) with to = 0, andyp = —1.

n th Yn

0 0 -1

1 0.1 -1+0.k(2x0Px1-H=-1.1

2 0.2 -1.1+0.%X (2x0.1x (-1.1f — (-1.1f) = -1.1968

3 0.3 -1.1968 + 0.% (2 x 0.2x (-1.1968F — (-1.1968%) = -1.2827

y(0.3)= —1.2827.

)7

7. The sum of the serleg—l is
n=0 11
11 33 3 18 3 11
A) — B) —; C) —; D) —; E) —; F) —.
() ()18 ()11 ()11 ()18 ()3
Solution (E) This series is the sum of two geometriceser
1 1
22"+ ()" L CY7_ 11 11 1 1 3
= + =t —=—,
ZO 11 ;11}*1 ;) i 4.2 4,7 9 18 1L
11 11

n

8. Consider power serieE(—l)n Which one of the following statement is true?

X
n=0 3n\/ﬁ .
(A) When -3 <x < 3, this series is absolutely convergent. Wken-3 orx = 3, it is divergent.

(B) When -3 < < 3, this series is absolutely convergent. Wken-3 orx= 3, it is divergent.
Whenx = -3, this series is convergent but not absolutetwergent.
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(C) When-3 <« < 3, this series is absolutely convergent. Wksn-3 orx > 3, it is divergent.
Whenx = 3, this series is convergent but not absolutelywergent.

(D) When -3 < < 3, this series is convergent but not absolutetyvergent. Wher < -3 orx
> 3, itis divergent.

(E) When -3 < < 3, this series is convergent but not absolutetwergent. Wher < -3 orx
> 3, it is divergent. Wher = -3, it is absolutely convergent.

(F) When -3 <« < 3, this series is convergent but not absolutetyergent. Wher< -3 or
x> 3, itis divergent. Whex= 3, it is absolutely convergent.

Solution (C) Use the ratio test.

| X+ 3h\/7|

3n+l\/n+1 X

n

3 n+1

Let lim

n- o

:‘—jﬂ. Then x| <3, or -3 «x < 3.

nﬁoo

The radius of convergenceRs= 3. Hence, this series is absolutely convergdr®n -3 <x < 3,
and it is divergent whex< -3 orx > 3.

Whenx = 3, this series becomeg( 1" \/_ which is convergent by the alternating seriet tes

Hence, this series convergent but not absolutetyement ak = 3.

Whenx = -3, this series becomei\/_ which is divergent bp-series test. Hence, this series

is divergent whemx = -3.

9. If a two variable functiorz = f (x, y) is defined implicitly by the equatiofZ + 3xy +yZ - 3
= 0, then the partial derivativgaz at the point (2, -1, 3) is
X

® 13 ®) 1—13; ©) —1—13; (D) 11; (E)lil; (F) -11.

Solution (D) LetF(x, y, 2) =X+ Xy +yZ — 3. F, = XZ + 3y, F, = 2¢z+ 3yZ. F(2, -1, 3)

=33, F(2,-1,3)=-3.%(2,-1,3)= - H(&~L3)__ 3%
0x F(2-13) -3

10. The directional derivative of the functiarr xy* — 3¢ — 2 — 2y at the point (2, 3) in the

direction of vectou = (§ ﬂj is
55
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(A) 5; B) 3; €) 2 (D)-2; (E) —4; (F) -1.

Solution (A) z =y - & - 2,z,= Xy— 2. At point (2, 3)z(2, 3) = -5,2(2, 3) = 10. The

directional derivative ig,(2, 3) = (—5)xl;’+10><—g =5.

Part I1. Long Answer Questions (20 marks)

dx.

1. (4 marks) (a) Use the definition to find théweaof improper integralfoo (N %’
e X(In X

(b) Use comparison test to show that impropelgiraiiejol dx is divergent.

1+x
V2xd - x*

dx.

Solution. (a) I: x(Inlx)3 dXZLi['l.[: x(mlx)3

Use a variable substitution,= In x:

Inb

Ib 1 3dx:rnbu'f*du:{——l u'z} _1 1- 12 .
e x(In ) . 2 | 27 (nby
1

. ) 1 . . o 1
Sincelim|1-——— | =1, this improper integral converges, aphd————dx==.
bam( (In b)zj prop g g ﬁe x(In x)* 2

(b) Use comparison test.

1+ X S 1
23 -x¢ 23

x'2dx is divergent, this improper integral is divergent.

Since 28 - x* < 2¢ andx + 1 > 1 when 0 < 1, . Since improper integral

jli dx= = N

Jaxt V2
. . . .glx_

2. (5 marks) Consider differential equati oft = V-3 - 4.

(@) (1 mark) Find equilibrium solutions of thiguation.
(b) (4 marks) Solve this equation with initialnetition y(0) = 3.

Solution. (a) Lety’—3y—4 =0. The equilibrium solutions are —1, andy = 4.
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(b) Separating the variable.fs: dy = I dt. Use partial fraction to integrate the

1
(y+1)(y-4)
left-hand side:

et 1 - A B _AY BV ponay-a)+By+1)=1. Ley=
(y+D)(y-4) y+1 y-4  (y+D(y-4)

-1. We haveA= —%. Lety=4. We hav8 = é

n2= 1+ C.
+

1
oo "U - Iy_+1dyj 5

y ;‘11 = Ke™, whereK is an arbitrary constant. By the initial conditidf = _%_
y
Therefore, 16 —yi=ye* + €. y = 16-¢"
, . 4+ ¢

3. (6 marks) Use an appropriate test method to datermhether each of the following series
is convergent or divergent. State the conditiohy the test method applies.

00

(b) ze—ﬂ;

n=1

(©) Z( 1" \/—

Solution. (a) Since the series is a positive series,ameuse the limit comparison test. bgt=

NN 1 a . +n . n 1
, andb, = . Thenlim = =lim nvn) =lim ——— == Since ,asa
2n —1 n n,\/ﬁ n-oo bn naooznz_l( ) N oo 2n2_1 2 EQ‘I

p-series withp =3 /2 > 1, is convergent. This series is cogeat.

(b) Since the general term is positive, decreaaimycontinuous, we can use the integral test.
o . b . _ . .
J'O xe™ dx= lim [-+ 3 ex]xzo =lim(1-( 1) &)=1<w, this series is convergent.

Alternative solution Since the series is positive, we may also usedtie test:
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. . (n+1 .1 . . .
lim Ia“*l| =lim ( é1+)1é1 =lim =< 1. By the ratio test, this series is convergent.
n- o an Nn- oo n Nn- oo e

(c) Since this series is alternating with decmegigieneral terms, according to alternating series
test, it is convergent.

4. (5 marks) Recall that the Maclaurin series ofdime function is

2n X2 X4

COSX = g( 1)" (2n)' _E TR + )“m

(@) (2 mark) Find the Maclaurin series of thediiony = cos ).

(b) (3 marks) Find the Maclaurin series of a tioty = F( X) defined by definite integral
F(X) = _[Oxcos([z Xt .

Solution. (a)
xxX
Ccos 6(2)_ r (2 )| _E E_
gy [ g P S g X
(b) _[0 cost )jt—jog (oY) (2n)! ; ¢ 1”0 (2n)! z € (4n+1)(2n)!

X x° X3
- - + — .
5x2! 9x4! 13x 6!






